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1. Show that if C' is a d X d symmetric matrix with nonnnegative eigenvalues, and V; is
a m X d matrix, then the matrix I — VOVOT + VoeCtVOT is invertible for all ¢ > 0.

Solution: Since C' is symmetric there is an orthogonal matrix U/ such that C = UAU?
where A is a diagonal matrix with the eigenvalues of C' on the diagonal. Furthermore, it
then follows that et = Ue?U™. Since U is orthogonal we have UUT = I so that

1= VoV + Voe ' Vit = I+ VU (™ — 1)UV
Since e —1 > 0 for all £ > 0 when A > 0, we conclude that if X is a column vector in
R™ and Y = UTV'z then
YieM-1)Y >0,
so that
X(I ~ WV + VOeCfVOT)X > XX, t>o0.

This inequality gives the desired conclusion, because if a matrix A is not invertible, then
there is a nonzero vector X such that AX = 0 and then XTAX = 0.

2. Suppose that C is a d x d symmetric matrix with nonnegative eigenvalues, and that
Vo 1s a m x d matrix. Show that

P(t) — eCt‘/OT(] o %‘/OT + ‘/062025‘/0'1‘)—1‘/060257 t Z 0’
is the solution to the equation

P'(t) = P(t)C + CP(t)—2P(t)CP(t), P(0)=V,"Vp, t>0.

Solution: First we observe that
d
_eCt — OeCt — eCtC,
dt
d
qe0t _ QGCtCeCt’
dt

and that

d -1 _ —1 41 -1
SAW)T = —AW)TA(HAT).

Using these results and the definition of P(t) we conclude that
Pl(t) — CeCt‘/OT(] . %‘/OT 4 ‘/OGQCt‘/OT)—l‘/OeCt
. eCt‘/OT(] . %‘/OT + ‘/OGQCt‘/OT)—l‘/OeCtCeCt‘/OT(I . %‘/OT + ‘/OGQCt‘/OT)—l‘/OeCt
+ VT — VoVE 4+ Voe2 @tV T Vet C = C P(t) — 2P(t)CP(t) + P(t)C,

which is what we wanted to prove.




3. Construct an neural network and an algorithm for updating the weights and thres-
holds such that if the inputs x,, are (independent) random vectors with expectation value
E(x), then the output y, = x,, — E(x) when n — oc.
Solution: We take L = 1, (no hidden layer), o1(t) = t and Wy = [, the identity matrix.
Thus the problem is to calculate the thresholds so that they converge to the expectation
value. One possibility is to take 7o = 0

1

Tn+l = Tn + _(Xn - Tn)-
n

It follows from this equation that

k13
1
Tn+1 = — E Xj,
n <
J=1

which by the strong law of large numbers converges with probability 1 to the expectation
E(x) provided the random variables have finite variance.




