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Abstract: For reqular canonical system of first order differential equations,
we associate symmetric linear relations. Also, we define the minimal and
the maximal relations for this case and construct the generalized resolvents
related to the selfadjoint extensions for these symmetric relations defined in
Hilbert space H or larger than the given space H. One can construct the
eigenfunction expansions for the systems we are interested in and the so-called
Weyl-coefficients which are the main idea to construct the spectrum of the
symmetric relations. We may illustrate this case by giving some examples.
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1 Introduction

We shall consider canonical systems of first order differential expressions reg-
ular on the compact interval [a,b]. For a given symmetric linear relation S
in a Hilbert space H, the selfadjoint extensions of S can be characterized as
restrictions of the adjoint S* of S, when S is the minimal relation associated
with a formally symmetric ordinary differential expression in L?—function
space, then the restrictions involve linear combinations of the boundary val-
ues of the elements in the domain D(S*) of S*. When the selfadjoint exten-
sions are canonical within the space H, the coefficients of these combinations
can be taken to be constants. In the case of selfadjoint extensions in inner
product spaces larger than the given space H, they depend analytically on
a parameter, see [9], [11], and [18]. We shall prove that every generalized
resolvent R(¢)of S can be expressed in terms of a fixed generalized resolvent
G({) of S and the Weyl coefficients W (¢) of R(¢) relative to G(¢) as

R(O)f =GO f +s(OWOf, S(O], f e H (1)

where s(¢) is a holomorphic basis for the null space v(S* — ¢) see [15], [16],
and the spectrum of S can be constructed. Finally, we give examples; some in
the classical boundary value problem and the others are the general boundary
value problem.

2 Eigenfunction Expansion

Let A be a selfadjoint extension of S in a Krein space K, with nonempty
resolvent set p(A) = {f € C | (A—¢)~! € [K]} . By definition H C K, and
the definite and indefinite inner products on H and K, respectively, coincide
on H. In the sequel we only consider selfadjoint extensions, whose resolvent
sets are nonempty. By PH we denote the orthogonal projection of K onto H.
We say that A or K is minimal if K = c.l.s{{(A—0)"'K | { € p(A)} U H}
where c.l.s. stands for closed linear span. The compressed resolvent R(¢), ¢ €
p(A) associated with the extension A is defined by

R(t) = Pa(A= 07" |n (2)
see [1], [3], [6] and [24].

Theorem 2.1 The compressed resolvent R((), defined in |2 satisfies:
(a) R({) is a holomorphic mapping with values in H and with domain of
holomorphy Dg, which is symmetric with respect to the real axis, Dr = Dj,
(b) R(0)" = R(0)
(c) {R(O)f,LR(O)f+ f} € S* forall f € H

Proof . Let F(¢) € L(N) have representation (2), then for A € C\R

IS(1) (1)
(RAF)(0) = /R e



implies that RyF € L(N), A € C\R. By (2) & (3)

IR = o -1 = [ L0 ame (55

< Jm)? / FEdS () £(1)
R
= A f 2 < A )

for A € C\R, which shows that R, is a bounded operator in £(N). This
proves (a) and (b) Combining (a) and (b), we obtain the identity Ry — R}, =
(A=m)R;Ry, A\ pe€C\R

Property (c) can be written as I C (S* — ()R(¢) (with equality if S is
densely defined), where I is the identity on H. Because of (b), it is equivalent
to R(€)(S —¢) C I . It is not difficult to verify that for each ¢ € Dg

S* = {{R(O)f (RO f + f}| f € H} + My(S),directsumin H>.  (4)
This completes the proof.

Theorem 2.2 [f R({) is the corresponding generalized resolvent, then y =
R({)f is the unique solution of the boundary value problem

Jy — H(t)yt) = CLA)y(t)+ A)f(t), almost all t € (a,b),
P(l)y(a) + D(0)y(d) = 0 (5)

Proof. According to Theorem 1, it is enough to see that the generalized
resolvent has the form:

R(Of = G
V() = —

OF+Y(OU)[f, Y (0l fe€P(Ad), (6)
(P(O) + DY (b,0)7") (P(€) = DY (b, €))  (T)

—~

N | =

One can easily check that W(¢)* = ¥(/)is an analytic forl € C* | see [16],
[20] and [25].

Remark 1 Assume that A is a selfadjoint Hilbert space extension of T, N
Z*, which takes place precisely when the kernel K,(¢, \)is non-negative. The
Weyl coefficient: W(¢) as given before is of the Nevanlinna class, which has
an integral representation:

U(l) = A+ Bl + / ((t =07 = t(t + 1)) d(t) (8)

R
where ¥ is monotone nondecreasing function n x n on IR, and

A= A" TmB >0, / (2 + 1)1d5(t) < 0o
R



where

B dx(t)
KM(K,A)—BnL/R—(t_E)(t_X),

7 is a finite dimensional subspace in H? T,;, is a minimal relation defined
as in [22].

Theorem 2.3 The Fourier transformf — J?(f) = [f,s(0)] takes H = L% (a, b)
contractively into L%, it is isometric on Hy, has as its kernel Hy and is strictly
contractive on H,.

Proof. If A is a minimal selfadjoint extension in K’ D H of T,,;, N Z* in H,
then the Fourier transform is surjective if and only if dim KOH = dim H,.
The Fourier transform maps H; onto L%; if and only if A is a canonical
selfadjoint extension of S = T ,;, N Z*.

Lemma 2.1 Let u, be a matriz function of bounded variation. Define

s={U0) et [@r7=0} )

where f 1is the unique absolutely continuous representative of f. Then S =
Tin N Z%, is true if either of the following two cases:

(a) H(t) =0 a.e., in which case Z =span{—Jpu, 0},t € [a, b]
(b) A(t) =TI a.e.and H € L4 (a, b) in which case Z =span{—Ju, HJu}.

Proof. We just note {f, g} € T implies Jf' = HfTAg , so that integra-
tion by parts yields:

/ab(dﬂ)*f: /ab —p'f = /(M*J)(Jf) = /ab(u*)(HerAg) (10)

From this it follows that S = T},;,NZ*: where Z = span{—Ju, 0} if H(t) = 0,
a.e., and where Z =span{—Ju, HJu} if A (t) I, a.e., see[17] and[24].

Theorem 2.4 Let p and S be defined as above, then S = Ty, N Z* is true,
if either of the following two cases (assuming that Ap is defined, see the next
remark):

(a) H(t) = 0a.e. in which Z =span{—AJu,0}},
(b) H € L4 (a,b) in which case Z =span{—AJu, HJIu}.

Proof. It is easy to check this proof using the previous lemma.

Remark 2 When A is singular we do not have such an easy solution. When
we multiply A y some matrix K, we assume that R(K) N vA = {(0)}, and
then all the information is still contained in AK, see [15] and [18].



Remark 3 If s(t)is defined as before, then one can write
{s(0), £s(O)} = {Y'(0), &Y (O} : {U(O) + 0, £ (U (L) +0)}) (1)
where Y (¢),U(¥) is defined before, {o, 7}spanned Z, and
{UW)+0,0(U) +0)} (12)
= {UW),U{) + o — T}

= {GU)(—T7 + o) LG(l)(—T + lo) — T + Lo}
+{Y (0), Y (£)c(0)} + {o, T} (13)

is a decomposition via T, + Z when T}, is further decomposed as in the
above. so, we note that

s(0)(a) = (I:0)
S(O)(b) = <Y(b,1z) : —%Y(b, 0J[=7 + to, Y (7)) +Y(b,€)c(£))

Y (), ey ()} : {U),LUl) + bo — 7}) ,{o,T})
U(l),lo — 7] : [U(l), =T + lo] + [-7 + Lo, 5])

U
{s(0), £s(0)}, {00, 0})
0

(
=
(
(0:1) (14)

hence we obtain
b(s(0),s(l)) = (5o, S:) (15)

where the matrix Sy, and the matrix S, are

I 0
S0 = ( Y(b,0) LY (b, 0)J[—r + Lo, Y (D) + Y(b, 0)c(0) ) (16)

S, = ( Y (€), b0 — 7] [U(€),lo — 7] + [-7 + Lo, 0] )

0 I (17)

In order to calculate the Weyl coefficient ¥, we note that for the given self-
adjoint extension A, we have on the one hand the following theorem:

Theorem 2.5
) ={{f, g} € STIUOB{S, g})} =0,
where U(€) = (Uy(£) : U.(€) : in terms of Qy*', QZ", but on the other hand,

T() = {{R(O)f, (I +(R(0)[}|/f € H} (18)
for the definition of see [19], [21] and [23]



Proof. So for all f € H, we must have:

UOb{R()f, (I +CR(6))f})
= UOOHGO)f. (LGO)f}) +b({s(0), ts(O)})T(O)[f, s(0)]) = 0(19)

With the usual decomposition U(¢) = (Uy(¢) : Uz({)), we obtain for all
feH.

(Uo(0)Go(€) + U(O)G.(0)) [f, s(0)] + (Uo(£)s0(€) +
+ U.(0)s.(€) ¥ (0)[f,s(0)] = 0

Theorem 2.6 The Weyl coefficient W({) relative to the bounded right inverse
G(0) is given by:

(20)

V(0) = = (Uo(£)s0(6) + U= ()5:() " (Uo(O)Go(6) + UL(0)G-(€))  (21)

where all of these matrices as defined before.

Proof. Just note that for a fixed, the mapping f — [f,s(¢)] from H to
C?k+2ris surjective.

Theorem 2.7 Let A be a selfadjoint extension of Ty N Z*, with a finite
dimensional extending space. Then the relation:

T() ={{f.g} € T + Z | U(O)b({f, g}) = 0}, (22)
also holds for ¢ € R.

In this case the spectrum is discrete, and the eigenvalues, i.e., those values
of for which v[T'(¢) — ¢I] |= {0}, are precisely the values of ¢, for which the
matrix Uy(€)So(¢) 4+ U.(£)S,(¢) is not invertible, see[8] and[9].

3 Examples

Example(3.1): Consider the second order system in the form
—y +qy="lry,(¢,r €R,C,0 € C\R) (23)

which is equivalent to
()= (o) = (00) G )= (o) ()
Y qy —Llry g 0 y r 0 y )’
!/
0 —1 y/:—q() y +£TO y/7
10 Y 0 1 Y 00 Y
which can be written in the form Jz' = (Az + Hz,

ARG HER D



In this simple example, one can write the boundary conditions in the form
which have been repeated several times in the past, see[2],[3],[4],[5]and[16].
Now we shall consider the general case in a very simple way as one-
dimensional vector case, and as we said in the research the coefficients which
appear in the differential equations depend on the parameter which is in the
lower or in the upper half plane. Let us consider this simple example and
construct in each subcase the Nevanlinna function, see[7],[10]and[14].

iy — Ly —Lo{Py(0) + Qy(1)} = ¢

Poy(0) + Qay(1) — ip / ydz = 0 (24)

We shall assume that the coefficients Py, P,, Q)1 and () all are real. further-
more, we put p = £ fixed in each case.

Example (3.2): Assume p = 0. We get this system

iy —ly = g
Poy(0) + Qay(1) = 0 (25)

We assume the solution of this system (the fundamental solution) in the form:

y(t) = c(t)e™ c(t)

1S a constant vector in

Ct lecC* telo1].

By simple calculation we get the solution and we can construct the Nevan-
linna function, from it and even more we may study several cases and in each
one construct the Nevanlinna function, see [12], [13] and [25].
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