MATHEMATICS COURSE Y3, EXERCISE 12

week 49, 2.12 – 5.12

Diffusion equation Laplace/Poisson Complex analysis

Beginning of the week

1. a) Calculate the example in GREE at the page p622 for the time step k = 4. Here g(t) = h(t) = 0, f(t) = 100, l = 1, α = 1, Δx = 1/4, Δt = 1/80. At the book the computation ends up with k = 1, 2 (This is heat conduction).

b) Compare the solution with the ’exact’ series solution.

Hint: You can use the function yforwdif (www.matlab-codes) for your checking purpose.

2. Find the approximation of the potential (electrostatic) at the points P_{11}, P_{12}, P_{13} in the area which is bounded by two conducting metal plates.

        u=100
    4 |-------|
      | | |
      |--1,3--|
      | | |
    2 |--1,2--| u=0
u=0 | | |
      |--1,1--|
      | | |
    0 |-------|
      0 1 2
        u=0

3. Let us study the discretisation of Laplace-equation at the square area. In both directions the edges are divided into 3 parts.

1

a) If the order of the interior points is u_{11}, u_{21}u_{12}, u_{22} then show the matrix of the set equations.

A:=matrix(4,4,[-4,1,1,0,1,-4,0,1,1,0,-4,1,0,1,1,-4]);

b) Determine the potential at the 3 × 3 grid interior points P_{11}, P_{21}P_{12}, P_{22}, where the grid points at both area are 0,1,2,3 and the boundary condition on the top area is u = sin^{πx}_3 and on bottom is u = 0.

4. Determine the areas of the following sets in C .

a) |z + i| > 1, b) 1 < |z − 1| < 3 c) Re(^i_z ) = 2 d) |z − 1| + |z − i| ≤ 2, e) Re(z^2) = 1.

5. a) Show that the exp-function maps the rectangle a ≤ x ≤ b, 0 ≤ y ≤ π/2 into the origin centered circle type with inside radius = e^a and outside radius = e^b. This is in the cylinder coordinate e^a ≤ r ≤ e^b, 0 ≤ θ ≤ π/2.

b) Find the mapping area of the arc 0 ≤ argz ≤ π/8 under the mapping w = f(z) = i/z^2. 6. a. Find the main branches of log z and √ z when a1) z = −3i, a2) z = −1−i.

Hint: The readers of Greeberg can use G-main branch (0 ≤ arg < 2π) and the readers of the Kreyszig can take K-main branch (−π ≤ argz < π). The main branch of √ z (more general^n √ z) is obtained when argz is selected from the main branch and k = 0 from the root formula.

b) Determine the branch of z^{1+i} which contains number −1 and then calculate (−1)^{1+i} in this branch.

End of the week

1. Let’s look at the metal stick l = 1, α = 1. The end points of the stick are kept at the temperature 0^∘C. The initial temperature satisfies f(x) = sin πx. Apply Crank- Nicholsonia method with Δx = 0.2, r = 1.

0.20 |-------|-------|-------|-------|-------| k=5
          | | | | | |
0.16 |-------|-------|-------|-------|-------| k=4
          | | | | | |
0.12 |-------|-------|-------|-------|-------| k=3
          | | | | | |
0.08 |-------|-------|-------|-------|-------| k=2
          | | | | | |
0.04 |-------|-------|-------|-------|-------| k=1
          | | | | | |
  0 |-------|-------|-------|-------|-------| k=0
          0 0.2 0.4 0.6 0.8 1.0
        j=0 j=1 j=2 j=3 j=4 j=5

Find the temperatures at the interval 0 ≤ t ≤ 0.2. Compare it with the exact temperature solution. Perform the difference method by the same parameter (r = 1) and r = 0.25 as well.

Hint: You can do the exercise by hand with the help of Maple. At the site www-page it might appear some tools. For checking, the function yforwdif is useful.

2. If the Laplace equation is discretized at a square area and the number of the grid points is n. Then the number of the internal grid points is n − 1. Define p = n − 1. The following Maple function constructs the matrix of the set equations when unknowns are numbered as problem 3 at the beginning of this week. Study it and put the codes into your own directory. The codes (Maple-code) can be obtained from the site www-page.

lapmatr:=proc(p)
local B,C,v;
B:=band([1,-4,1],p);
C:=diag(seq(B,i=1..p));
v:=vector(2*p+1,0);
v[1]:=1;v[2*p+1]:=1;
evalm(C+band(v,p^2))
end:

Solve the problem 3 at the beginning of this week (make the correct right-hand-side, let’s call it b). Try also the following codes:

alareuna:=100:ylareuna:=0:vasen:=100;oikea:=100:
b:=vector(p^2,0):
for j:=from 1 to p do
   b[j]:=b[j]-alareuna:
   b[(j-1)*p+1]:=b[(j-1)*p+1]-vasen:
   b[j*p]:=b[j*p]-oikea:
   b[j+p*(p-1)]:=b[j+p*(p-1)]-ylareuna:
od:
b:=evalm(b);

You can collect the solutions into a matrix by the following way:

U:=matrix(2,2,evalf(linsolve(..,..));
U:=swaprow(U,1,2); #we get the same result as it shows in the picture.

3. Solve the previous problem by using the function LaplaceEq (Kreyszig-Norminton). You can get it from Maple-code at the site www-page. Make the grid points more densely and change the value of n into 4, 8, 10 (example only). The matrix U can be drawn by plot3d(U[i,j],i=1..p,j=1..p).

4. Solve the Poisson equation ∇^2u = y at the unit square where the boundary conditions are u(x, 0) = x^3, u(x, 1) = x^3, u(0, y) = 0, u(1, y) = 1. Use 9 × 9 grid points and try also more dense grid points. Take poisson (Kreyszig–Norminton) function from www-page (Maple-code). The second alternative is to use ydirich command at MATLAB (www-matlab-koodeja-sivu).

5. Given the following functions f. Determine f^′(z) at the points where the derivatives exist and also find out where f are analytical and where f are not.

a) (1 − 2z^3)^5 b) x + i sin y c)^1_{z2+3iz−2}

6. Compute the following curve integrals: a) R C |z|^2dz, where c is the a line from z = 0 to z = 1 + i. b) R C (z + 1/z)dz, where c is a unit circle (counterclockwise). c) R C 1/(z − i)dz, where c is the circle |z − i| = 2 (clockwise).

7. Calculate the integral I C ze^{z2} z − a dz along the positive oriented unit circle |z| = 1.

Answer: something where |a| > 1, and something else |a| < 1.

At the second case, Cauchy integral theorem is enough while at the other case you need i-formula of C.