MATHEMATICS COURSE Y3, EXERCISE 11

week 48, 25.11 – 29.11

Fourier-approximation: GREE and KRE CH 10 Interpolation Partial differential equation GREE CH 13, KRE CH 11

Beginning of this week

1. Make the first and the second degree least square approximations at the space S = C[−1, 1] for the following functions: a) f(x) = |x|, b) f(x) = sin x c) f(x) = e^x. Hint: Use Gram-Schmidt algorithm for 1, x, x^2, (x^3) and the Fourier-sum is a good help in the hand calculation. Draw the pictures.

2. The following table presents the dependence of the capacity on the voltage.

voltage 25 V 12.5 V 5 V 2.5 V capacity 1 nF 2 nF 5 nF 10 nF .

Calculate the capacity with respect to 18.5V voltage by using Lagrange interpolation function. Draw the picture of the interpolation function and evaluate if the interpolation function or the method is a good approximation for the above table.

Hint: To testify your hand calculation you can use Maple-code and the function lag. There exists interp in Maple also.

Choice:

xdata=[25,12.5,5,2.5];ydata=[1,2,5,10];kertoimet=polyfit(xdata,ydata,3)
# degree of the interpolation polynomial= the number (
the data points) -1.
lkm - 1.
% (4-1 = 3)
x=linspace(min(xdata),max(xdata));y=polyval(kertoimet,x);

1

plot(x,y,xdata,ydata,’o’)

3. Let l_0, l_1, ..., l_n be the Lagrange polynomials related to the points x_1, x_2, ..., x_n (distinct points). Show that_n ∑ i=0 l_i(x) = 1 ∀x. Hint: Try to figure out how many points a polynomial (with specific degree) can have the value 1.

function y=lagrange(xdata,xev,j)
% Lagrange function (’cardinal function’). HA March-95.
% y=lagrange(xdata,xeval,j);
% Calculate the j-th Lagrange function at the points
% Example: y=lagrange([1 2 3 4],[1 2 3 4],0) antaa 1 0 0 0
%
j=j+1; % The index of the Maple vector starts from
y=1; tuloind=1:length(xdata);ind=tuloind~=j;tuloind=tuloind(ind);
for i=tuloind;y=y.*(xev-xdata(i))./(xdata(j)-xdata(i));end;

4. a) Show that u =^1√_{x2+y2+z2} satisfies (3-D) Laplace equation ∇^2u = 0.(This kind

of equation is called harmonic equation)

b) Show that u(x, y) = a ln(x^2 +y^2)+b satisfies (2-D) Laplace equation and determine the constants a and b in such way that the boundary conditions u = 0 locates at the circle x^2 + y^2 = 1 while u = 5 locates at the circle x^2 + y^2 = 9.

5. Solve the temperature distribution u(x, t) in an 80cm long copper stick by heat equation u_t = c^2u_{xx}. The initial temperature is f(x) = 100 sin πx/80^∘C and the two end points are kept at the ’ice’ temperature 0^∘C. How long does it take when the maximum temperature drops to 50^∘C. Here c = 1.158.

Solve the problem by separating variable method as we did in the lecture. Note that the Fourier-series is not handy at all in this case because of the initial temperature shape (there exists only one term).

6. In our lecture we have derived the solution of heat equation α^2u_{xx} = u_t under the condition of boundary 0 and the initial condition u(x, 0) = f(x) = 100^∘C. (l = 10 cm, α^2 = 1.14cm^2/s). Find the solution when f(x) = 100 cos(πx/l).

End of the week

1. The problem of the equidistant polynomial interpolation can be demonstrated by Runge function: f(x) = 1 1 + 25x^2 x ∈ [−1, 1]. Select n equidistant points and construct the interpolation polynomial which goes through these points. Change n and try again like n = 5, 10, 15. Make also the least square approximations and draw the approximation graphs into the same picture. Here the least square polynomial presents the best approximation with respect to the square integral norm (Gram-Schmidt,...). Note that this least square polynomial is different from that which is obtained by minimizing the square sum of the differences between the function and the polynomial at the given node points.

You can calculate this by polyfit(xpoints,yvalues,n). Also spline function is useful too.

2. Draw 3D graph of the temperature distribution for the problem 5 at the beginning of this week. Draw the graphs of the temperature profiles for times t = 0, t = 0.1, t = 0.5, t = 2, t = 5. Do them as follows:

plot(subs(t=0,u),subs(t=0.1,u),subs(t=0.5,u),subs(t=2,u),,x=0..0.80)

3. Do problem 6 at the beginning of this week by Maple. Draw some pictures as you did in the previous problem. Use suitable partial sum (for instance n = 5, simply try it).

4. The temperature distribution u(x, t) of a 2m stick can be computed from the equation α^2u_{xx} = u_t (0 < x < 2, t > 0)

u(0, t) = u(2, t) = 0 (t > 0), u(x, 0) = 50x, x ∈ (0, 1) 100 − 50x, x ∈ (1, 2) Let α = 2.9 × 10^{−5}m^2/s. a) Find the solution u(x, t).

b) Find the temperature of the stick at the middle point after one hour (t = 60) c) How long does it take when the temperature of the middle point of the stick drops to 10^∘C?

Draw some pictures as you did in the previous one.

6. [5,6] Insulated ends: ’adiabetic boundary condition’ Both boundary points of the stick are insulated at the time t. Determine the temperature function u(x, t). Where the initial condition u(x, 0) = f(x) and the boundary conditions are u_x(0, t) = 0, u_x(L, t) = 0.

Adopt the method of separation variables and show that it will lead to the result u(x, t) = a_0 + ∞∑ n=1 a_n cos nπx L e^{−(αnπ/L)2t}, where a_n are the coefficients of Fourier-cosine-series. Note u → a_0 when t → ∞. Does this fit the real physical condition? Draw some pictures as you did before. Lagrange interpolation Given n distinct points x_0, x_1, .., x_n. The Lagrange functions are the polynomials l_j (x) = ∏ i≠j x − x_i x_j − x_i . l_j (x_i) = δ_{i,j} . The solution of the interpolation problem p(x_i) = y_i, degp ≤ n is p(x) = y_1l_1(x) + ... + y_nl_n(x).

Fourier-formula f is defined at the interval (−L, L). f(x) = a_0 + ∞∑ n=1 a_n cos nπx L + ∞∑ n=1 b_n sin nπx L a_0 = 1 2L ∫_L −L f(x)dx, a_n = 1 L ∫_L −L f(x) cos nπx L dx, b_n = 1 L ∫_L −L f(x) sin nπx L dx For the half range extension, f is defined at the interval (0, L) Sine-series f(x) = ∞∑ n=1 b_n sin nπx L , b_n = 2 L ∫_L 0 f(x) sin nπx L dx (HS_1, HS_2) Cosine-series

f(x) = a_0+ ∞∑ n=1 a_n cos nπx L , a_0 = 1 L ∫_L 0 f(x)dx, a_n = 2 L ∫_L 0 f(x) cos nπx L dx (HC_1−HC_3) Quarter range extension, f is defined at the interval (0, L) f(x) = ∞∑ n=1,3,.. b_n sin nπx 2L , b_n = 2 L ∫_L 0 f(x) sin nπx 2L dx (QS_1, QS_2) f(x) = ∞∑ n=1,3,.. a_n cos nπx 2L , a_n = 2 L ∫_L 0 f(x) cos nπx 2L dx (QC_1, QC_2) Integral formula ∫ x sin(px)dx = sin(px) − px cos(px) p^2 ∫ x cos(px)dx = cos(px) + px sin(px) p^2 Trigonometric formula

sin(α ± β) = sin α cos β ± cos α sin β

cos(α ± β) = cos α cos β ∓ sin α sin β

sin ix = i sinh x, cos ix = cosh x maple-function

You can get Maple commands from the site http://www.math.hut.fi/teaching/y3/maple/ohjeita.html