MATHEMATICS COURSE Y3, EXERCISE 10

week 47, 18,11-22,11

• Greenberg. CH10 (Fourier-series) • KRE. CH10 (Fourier-series) • Maple: http://www/math.hut.fi/teaching/y3/opemate/fourier1.html • MATLAB instructions at Oppikirjoja

Beginning of the week

1. Present the Fourier-series of the function f(x) = |x|, ∈ [−π, π]. Draw pictures for a couple of frequencies and Fourier partial summations. Does this series present f for all values x?

Answer: F S(x) =^π_2 −^4_π ∑∞ n=1 cos(2n−1)x (2n−1)2 . 2. Present the Fourier-series of the function f(x) = x^2/4, x ∈ (−π, π). Construct the series.

a)^{π2}_6 = ∑∞ n=1 1 n2 b)^{π2}_{12} = ∑∞ n=1(−1)^{n−1 1}_{n2}

Justify the results by the convergence theorem.

3. Given functions f(x) = 1 − cos x and g(x) = 1 + sin x in the interval [0, π/2]. Expand the functions to a) even and b) odd on the interval [−π/2, π/2]. Draw the pictures.

Using the above result to provide the conditions (null condition is possible) under which a continuous function, defined on a interval [0, b], can be extended continuously into an a) even or b) odd function in the interval [−b, b].

4. The temperature of a stick can be calculated by the formula T (x) = 100(l − x)/l, where l is the length of the stick and x is the distance from the end point. Find the 1

half-range expansion cos and sin series of the function T .

5. GREE p 476 problem 27. Find the half-range and quarter-range extensions.

End of the week

1. (It is not necessary to use computers but you can use if you want). Let f be a frequency defined as f(x) = x, x ∈ [−π, π]. Find Fourier-series of f.

Hint: The goal is x = 2 ∑∞ n=1 (−1)n�1

n sin nx, x ∈ (−π, π). Use integration theorem (GREE p 479 problem 2). Find the series presentation for the function x^2 in the interval [−π, π].

2. Solve the initial value problem: y^{′′} + 2y = r, y(0) = y^′(0) = 0, where r(t) is a 2π-frequency square wave: r(t) = −1, when − π < t < 0 1, when0 < t < π . Fine Fourier partial sum S_7. (there exists terms upto sin 7t term).

3. Do the problem 5 at the beginning of this week for the function f(x) = x, x ∈ [0, l]. Draw all four pictures. Note that you need only the half frequency for sin and the quarter frequency for cos series.

4. Let’s look at the damped vibration problem my^{′′} + cy^′ + ky = r(t). Let m = 1, c =

0.02, k = 25 and r(t) = t + π/2, −π < t < 0, −t + π/2, 0 < t < −π , r(t + 2π) = r(t).

Determine the steady state solution y(t). The effect of the initial condition is damped away.

Principle: Make the Fourier-series for the function r(t) and find the special solutions of each term of the Fourier-series by the form y_n = A_n cos nt + B_n sin nt. According to the linearility ( the derivations of terms are in the allowed ranges) we can conclude that ∑ y_n is the solution of the original problem.

Calculate at least 5 terms in the solution series, draw the pictures of the summation and individual separately. Some of them are dominating. Find them. Draw the graphs of r(t) and the ’steady state” solution into the same picture for the interval [0, 4π].

5. Study Gibbs phenomena by using the function which was presented in problem 4 at the beginning of this week. Draw for example the pictures of s_{50} and s_{100} and the picture of the difference between the function and its partial summation.

Fourier-formulas

Generally, f is defined in the interval (−L, L). f(x) = a_0 + ∑∞ n=1 a_n cos^{nπx}_L + ∑∞ n=1 b_n sin^{nπx}_L a_0 =^1_{2L} ∫_L −L f(x)dx, a_n =^1_L ∫_L −L f(x) cos^{nπx}_L dx, b_n =^1_L ∫_L −L f(x) sin^{nπx}_L dx For half-range expansion, f is defined in the interval (0, L):

Sin-series. f(x) = ∞∑ n=1 b_n sin nπx L , b_n = 2 L ∫_L 0 f(x) sin nπx L dx (HS_1, HS_2) cos-series.

f(x) = a_0+ ∞∑ n=1 a_n cos nπx L , a_0 = 1 L ∫_L 0 f(x)dx, a_n = 2 L ∫_L 0 f(x) cos nπx L dx (HC_1−HC_3) For quarter-range expansion, f is defined in the interval (0, L):

f(x) = ∞∑ n=1,3,.. b_n sin nπx 2L , b_n = 2 L ∫_L 0 f(x) sin nπx 2L dx (QS_1, QS_2)

f(x) = ∞∑ n=1,3,.. a_n cos nπx 2L , a_n = 2 L ∫_L 0 f(x) cos nπx 2L dx (QC_1, QC_2) Integration formulas ∫ x sin(px)dx = sin(px) − px cos(px) p^2 ∫ x cos(px)dx = cos(px) + px sin(px) p^2 Trigonometric formulas

sin(α ± β) = sin α cos β ± cos α sin β cos(α ± β) = cos α cos β ∓ sin α sin β sin ix = i sinh x, cos ix = cosh x

Maple instructions

The location of Maple instruction is

http://www.math.hut.fi/teaching/y3/maple/ohjeita.html
http://www.math.hut.fi/teaching/y3/opemate/fourier1.html
 a0:=(1/(2*l))*int(f(x),x=-l..l);
 an:=(1/l)*int(f(x)*cos(n*Pi*x/l),x=-l..l);
 bn:=(1/l)*int(f(x)*sin(n*Pi*x/l),x=-l..l);

Now you can calculate some examples for instance Exercise 9 at the beginning of this week and problem 6.
 f:=x->x;
 assume(n,integer):
 a0;an;
 bn; # in V.4 you can use integer information. You cannot get that in V.3. Then you have to do by yourselves like :

bn:=subs({sin(n*Pi)=0,cos(n*Pi)=(-1)^n,l=Pi},bn);
 s:=seq(sum(bn*sin(n*x),n=1..N),N=1..5);
 plot({x,s},x=-Pi..Pi);
## if you want to calculate some separately partial sums with big $n$.
## to demonstrate the Gibbs effect:
 s50:=sum(bn*sin(n*x),n=1..50):plot({x,s50},x=-Pi..Pi);
 plot(x-s50,x=-Pi+.1..Pi-.1);