
����� ���	��

�������������������
Ax = b�������! #"$"&%'"

× (*)
+ �!,- �"�.0/0�'132&,*45%!�6 #� +-)87 19,-�!,
:<;>=@?
?�A

A m × n BDC#EGFGH>HJIGH�K*L ?�A6= CMINC#FNC =@OQPROQ= E ? F O H>ENCMB O F = H>ENSTS AVU a1,a2, . . . ,an LGC ?�;>=@?
?�A
x = [x1, · · · , xn]T ∈ R

n W6X9Y ;J? Ax
P@? HJZ[CTC A\= H>F$L ? H>EGENCTC]B Y ? Z ? ININC

x1 a1 + x2 a2 + · · · + xnan^ %'" 7_)  +�+ "a`

A =









1 −4

3 2

0 5









, ~x =

[

x1

x2

]

A~x =









x1 − 4 x2

3 x1 + 2 x2

5 x2









= x1









1

3

0









+ x2









−4

2

5









b 2 ) "&% ) %c�'"

Ax =











a11x1 + a12x2 + . . . + a1nxn

a21x1 + a22x2 + . . . + a2nxnWWW
am1x1 + am2x2 + . . . + amnxn











= x1 a1 +x2 a2 + . . .+xn an, BdHJIeIfS aj

U E ?'P C#E

A :
A INC#FNC =@OQPROQ= E ? FGH>E Wgih!j>kmlon�pQqVpTporRp8n�sQh#ptj>u>vwlxpTpzyGuJs!n�pds|{[s!n|lclekdu~}��

� W�� OQ= E ? FGH>�8�
ENS ;J��A S x1a1 + x2a2 + · · · + xnan = b

� W6� C#EGFGH>HJIGH>�8�
ENS ;J��A S Ax = b
W

:<;>=R?
?�A
A m × n BDC#EGFGH>HJIeH�KwL ?�A6= C�IfC#FNC =
=@OcO E ?'P C#E a1, . . . ,an K	LGC ?�;>=@?
?�A

b ∈ R
m W�X S ;>;J� H A; H A[O CTC#FGHJI OQ;>; Cd�8�
ENS ;J� IG��IGE OcO BdH ;>; S

Ax = b

?�A IfC#BDC#E�FNC#E = C#HJI Y E = Y H A�P@OQ= E ? FGH>�8�
ENS ;J��;>; S
x1a1 + x2a2 + · · · + xnan = b

X ? HJIeH A INC A[?
OQA\PROQ= E ? FGH>�8�
ENS ;J� FNC#E = C#HJIGENCTC A�; H>H>ENS A6A6A S#HJIGBDC#EGFGH>H�IGH A
[

a1 a2 · · · an b
]

C P Y ;>; C W-�m�	���9� 2$2$"$4 ) 4��!,*%'"&�6%'"&�w`
� �
ENS ;J��;>; S Ax = b

?�A FNC#E = C#HJI Y9� LeCR�xK�L ? I�LeC P C#H A L ? I b ?�A
A : n IfC#FNC =ROQP@OQ= E ? FGH OQA 2$"$4 ) �6�6 �" + , 7�� "$49�6���'"&,

�



^ %'" 7 ` :<;>=R?
?�A
A =





1 4 5
−3 −11 −14

2 8 10



 LeC b =





b1

b2

b3



 .

:<A6=@? �
�
ENS ;J� Ax = b
=@?�A IGHJIGE OQA EGEGH = C#H = H ;>; C b ∈ R

3 �
� ��� + �["&%'1 `�� H>H>ENS A6A S#HJIGBDC#EeFGH>HJIGH��
�
ENS ;J��;>;JO Ax = b

U




1 4 5 b1

−3 −11 −14 b2

2 8 10 b3



 ∼





1 4 5 b1

0 1 1 3b1 + b2

0 0 0 −2b1 + b3





� ? H =@? IGH>HJI Ax = b BdH>E OQA6= STS AM?�;>; C =@?�A IGHJIGE OQA EGEGH = C#H = H ;>; C b ∈ R
3?

A =





1 4 5
−3 −11 −14

2 8 10





↑ ↑ ↑
a1 a2 a3

� �
ENS ;J� Ax = b
?�A\=R?�A IeHJIGE OQA EGEGH�K�L ? I LeC P C#H A L ? I −2b1 + b3 = 0 WV� ENC�I ?�A �
�
ENS ;J� R

3 : ssa �
b
P@? HJZ[CTC A�O IGH>EGENSTS]B Y ? Z ? ININC

b = x1a1 + x2a3 + x3a3

L ? I LGC P C#H A L ? I b3 − 2b1 = 0 W
A :

A INC#FNC =8=@OQO E P H>FGH>EGENS P S#E ENC�I ?�A R
3 : IeINC� ,�� � "~�c�!� ( � + %'"a`� H ;>; S#�-S A O �[Z ?�;>; C BDC#EGFeH HJIeH A A � m × n �]INC#FNC =8=@OcO E P H>FGH>EGENS P S#E =@?�=@? C P C#F Y6Y Z OQA R

m K OQ; H
BdH ;>;J?�AM?�A I�� {a1, . . . ,an} = R

m

� C�IGENC Y I U F O
	 � A � U IeINC O H A[?�;>; C#FGH P@O LGS W[X S#BDSdB O F = H>EeI OcOiO FGH>Ea�
HJI O IeEGH�K O EGENS ?�A�?�; ENC P C n ≥ m.�
������^��

:<;>=R?
?�A
A m × n BDC#EGFGH>HJIGH W�� O Y FNCTC P C#E ? BdH A C#HJI Y6Y Z O E ?'P C#E��8�
ENS��6H>ENS P S#E U

C W�� ?�= C#HJI OQ;>; C b ∈ R
m �
�
ENS ;J��;>; S Ax = b

?�A FNC#E = C#HJI YVW
� W�� ?�= C#H A[OQA b ∈ R

m
?�A

A :
A INC#FfC =
=@O HJZ OQAM; H A[O CTC#FGH =R? B � H A CRC#EGH ? W���X I W A :

A INC#FNC =8=@OcO E P H>FGH>E��
ENS P S#E R

m :
A W �

� W A :
A L ?�= C#H A[OQA FGH P H ?�A E Y = H>FGH P H�K�EeI W��! #" � A � U IeINC O H ?�;JO �
�
ENSTS A\A[?�;>; C#FGH P H�S W

$ , � `
� CR� ⇐⇒ � � � E ? Z O EGEGH>H A L Y6Y FGH W
� � � =⇒ � CR� U � ? I A

U IeINC O H ?�;JO<A[?�;>; C#FGH P@O LGS�K PR? HJZ[CTC A = C#H =
= H*�
�
ENS ;J� E FNC#E = C#HJIGENC F O
	 ��B Y ? Z ? IeENC
ENC = C#HJIGH A IGH L ? H>E Y = I OQ;>; C � FGHJIGEGH>FGH>H>ENC#HJIGH�Ct�
�
ENS ;J� H>ENS O H	Ie� A6A �[� WR� C��-C#H>ENC%�-C#FNC#B O EGF O LGS P@? H-E Y ;>; C�K
B Y EGENCA[O �-S A\P CTC A\; HJINSTS P S#E FNC#E = C#HJI Y L ? Y =8=@? C W� CR� =⇒ � � � U � ? I FNC#E = C#H>I Y ?�A L ?�= C#HJI OQ;>; C ~b K A H>H A I Oi?�A I OQ;>; C#HJI OQ;>; C = H A KTL ?�= C]FGH P H ? � O FNCTC#EGH ? HJI��
INCdB Y6Y A E Y6Y P C#H =8= C��-C P@OQ= E ? FGH = IGH [0, . . . , 1]T �'& ? I = C = STS A E O HJI ? � O FNCTC#EGH ? H ;>; C(�-STS�IGENSTS A ENC = C#HJIGH A
E Y ? � ?�A*) I OQ;>; C#HJI OcOQA+) ~b W ��MY EGENC]ENS ;>;>� H A �*S A C ; H A FGH P H O H P@? H ?�;>; C A[?�;>; C#FGH P H W

�



^ %'" 7 ` :<;>=@?
?�A
A =





1 2
3 4
5 6



 LGC b =





b1

b2

b3





W :<A6=@? �8�
ENS ;J� Ax = b
=R?�A IGHJIeE OQA EGEGH

= C#H = H ;>; C]BDC#�[Z ?�;>; HJIGH ;>; C b
�

� ��� + ` A
U ININC ?�A\P C#H A � INC#FNC =RO EGEfC<LeC]IGH = IGH =@? F =@O H A ENCTC A � E Y = H>FGH P H�S�K#L ? E OQA\P C�IGEfC Y I U ) " W

^ %'" 7 ` � H>FGH>EGENS P S#E =@� A :
A INC#FfC =ROcO E R

3 :
A K = Y A A =





1 2 3
2 4 6
0 3 9





W




1 2 3
2 4 6
0 3 9



 ∼

� C ; LGC�IGE Y6Y � W FGH P H ? � O FNCTC#EGH ? IeINC��� ? IGH>H A SdIG� A E|�
� A[?�;>; C#FGH P H�KTL ? E OQA\= C#H =
= H O H P S#E ?�;JO E Y = H>FGH P@O LGS LGC]IGH>E OQA ) " (�� � ( "& #"~� ���

� 1.4
;J?
� � Y6Y ENS#�-S A �

�


