
� � �� � �� � � � � � �

	 
 � �
 � � ��� �� �
 � � �

� � ��� � � � � � ! � � � "

#$ $ %'& ( ()* $ #+ $, , +- . (/ %'0 $1 2 (, 3 (4 3 (5 ( 56 7+ #$ )8 9: * ;$ * <* = .) 0 ; 2 ./

> ?@ A � ! � B � C !�

D E �F FG HG I IG R
n JK � HL �M �N O O F F � H. D L M � K B � I �F PRQ Q F FG H � F PRQ F G M Q F � HG L BG I I L KS L K

I LG HL M � HF � L BG B B � TVU Q Q NG H HL B O H W F FG L BG B B � U X M G S F W N L �M �N O OY G B B � �

Z [\ ]^ \ _G S F W N L E W OS S W � E WS � M L N L F F Q Q E � W K � ?` �

Z ab c d a\ efg h @ B L F � BS � K K � K �M O H H � W K �S B LS Q B L F F G L KG K �

Z ab c d a\ efg c D M � N O OY G K H E WS � L BG B B � S � K K � B B � W K ��i F Q I W K F � M G S F W N L � �

Z ab c dkj l lmn ^g op l qkrn p g ]f n s t > � K K � K T I L KS Q F �i � K B � X M G S F W N LG K

H OS O I Q Q N Q �

u



� �
 
 �� � � � � � � �
 � � � �
 �
 � � � �� � �� �
 �


Z ab c d ag p p \ h q a �� � og p p \ t�� W B M G S F W N L E W OS S W {~v1, . . . , ~vp} ⊂ H W K � ?`

E � E WS L K ~v ∈ HG L W HG K Q L Y G K HL KG � � N LS W I 	 L K � �F L W � K L L K E W OS S W {~v1, . . . , ~vp, ~v} W K

� ?` �
T _ N F � � � � � � C ` i G W N G I ! T` i G B P � K K L K 
 BG F F i G W N G I X

Z ab c d a\ efg q��\ ] ]\ � f n o\ \ 
g ]^ \ p n ]g ] t D HL �M � N O OY G K H ⊂ R
n � ?` E W OS S W

M W LY � � K H � � EG K F � � H JK S � K K �S B L �

` WY J > Q � FG F Q Q K TF W L BF O M � BF L X � ?` Z HG I I � � �

Z ab c d a\ efg q��\ ] ]\ � f n �\ m f n p n ]g ] t D HL �M � N O OY G K H ⊂ R
nM L N L F F Q M Q E W OS S W

M W LY � � K S � N B L � H JK S � K K �S B L �

` WY J > Q � FG F Q Q K TF W L BF O M � BF L X � ?` Z HG I I � � �

Z a\ ��� � � f � c �� d� �g �\ f n f ^ �g s mg p q �\ ] ^ \ o\ efg t

� HS W W K H p−Y L IG K B L W L KG K T � HL X �M � N O O B �

� �� WS � L KG K p JK M G S F W N L K � ?` E W OS S W W K H JK S � K F � �

� �� WS � L KG K p JK M G S F W N L K M L N L F F Q M Q E W OS S W W K H JK S � K F � �

�



� s r � � � � HS W W K {~v1, . . . , ~vp} � ?` �� W B BG G L M L N L F F Q L B L � M W L F � L B L L K BG H � � EG K F � �

H JK S � K K �S B L � ? L BF L N L L F � H � O BG G K � S � K B B � �

� � _ L N L F F Q S � � K {~v1, . . . , ~vp} H JK �� W B BG G L W HL B L � ?` � BG M W L F � L B L L K S � N B L �

S � K K �S B L � EQ H HG G K N L BF L N L L F � H � O BG G K � S � K B B � �

T�� W HG I I L B B � PRQ Q F FG H � L B BQ PRQ N EQ F Q Q K � ?` Z HG I I � H H � � �S B L � BS G H N L L F F Q Q � X

� �
 � � � 
 � � � � � � � � � � �� �� � � � � � � �

�G N E � K F � L K T � 	 � � � � X H OG K K W H H � N �F S � L BF L L K G N Q B A~x = ~0 E � I O WY W BFG F F L L K

K W H H � Z �M �N O OY G K
 (A)S � K F � � >G N F � OS BG S B L M � LS S � � D C JK � HS O TVU
 W H H � Z �M �N O O B U X �


 Q i F L L K �G F F Q N(A) :K S � K F � M G S F W NG L F � W K � i F Q I W K F � S O L K M � P � L F � I O O F F O E L � �

D M � N O O B � L IG K B L W


 W H H � Z �M � N O O B
 T D X K O H HL F G G F F L � n(A)

� � N �S G �M �N O O B
 W H T A X N � K 
 L � r(A)

? L M L �M � N O O B N W� T A X N � K 
 L � r(A)

�



�\ m \ �g \ �\ m e ef 
\ fg ] rn p g ]f n s

_ L L IG S B L T PG X H � BS G F F L L K E � F WY G F F L L K J

� � ? L M L W PG N � �F L W L B B � B � N �S S G L Y G K � ?` � � ? _ ZS Q � F � B BQ L H � � �

� �` OS L B � N �S S G G F W M �F � ?` �

C �@ L ZF OS L B � N �S G M W L Y � � K H � O B O � F OS L B � N �S S G LY G K HL KG � � N LS W I 	 L K � �F L W K � �

� � � � O B O F � � K � ?` � � ? _ ZM G S F W N L ��i F Q H � N L M L I O WY W B B � A~c = ~0. ? �F S � L B O F BQ L H � M Q F

B � I W L K � N L M L W PG N � �F L W L B B � � E � B L F FG K M � � K F �S � L B L K M G S F W N L I O W F W W K �

� �� N N W FG F � � K F OS L B � N �S S G G F W I �S B L I �F N L B LS BG G K � � L H H W L K S � LS S L B � N �S S G G F W M �F

F OS L B � N �S S G L F � E � B L L B T�� � X JK N � F S � L B O W K �S B LS Q B L F F G L KG K � T` � L P Q Q FG H HQ Q K L i � K

B O W N � � K U F �S � L B L K B L E W L F F � I � H H � U � X

C �� N N W FG F � � K I �F N L L B L BF � F OS L B � N �S S G G F S G N N W L K I �F N L L B LS B L E � B L E W L FG F � � K i � H O F F O

I LG HL M � HF � L BG BF L M � HL F F O G L ZF OS L B � N �S G ��i F Q H � B � BF G G I L K W LS G �S B L P O W HG S B L �
 W �

B � BF G G I L i Q K W K S W K B L BF G K F F L �S O K M L L IG L KG K B � N �S G G L W HG F OS L B � N �S G � E W FG K S W �

G L ZF OS L B � N �S G W K F OS L B � N �S S G LY G K HL KG � � N LS W I 	 L K � �F L W �

�n �n \ �\ m e ef

a\ efg � W B A E � B W M �F N L M LG S M L M � HG K F L F � K L L K N W� (A) =N W� (B) �

�



� s r � > W BS � B :K N L M L F W M �F A :K N L M LG K HL KG � � N LS W I 	 L K � �F L W L F � � K L L K B :K N L M L M G S F W N L F

S O O H O M �F M L N L F G H I Q Q K N W � T A X � E W FG K I � � B N W� T B) ⊂N W � T A X � � O F F � � L M � K ��i F Q

i � M L K S Q Q K F Q G K �

a\ efg ? L M L �M � N O O Y G K S � K K � K I O WY W BF �M �F N G � T D X JK K W H H � BF � P W LS S G �M �F T B L L B

F OS L Z XN L M L F � � L FG K F WY G H H �S L K N L M L Z E � B � N �S G �M �N O OS B L H H � W K B � I � Y L IG K B L W �

� s r �` OS L N L M L F W M �F � ?` � L M � K B � I � H H � PRQ Q F FG H � H HQ S O L K F OS L B � N �S S G G F � T` OS L N L M L F

W M �F F N � K B P W W B L K F OS L B � N �S S G L F � � X ` OS L N L M L F W M �F B L L B BG S Q � ?` G F F Q M L N L F F Q M Q F

TG Y G H HL BG K PG N O BFG G H H � X � E � I O WY W BF �M �F B L FG K N W� T A X JK S � K K � K �

� e s p � ? L M L W PG N � �F L W L B B � N L M L M G S F W NG L H HG BQ L H � � M L N L F � B � I O F FG L � ?` �

? L M L W PG N � �F L W L B B � B � N �S G M G S F W N G L H HG BQ L H � � � ?` � I O F F G L M L N L F � B �

� �^g g ] �g ^ s o\ f �g ] ^ \ \ ] J


 (A) J ? �F S � L BF � � K A~x = ~0, S � K F �M G S F � J �S B L S O F �S L K M � P � I O O F F �S Wi F L


 W H T A X J > � K F � J` OS L B � N �S S G G F P W L I L F � � K \ o� e �g m ln fg f ^ l I �F N L L B L BF �

TN G � Z I O WY W K M � BF � �M �F G L M Q F � HG G K BQ M L N L F Q X �

N W� T A X J > � K F � J N G � Z I O WY W K G L Z K W H H � N L M L F �

T D HS O PG N Q L BG K M � BF � �M �F G L M Q F M Q HF F Q I Q F F Q � ?` � X

�



@ Y G H HL BG K PG N O BF G G H H � IG L H HG P O F W � � J

a\ efg
�
? � K 
 L H � O BG

� T > ? @ B � C C C ` i I � X � �F N L L B L K AN � K 
 L r(A) T E WS � I Q Q N L FG H HQ Q K

B � N �S G �M �N O OY G K Y L IG K B L WS B L X =N L M L � M �N O OY G K Y L IG K B L W �` W L B L K B � K WG K I �F N L L B L K

N � K 
 L W K
I �S B L I L I Q Q N Q � ?` B � N �S S G L F � = I �S B I Q Q N Q � ?` N L M G EQ �

@ N L F � L BG BF L KG HL � I � F N L L B L H H � PRQ F G G J ? L M L F � ?` ⇐⇒ B � N �S S G G F � ?` �

T` Q F Q W HG K O BG L K S O F B O K O F U HL KG � � N L � H 
G 	 N � K L i IG G S B L U � X

a\ efg
�
� L KG � � N L � H 
G 	 N � K PG N O B H � O BG

�

� HS W W K A (m × n) Z I �F N L L B L �

n(A) + r(A) = n.

` WY J` Q I Q S L K W K E W PG N O BF G HF O � >G N N � K M LG HQ
�

B � N �S S G L F � W K S �i Y G K H � L B L � J

F OS L B � N �S S G L F � E �G L ZF OS L ZG HL M � P � L Y G K I O O F F O E LG K B � N �S S G L F � �

�



� � � � � � � �� � � � � �� � � � �� � �
 �
 � � � � � � � �
 � � � � � � �� � � � �

D W HS W W K T n × n X�� ��	
 �� 
� 	 	� 	

�g ^g m p n ]\ ] ^ n ^ �S F B � #$ $ %'& ( () * $ #+ $ , , + - . ( / %'0 $1 2 (, 3 (4� (5 (� 0 $� ;� + % =-

�G FG N I L K � K F L K S G i L F F Q I L B H � BS G H I � � 25 × 25− I �F N L L B L � >G N F W H � BS O E � ∼ 25! �

� � O B B L H H � ∼ 253

/� $ * � 0 & 7 3� / % 0� �- * � $ /� .* 8 � 7 � �

/ % 0� � �+ � � � �0� 7 �

/� $ * � 0 & 7 7� $ 0 � * � �4! � 7 "

/� $ * � 0 & 7 �� 20 , � / % 0� ($ 0� *

20 , � �+ � � � �0 � � 3

/� $ * � 0 & 7 #� �1 / 2 .* � 20, ( 3$ 4 4 ( 7� ( 3$ �

�1 / 2 .* � � + % � &$ 0 � 4 � ' ;+ � 4 4 4 4 4 �1 / $ $ *

/� $ * � 0 & 7 &� (* 1 2 2 � 7 � 3

(* 1 2 2 � � � $ 7 �

/� $ * � 0 & 7 %� (* 1 2 2 ($ 0� *

* ; 2 � �+ �$ 7 �0*) 4 & '+ * 1 2 2 .8 8 * #1 <* #$ * * � ( � �4 4 4 4 4 4 4 4 � 20, 1 ; ; . 2 2* +

, � -*. � 	 
 � 	 � �/ . � 0/ �	 / 1

2



� � �
 � � � � � � �� � � � �

j l l m � A(n × n) W K S Q Q K F � M Q � TG L Z B L K 
 O H � �N L KG K � BQ Q K K � H HL KG K X � E W B W K W HG I � B B �

B(n × n B L FG K G F F Q
A B = B A = I,

I L B BQ I W K ~n × n− �S B LS S � I �F N L L B L � � G N S B = A−1.

� e s p �� W B ∃A−1, K L L K BG W K �S B LS Q B L F FG L KG K J � HS W W F B E � CS �S B L S Q Q K FG L B I �F N L L B L � �

B = I B = (C A)B = C(A B) = C I = C

�
a\ efg h

�
> Q Q K F � M � � B E � N � K 
 L �

A W K S Q Q K F � M Q ⇐⇒ r(A) = n

�



� s r � � � � HG FG F � � K S Q Q K F � M � � B �` � N S � BFG H H � � K T� � X JQ A~x = ~0. >G N N W F � � K P O W HL F F � L K

A−1 : H HQ � E � B � �Y � � K J x = A−1~0 = ~0. � L L B T�� � X J H HQ M � L K F N L M � N �F S T E � N �F S � B L L B

�S B LS Q B X � E W FG K E WS � L KG K B � N �S G W K F OS L B � N �S G �

� � � HG FG F � � K J r(A) = n �` Q H H � L K ��i F Q H � H HQ A~x = ~b W K �S B LS Q B L F FG L KG K N �F S � L B O

S � LS L H H � ~b ∈ R
n. T � �F N L L B L K B � N �S S G G F I O WY W BF � M �F R

n JK S � K K � K � X

_ � HL F � � K ~b = ~ej , j = 1, . . . , n.

? �F S � L B O M G S F W N L F ~xj H �Y W F � � K B � N �S S G LS B L J X = [~x1 . . . ~xn] �

` Q H H � L K A X = I.

� KS W I � � B X A = I �

�S B L F � L BS Wi Y �F H OG K K W H H � �

� e s p �@ Y G H HL BG BF Q F WY L BF OS BG BF � BG O N � � J` W L KG K G i Y W L BF � A B = IF � L B A = I

N L L F F Q Q S Q Q K FG L B I �F N L L B L H HG �

a\ efg c
�
> Q Q K F � M � � B E � Y G FG N I L K � K F F L

�

A W K S Q Q K F � M Q ⇐⇒ Y G F (A) 6= 0.

� s r � ? L M L W PG N � �F L W F G L M Q F I O O F � N � K 
 L �G L M Q F S Q Y G FG N I L K � K F L K 0−S Q � F � BF Q �

r(A) = n ⇐⇒ N G � T A X JK S � LS S L B � N �S S G G F F OS L B � N �S S G L F � ⇐⇒ N G � T A X JK S � LS S L

�



Y L � 
 W K � � HL � HS L W F 6= 0 ⇐⇒ Y G F (A) 6= 0 �

Y G F (A) = C d1 · d2 · . . . · dn, C 6= 0.

a\ efg �

�

` O H W E � F N � K B P W W B L
�

� �� W B A W K S Q Q K F � M Q � K L L K I � � B A−1 W K S Q Q K F � M Q E �

(A−1)
−1

= A.

� �� W B A E � BS Q Q K F � M L Q � K L L K A BS Q Q K F � M Q E � (A B)−1 = B−1A−1.

C �� W B A W K S Q Q K F � M Q � K L L K I � � B AT W K S Q Q K F � M Q E � (AT )−1 = (A−1)
T
.

� s r � >G N N W F � � K M � LS S � W LS G � HF � S W � U S � K Y LY � �F L H H � U


 � F M W L Y � � K S W W F � B W P L M � M G N B L W U S Q Q K FG L B I �F N L L B L H � O BG G S B L U �

u �



[ l l ]^g n f p \ ^ mn n f n o\ efg T � � � B B � I W K F � M G N B L W F �G N L P � LS W L B B � X

�G O N � �M �F W M �F � i F Q P L F Q M Q F T A(n × n)) J

� � D W K S Q Q K F � M Q

� � r(A) = n

C �Y G F T A X 6= 0

� � N(A) = {0} T n(A) = 0 X

! � A JK B � N �S S G G F W M �F � ?` T ⇐⇒ X M L N L F F Q M Q F R
n : n

" � A JK N L M L F W M �F � ?` T ⇐⇒ X M L N L F F Q M Q F R
n : n

A � T�� � X J H HQ A~x = ~0M � L K F N L M L � � HL N �F S � ~x = ~0

� � T@ � � X J H HQ A~x = ~b W K N �F S � L B O ∀~b ∈ R
n

u u



[ l l ]^g n f p \ ^ mn n f n �\ \ �\ ^ 
\ o\ f �g ]^ \

�G FG N I L K � K F F LG K �M O H H � M W L Y � � K G B L F F Q Q S � O K L B N �F S � L B OS � �M � S Q Q K F G L B I �F N L L B L H HG E �

��i F Q H � B � BFG G I L H HG � � LG K L H HQ n T n = 2, n = 3)M W L M �F W H H � S Q F G M LQ � � O O N G I I L H H �

i � �Y � F F � I LQ � T@ H HG L W HG � LS � � WY W FG H H � 500000M O W F F � � X

` � N M L F � � KS W S Q Q K FG L B I �F N L L B L K H � BS G I L BF � �

� HG G K BQ G L � > Q Q K F G L B I �F N L L B L W K FG W N G G F F L BG K � M Q HL KG G K Q i � �Y � H HL KG K

I �F N L L B L H � O BG S S G L B B � � > Q � F Q K K � B BQ B L F Q M W L F � L B L L K B W M G HF � � ��i F Q H � B � BFG G I L K

N �F S � L B OS � �M � K � ~x = A−1~b. � O F F � F Q I Q W K F G i W F W K F � E � K O IG G N L BG BF L G P Q F � N S G I P � �

S O L K B O W N � N �F S � L B O �

@ K F Q � E W B W LS G L F � P O W HL � W K P � H E W K �
 WG L B L H H W L K S � � K � M � � K G B L I � � � Zi � E W F G H I � �

u �


