
� � � �� � �� � �� � � � �� � 	 	�
 � �
 
 � � 
 
 � � � �� �� �� � 	 	�
 �
 
 � � � �� �

� �� ��� �� � �� � ��  �! �� � "� �� ��# $ �%&  & � ' � � �  �! �� � " "( )� � � � ! �% � � �� � �% �� � �  �*� & ! �� � �#

$& * �  �! �� + % & � � �%� � � � �� �  � �� ! � � % � �� � �� , -& % & � �� � � � � �% " "  �*� & ! � �� �# . � � �� % "

/ + ! �� " " � * � ! % �� � � � ! � � / / �  � � ' �� ,� "0 ' "� " " � 123 2 14 4 526 7 73 829 2: : ; < ; <>=? @ @ = =3 #

A �*� & ! � + 0� "� B � � "

x1









1

3

5









+ x2









2

5

9









+ x3









−3

9

3









=









0

0

0









.

& � � ! �  � � �� �! �� * � �% � x1 = x2 = x3 = 0. C �� � � =3 @ = 1? 2: 4 D

. 0� " / �� "  " EGF . H )� * � � % % �









1 2 −3

3 5 9

5 9 3

















x1

x2

x3









=









0

0

0









I



� ; ;9 2: 7 5 1 ;

A �*� & ! � -& � * * & {v1,v2, . . . ,vp} ⊂ R
n& � 52 3 74 4 9 2 6 76 : 2 9 2 2 � �? 1 4 : =3 E�� � $ H , -& %

 �*� & ! � + 0� "� B � � "
x1v1 + x2v2 + · · · + xpvp = 0

& �  � �� � ! �  � � �� �! �� * � �% � # �& � * * & {v1,v2, . . . ,vp}& � 52 3 74 4 9 2 6 76 : 2 9 2 2 � �? 84

E� � A H , -& % & � & � �� �% % � * � !� & �� �� c1, . . . , cp, -& � * � * � �* * � � �  "� & � � � & � � � � % �� �� ,

�� � "

c1v1 + c2v2 + · · · + cpvp = 0#

↑

52 3 74 4 9 2 3 73 9 2 2 � �? 8? ? 6 9 7 54 4 : 2 =

E � �� � * �� -& * �� cj 6= 0 H

�



�� � � �� � � � * & & � v1 =









1

3

5









, v2 =









2

5

9









, v3 =









−3

9

3









#

�# � %& �� � , �� � " {v1,v2,v3}� �� � � � ! �% �%� � ! � � / / � � �� & �#

�# C " " ! �� " � �� � � � ! �� �� ! � � / / �  � � % ! �� � �� �&  �*� & ! � �� v1,v2,v3  "� �� � "#

�� 	
 � ��
 � �� �

x1









1

3

5









+ x2









2

5

9









+ x3









−3

9

3









=









0

0

0









#

� � �� " � � " �% � �� ! � �% � )









1 2 −3 0

3 5 9 0

5 9 3 0









∼









1 2 −3 0

0 −1 18 0

0 −1 18 0









∼









1 2 −3 0

0 −1 18 0

0 0 0 0









x3& �  � / � �� � �� � � - � ⇒ � ���� ! �  � � �� � - � ! �� * � �% � - �& � , -& � ��  �*� & ! �� &  �� � � A#

�



E � H ! ! �� �� � & � & )









1 0 33 0

0 1 −18 0

0 0 0 0









=⇒

x1 =

x2 =

x3

� � * & & � x3 = 1 E� � �� �  � �� � �� �� � � * � 6= 0 H# $ " � � B �� x1 = −33 , x2 = 18#

� �








1

3

5









+ � �









2

5

9









+ � �









−3

9

3









=









0

0

0









�� �
−33v1 + 18v2 + v3 = 0

E�� ! "% � �� � � � ! �� �� ! � � / / �  � � % ! �� � �� �& ,� � �� % � � ' � � � � � �� �  #  � * �& � � � * � !� & � �� � �# H

�



�9 2 @ = 26 : 4 �4 ? @6 2 4 � � �� �� � �� � 	
� � � 
 
� � � 


$ � ! * �%� �� � � � � + 0 ' ��  �*� & ! �� -& � * * & � ) {v1} , v1 6= 0.

� �� & � ! �� * � �% � + 0� "� B � � � x1v1 = 0& � x1 = 0.

� �� �� {v1}& � � � $ , * � � v1 6= 0.

� �� �� �� � �� � 	
� � � 
 
� � � 


�6 2 1 � � � * & & �

u1 =





2

1



 , u2 =





4

2



 , v1 =





2

1



 , v2 =





2

3



#

�# � ��  �� " ,& � * & {u1,u2} � � $ � � � A#

�# � �� �� "� � � ) {v1,v2}

�



�� 	
 � ��
 � E � H F � & � � � , �� � " u2 = � � u1# � �* % �

� � u1 + � � u2 = 0

$ "� "� � ! * �� % � � , �� � " {u1,u2}& � � � � � #

E � H � � * & & �

cv1 + dv2 = 0#

�& % c 6= 0 , � � �� v1 = −d
c

v2# v1& � �% � v2 :� % * �� � � ! �* � ! ! � � � � �� �� ,� �* " � � / � ' "

/ � �* * � � � % �# � �� �� & � & �� �  � c = � � ,� �� � � % �� �& �� 0 � � � + B % d = � �

� � �� / " {v1,v2}& � � � � -& � * * & #

� �� �� �� � �� � 	
� � � 
 
� � � 
 
 �

� � � A , -& % � �� � * �� � & �� �� & � � & �% �� % * �� � � ! �* � ! ! � � � � �� ��#

� � � $ , -& % * � � / �* � � � � �& � �� & �% �� % * �� � � ! �* � ! ! � � � � �� ��#

�



� � � 
� � � 
 � 
 
 � � � � �� � 	� � 0� �� � 	
� � � 
 � � �	

�& % ~0* � � � � �  �*� & ! � -& � * * & & � S = {v1,v2, . . . ,vp} ⊂ R
n , � � �� S& � � � A#

$& ' ) � " ! - �%� �� " " �  �*� & ! �� � � �� , �� � " v1 = 0# �& � � �  �*� & ! �� * � !� & �� �* % �  & � ' � � �

 �� �� �� �* "� �0 � � % � ,  � �* * � c1 = 29. C � ��  & � ' � � � * ��  �� �� � � & � � �* % � )

29v1 + 0v2 + · · · + 0vp = 0,

� �* "& %& �� � � � , �� � " S& � � � � , * & % * � � � � � #


 � � �	 
 
� � 
 � � � � 
 
� � � 
 
 � � �	 � � �� 
 
� � 
 � 
 � � 
 
� � � 
 
 � � ��

$& ' ) � � * & & �  � �* * � S = {v1,v2,v3} � � A# � �� �& ��  �*� & ! � + 0� "� B � � "

c1v1 + c2 v2 + c3 v3 = 0

& � � / "� ! �  � � �� � ! �� * � �% � , �� � -& * �� cj 6= 0, cj = 1, 2� � � 3# �& -& % � �% "� " " � -& � * * & & �

-& * ��  �*� & ! � v4,� � ��

c1 v1 + c2 v2 + c3 v3 + 0v4 = 0,






- � � ' �� � � �� * �� cj 6= 0 , -& � ��

{v1,v2,v3,v4}& � � � A#

� � $ �  " �� � / �� ��� � �  "� �� � B� "%� �� "0 " � �& & � �% �� � � �* & �� � ! /& % �� �& � � � �#

�� 7 =9 7 1 � � 4 �6 � �� �: = 	 �6 � �


�� ' �* %& �� � -& � * * & S = {v1,v2, . . . ,vp} , -& % % �& � � �� � * �� * � * % �  �*� & ! � �& � � � A ,

-& % - �  � �� -& % � �� � * �� + * % �& � � � � ' �� � �� � � � ! �* & � � �� � �� �& #

A " �� �� � "  & � ' � � � �� � ! "%� " " � � " �� )

�& % S& � � � A - � v1 6= 0 , � � �� -& * ��  �*� & ! � vj E j ≥ 2 H& � % �� " � ' ��� "  � ��

 �*� & ! � �� v1, . . . ,vj−1� �� � � � ! �* & � � �� � �� �& #

� = 	�

# �& % -& * �� , % � � & * � �� � � � +� vp& � � � � ' �� � �� � � � ! �* & � � �� � �� �& )

vp = c1v1 + c2 v2 + . . . + cp−1 vp−1,

� � ��

c1v1 + � � � � � � � � � � � � � � � � �

�



� � �% � � A #

( # � � �� �� � � � � � A# � � �% & � & � �� �% % � * � !� & �� �� c1, . . . , cp )

c1v1 + c2 v2 + . . . + cp vp = 0,

- � -& * �� cj 6= 0. A& �� � �% � �� % � �!� " "� � �� * � �� j.� � !� �� & �% �� � � / � & � �� � � - � - � * � � cj :� � "#

$ �0 ' " " � % �� � �� � �� � � &  " �� � � �% % " �% �� �� � + �� � ! "%� �� � + �� � & � & )

� � * & & � j% � � ! �� �� ' �* % � , -& � � � cj 6= 0. � �� �  � j > 1 , * & % * � v1 6= 0.

� � �%

c1v1 + . . . + cj vj = 0, cj 6= 0.

� � �! ! �� " " � � � �� � & �% �� � � / � & � �� � � - � - � �� � � � cj )� � " )

� � � � � � � � � � � � � � � � � �

�




 � � 
� � � 
 � 
 
 � � � 
 � � � � � � � �� � 	
� � � 	 � � R
n � � (n + 1) �� � 	
 � � �

�� 7 =9 7 1 � E� � + %# �� H

A �*� & ! � -& � * * * & & � � � A , -& % % � �� "& � �� �� � " �  �*� & ! � �� � * � ��  �*� & ! � �� / �� � � % ,

� %# {v1,v2, . . . ,vp} ⊂ R
n p > n#

$& ' �%� � % ) � � * & & � A = [v1 . . . vp] A �*� & ! � + 0� "� B * �! -& �� �� � � � 0 & � & � � �� �% �* % �

� �� ! � �% � + 0� "� B * % � A~x = ~0. �& ,� "0 " � � � �� � "& �  ��� �% � �� % � ,� �� � � � �� �

 & � ' � � � � - �� �� � � � � ' �%� � � � � � * �% � ! � * * � � ' �� � � * � � " " ! "# �& � - �� �� � � � � �

I �



�6 2 1 �
�
= 1 4 : = 2 126 76 : 2

�

� " "� � �� �� �� �� � �� �% �� � �� + B� " " ! "� � " % �� ! � �  � ��

 �*� & ! � -& � * * & - �� � � $ � � � A )

�#























3

2

1









,









9

6

4























�# C �� ! � �% ��















1 2 3 4 5

6 7 8 9 0

9 8 7 6 5

4 3 2 1 8















% � ! � * * � �� #

�#























3

2

1









,









9

6

3









,









0

0

0























'#









































8

2

1

4









































I I




