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100l V QSRTR(@AW?A@CBEDEBGFIX-J&KCDEM8N<PLQSRTM2QSDEDU@
100l V QSRTR(@AY[Z]\[PL\[^`_aQSM2\[BERaQSRTRTNcb�WedfM8gI_aNL\[DUK�K�W

h @6iAj<QSDEDEBE^LQS^k_aQSM2\[BERTNL_6W<lm@�@CnTBER(@o_TNL\[DUKCpq@�@Cn(@CR
y1(t)

ZaK
y2(t)

_(@CBEDEBGF[BG_a_(@oHrZaKfXsPLQSRTM�QSDEDU@
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W

t t t t
t t�u2u8u2u8u2u2u8u2uvt t
t w<x8xCy{z2|C}9~�� t
t x8x2x8x2x8x2x2x8x2x8x t
t � t t � t
t tax2x8x2x8x2x2x8x2x+t t
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t
J y1(t)

100

M8g8��D<ZTK y2(t)
100

MOg8��D�W
?8NL\[DUKCpq@�@Cn(@C^kp�N<N<Ra\�_T^L\[�9QSNL_�_(@CBEDEBGF�_(_(@

= � _TBG_(@�@C^ V BEnTR(KCNL_�� − � N<DG\�_ V BEnTR(KCNL_���W
{

y′1(t) = 2y2(t)
100 − 2y1(t)

100 = −0.02 y1(t) + 0.02 y2(t)

y′2(t) = 2y1(t)
100 − 2y2(t)

100 = 0.02y1(t) − 0.02 y2(t)

lmKCRTnTBEBG_TBEp�NL\8j<\�_(_(KAJ
y′ = Ay(t),

poBG_a_(@
A =

[
−0.02 0.02

0.02 −0.02

] ZaK
y(t) =

[
y1 (t)

y2 (t)

]

� nTBERaQ�J
y(t) = eλtx,

poBG_a_(@
x
\[^ V KCMOBG\ V QSMORa\[nTB�W � l`N<BG_aR(K��AW�M�QSnTR(KCDEN V N<^ V KCMOBE\[M2QSnTR6W�jAB��>i8P8R(@CDGF[B��R(@AJL?8B ZT\[BERaQSRTRTBEBE^�iOnTBERaQ�J

y = C eλt
ZaK��8iOnTBERTRTBEBE^�pq@�@Cn(@�@Cpq@�@C^��&KCn�KCpIQ�RanTB

λ
W��v��iOR�\[^�pq@�@Cn(@CRTR(@ V BU@�&KCn(KCpIQSRTnaQ�ZaK

λ
J ^�DEBG_(@CMA_TB V QSMORa\[nTBE^ x

M2\8\[najABE^&K�KCRTBER
x1, x2

W
?8B ZT\[BERaQSR(K�KC^`iOP8R(@CDGF8F[^�J

y(t)
ZaK

y′(t) = λ eλtx =⇒

λ eλtx = eλ tA x ∀t.h @Cpq@oRa\[RaQSN<RTN<N
⇐⇒ Ax = λx.?8BEBG_a�&@�ZT\[PLjAN<BEpopIQ�\[poBE^&KCBG_(KCn V \[RaQSP8R(@ V @�@C^ WlkNL\[Ra\�K

y(t) = C1 eλ1tx1 + C2 eλ2tx2\[DGQ V KCR V QSMORa\[nTB�¡¢NL^<M8RTBG\[R£\ V KCR n(KCRaM[KCBG_TN[ZaKAY�M8N<^ λj

\[^�\[poBE^&KCBG_�KCn V \�ZTK xj V K[_aR(K�K V K�\[poBE^&KCBG_ V QSMORa\[nTB�Y
j = 1, 2.¤ K[_TM2Q�R�K�KC^ � DENLQS^<^L\[DEDUKoR(KCnTM2QSpopoBE^ �"J λ1 = 0, λ2 = −0.04.

¥�poBE^&KCBG_ V QSMORa\[nTBER6J x1 =

[
1

1

]

, x2 =

[
1

−1

]

.

¦�§¢��� /O7 ¨£1L4�= [ 0

1.5

]

= y(0) = C1 x1 + C2 x2 =

[
1 1

1 −1

][
C1

C2

]

?AK�K[j&K�KC^�PLQSRTB�J
C1 = 0.75, C2 = −0.75.
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� KCRTM[KCBG_aN�J
y(t) = 0.75

[
1

1

]

− 0.75e−0.04t

[
1

−1

]

� \8\[najABE^&K�KCRaRTB�¡¢N<^<MORTBG\[p�NL\8j<\�_a_(KAJ

{

y1(t) = 0.75(1 − e−0.04t)

y2(t) = 0.75(1 + e−0.04t)
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� Q5K�KCDEBEp�N<NLRTRTN[ZTKC^

t V QSMORa\[nTBUKCn V \[BE^LQS^�¡ N<^<M8RTBG\
t 7→ v(t)

W
� Q5K�KCDEBEp�N<NLRTRTN[ZTKC^

t
pqKCRTnTBEBG_TBUKCn V \[BE^LQS^�¡¢NL^<M8RTBG\

t 7→ A(t)
W

�'& j<QSDEDEBE^LQS^ \[^`QSnTBEM�\[BG_TR(KC�&KCNL_ ZT@CDEMOBEpopq@CBG_aQ5_TR(@AW��
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x (t) =







t

t2

e−t







x′(t) =







1

2 t

−e−t







A(t) =

[
cos (t) 0

1 − sin (t)

]

, A′(t) =

[
− sin (t) 0

0 − cos (t)

]
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d

dt
(A(t) + B(t)) = A′(t) + B′(t),

d

dt
(A(t) B(t)) = A′(t) B(t) + A(t) B′(t).

Y[ZE\^] A M C O_)�),Q0)S2`5 C 1,Oa)�),GbQ0)c5P24)N),Q�/#5P24)I5�-c)S+d)�)SO6/ e C GV-02'/31,/3KNMPG�-c)�),Q01S/�5P24)9f!g*)S2R5	1S24)�)SG�- C /R2WM	GV-h/RG
H
U,+i-h/ DFD U,/RG^MPG^Xkj +i-c1h1,G

C(t) = A(t) B(t)

cij(t) = (A(t) B(t))ij =
∑

k

aik(t) bkj(t).
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c′ij(t) = vwvwv
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^&@CBE^�RaQSP8R�i2Y[Z]\[RaQS^
� :<:V� � 46/O§ 8 : :=<R>�� M6-0241SO6/ e C GV-02'/31S2

v1, . . . ,vn

1SQ0)S2�������QcU,+i/R+#+JU
I = (a, b) � H	1c5 c1 v1(t)+. . .+

cn vn(t) = 0 ∀t ∈ I =⇒ c1 = . . . = cn = 0.

� h @Cpq@o\[^`_(\[�<NL_a\[BE^<^8NL_a_(KfiODGQSBG_aQS^ ¤��+h ��pq@�@CnTBERaQSDEpq@C^kM�KC^L_a_(KAY<M�\�_aM[K�M[KCMA_TB>¡ N<^<M8RTBG\[R(KI\ V KCR_(KCpI\CZaK�pq@�@CnTBERTRaQSDEi V @CDEBEDEDU@�@[^ I,
ZT\�_ ^LQ-iOP8R�i V @CR M�KCBEM8BG_a_�K��<BG_TRaQSBG_(_(@ t ∈ I.
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xj(t) = fj(t)vj � D /�565	U
fj

X�2 56-c),+J)�),OP/ e C Gt-02'/'1S/R24) H
)
vj :

2kQ0)c-0/'1,Q,M6-0241SO_M	/R24)Nf
� 1c5 - C +#+J)c-h/RG

fj :
+#+dUw1SG*Qc),/#G U�U,O�MP+#+ /#G^M	G D U�U,OaU G 1S+#+d)c-,1cs92'/3) Q0US+i/R+#+dU

I � Gt/R/RG�e C GV-c2'/'1S2 x1(t), . . . ,xn(t)1,Qc)S2������ � D /#-cU,+ / Qc)c-h/31,QcM6-c241,OP/R2 v1, . . . ,vn

1SQ0)S2 ����� f
Y[ZE\^] g*1c56-c) QcU,+i/

I
1,G U�USO_M	2"!,G H
)wG 1S+#+d)c-,1cs92'/3)�1,G qcs92WM�MPGt5	U Q0),/RG�U�U,O_MP+#+ /RG^MPG D U�U,OaU � Qc1,/'K�)N),GQ0)S+i/'24)$# H
16T )�U�U,O_M
232"! D U,+#+JU Q0),+ /RGtG ),GtQc)6T ) C KNM	+#+d)�%*T /#5P2WM

t0 ∈ I,
H	1c565	)

fj(t0) 6= 0 ∀j = 1 . . . n.� 1c5 GtqS2
c1 f1(t)v1 + . . . + cn fn(t)vn = 0 ∀t ∈ I,Gt/R/#GLMPOP/R2'q,/#5
M65	2'/

c1 f1(t0)v1 + . . . + cn fn(t0)vn = 0g*1c56-c)
vj :

2&������H
) H
1c-c),/RG^MPG
fj(t0) 6= 0,

1,GL1,+d24),Q0)
c1 = . . . = cn = 0.

� � 1 8 = h @CR(@fDGQSpopqK�KI_a\ V QSDEDGQSR(K�KC^�NL_aQSBE^�RTBEDUKC^8RaQ5Q5_a_(KAY�Z]\�_a_�K
fj(t) 6= 0 ∀t ∈ I.

? / 8 8c� :@<('��a? ��� � § / 8 8c� :)�*� M6-0241,OP/ e C GV-02'/31S2
x1(t), . . . ,xn(t)

1,Q0)�2+���,�bQ0U,+ /#+#+JU
I � H	1,5 Q,M6-.-241,OP/'2

x1(t0), . . . ,xn(t0)
1,Qc)S2�������QcMP-0241,O_MP/'24) H	1,5�5	),/RG�Q0U,+ /RG�T /�5	2WM_MP5�5	U

t0 ∈ I.Y[ZE\^] � U D U 1,G /�sE)SGo1,/#-,M_)c5P2'/k2'OP/#Qh/')�),+ /4X
� 1c5

c1 x1(t) + . . . + cn xn(t) = 0 ∀t ∈ I,
Gt/#/RGp241,-h/�s ),G�2 C 1 qcs924U,+/!�T U�2WM_M M	O6/'2'q,/�5�M65P2'/ � - C G5P/ H
1,/R2WM
24)�),G

t = t0.
A /R/�5WT U 1,+lM	2 C -�5
M	G DFC -c)�),G

c1 = . . . cn = 0.

� � 1 8c� ��4�� 3 :=<R>10 U,/R+#+JUkTVU,ORH	U�24U�U,G�1,/#-,MP/RG sNq,Q�/#G@f32 DFD M;24),OPQ�/'2R5
M D /#5	U�U,GF-cUc5P/R2WM	2324U54 na\[^L_TM8BE^
j<QSRaQSnTpoBE^&KC^8RTRTB � H
1S24) -h/#ORH
),+#+ /�5 CEC KNM65�5
)*24U,+#+dU -,1csEK�),+#+J)�-c1,Qh/#G�/RGtG 1c-h-c)�)c5	2'/=24)SO#H
1,/R+#+d)�)SG^f�� 1c-h/@56/R/�sVMPGQcM
241�) D /RG^MPG MP/k1S+JM -h/4MP+#+lM	232'q�UNf
� ),Q0),+R+i/#5
M65	2'/^H	U,+i-h/ DFD US/�5�M65�5
U D*C 1hK�1c5�5
) 1S2WM	24)�)SG

t0 = 0,
H
1c-c) 2 C +lM�M + C 1,G!2WM	Q0)c5P2'/;-,U,qS232"!6!,G � - C G-cUSq,2WM
24U�U,G ),+i- C M6s9241 H
)Nf7# � 1,5�G 1,+#+J)c5�5
) +J)c5�-,M
2 C 2 QcMP-0241,OP/R2 MP/RQ0US2 1S+i/#56/&����� � MP/;),+i- C M6s9241 H
)�Q01S/R24),/#56/),/RG ) 241S2WM C 2324)�)Nf %

8 9 !+*@��#<� !$� *>%a���
� Ra_6W � � &;: We�AWL_6W0b6d=<IKCDEM9W( B��>i8POR(@CDGF�_TiO_aRaQ5Q�poB�J







y′1 = f1(t, y1, . . . , yn)

y′2 = f2(t, y1, . . . , yn)WWW
y′n = fn(t, y1, . . . , yn)

:



� QSMORa\[nTBEp�NL\8j<\�_a_(KAJ
y′ = f(t,y).H�DEMON&KCn V \[�<na\�
<DGQ5QSpqKAJ ( B��9iOP8R(@CDGF-ZTKfQSPLj<\[R6J y(t0) = v

W � KC^<^LQSRTRTN V QSMORa\[nTB �?v� $ / �<� � � $ /9$ 3���3546/8/ 8 � =
y′ = A(t)y + g(t) �3&�� � � � QS�&@CPL\[pI\[gLW��

y′ = A(t)y ��� � � � PL\[pI\[gLW��
� KCRTM[KCBG_aN<^�\[DGQSpqK[_a_(K[\[DG\[DUKCNL_aQ-iODGQSBG_TBEDEDGQ-\[^�DENL\[^8RaQ5QSDER(K�KC^�DG\[M�K�KCDEB�W h @[_a_(@�\[RaQSR(K�KC^ V KCBE^�DEBE^LQ6K�K��nTBG_TRaQS^ _TiA_TRaQ5QSpoBGQS^ DUKCNL_aQ�Y&Z]\[M�K�\[^ p�NL\[Ra\[BEDEN<DER(K�KC^ i8MA_TBE^<M2QSnTR(KCBE^LQS^`ZaKfZT\[P8Ra\[�&@�@CRaF[MA_aQSDER(@�@C^ g�DG\C�


&K�KCDEB�Y<Ra_�WCZ]\[P8Ra\[�&@�@CRaF�_��&@CRaQ5Q
_(KCpqKCDEDUK � BG_a\[DEDUK�� V @CDEBEDEDU@fMON<BE^�\[DGQSRTNL_aM8BE^�W
?�� � 36/ '=<'> � 1c5

aij(t)−
e C GV-c2'/'1S2 H
)

g(t)
1SQ0)S2 H
)S2R- C Q�/3) Q0U,+ /#+#+JU

I = (a, b) � Gt/#/RG + /#G@Ma)N),O6/#5
M	G5Pq05	2WM_M D /#Go)S+.- C ),OPQ01S2WMPs924U,QcUS+#+dU
y′ = A(t)y + g(t), y(t0) = c, c

1,GL),GtG^M
232 C QcMP-0241,OP/
1,G qc-�56/#-cUc5P/R232WM	/#G^M	G Oa)S2R-c),/#5 C -,1c-c1 Q0US+i/R+#+JU

I
f

?�� � 36/ '=<�: � 1c5%e C Gt-02'/'1�2
y1(t)

H
)
y2(t)

241S2WM C 2324),Q0)S27#���� %SXlG � Gt/R/#G�G!/#/3KNMPGb+ /#G@Ma)N),O6/#-c1 D
	 /RG )�)�2'/'1241S2WM C 2324)�) D q !c5 � 2R5
f y(t) = c1 y1(t)+ c2 y2(t)
241S2WM C 2324)�) D q !c5
f # ���IXJG�-h/3M	+JMP+R+dUNX[Oa)S2R-c),/#5 C H
1 C -h-c1

1,GL),+ /')SQ0),O C9C 5 %
Y[ZE\�
 j +i-c1h1S2

y1
H
)

y2
#���� %SXlG�Oa)S2R-c),/#5 C H	)9f

y′(t) = c1 y′

1(t) + c2 y′

2(t) = c1 A y1(t) + c2 Ay2(t) = A(c y1(t) + c2 y2(t)) = Ay(t).
A /#/RG U6TVU 5
M�f

���L� �&/9$�� /9�C� 354 � 1 $r46: 8 :>=
?�� � 36/ '=<(' � 1c5 QcM6-c241,OP/ e C GV-c2'/'1S2

y1(t), . . . ,yn(t)
1,Q0)S2�#����+%�XJG ����� Oa)�2R-c),/#5 C H	) � Gt/#/RG H
1c-c),/RG^MPGOa)S2R-,),/�5 C

y(t)
Q01,/3K�)�),G -h/#ORH
1,/R2324)�)�+ /#G@Ma)�)SO6/#-c1 D
	 /RG )�)S2'/31,G )9X

y(t) = c1 y1(t) + . . . + cn yn(t)
# ����XlG -0/3MP+lMP+#+JUNX Oa)S2R-c)S/�5 C ),Q0)SO CEC KNM	G K,/ D M	GV56/31

= n
%

Y[ZE\^] A )�)�K�)N),G�1,+JM D ),5�5	)N1,+d1=-.H
)bqc-h56/�-,Uc56/'232WMP/#56q,qc56+J) C 5�M_MP5P24)���� f,�!1hK,/#5P2 C 5F1SG 1S/�-,M	/#G G^) C 2'/'2 -
24),Qc) � DFC 2324) H	US24U D*D M�5
MPGp- C /R2WM	GV-h/RG�24U,+#+JUL-,M	OP24)�)9f�� MPOP/')�)�2WM f#fRf5#W24U,q�KNM	GtG U,G - C G��cH	1c5�M6sEK,/RG=%

� ��� � =l$�� §¢/ � $ /9$p� � 46� �L� 3�� J
� KCRTM[KCBG_aN<�&KCn V Q6K yh(t) = c1 y1(t) + . . . + cn yn(t)

_(KC^L\[R(K�KC^ ��� � ��J ^�iODGQSBG_aQSMO_aB>n(KCRTM[KCBG_TNLMO_TB�Y
_aQ"_aB�BG_�_aBG_(@CDER(@�@�M�KCBEM8MOB ��� � ��J ^�n(KCRTM�KCBG_TN<R6W

� /9�C� 3 8 � 4�� � � 3 ����� ��1^$ 3�� � $r¨£/�46/N� 8c� $ � $9454 � =

Y (t) = [y1(t) y2(t) . . . yn(t)],poBG_a_�@
yj(t) :

R ¤��+h W

W (t) =
j<QSR

(Y (t)),p�i2F�_ V KCB�MOM�K�n(KCRTM�KCBG_TN<R�QSB V @CR�\[DEBG_TB ¤[�+h W � \�_ W (t) 6= 0,
^<BEBE^ ¤[�+h ZaK�_TBEBG_��9QSnTNL_TpqKCRTnTBEBG_TB�W

� N<RaQS^o_(KC^L\[RTRTN�Y��&@Cn Za@�@CpopIQ�\[BEM�QSBE^�P8i V BE^ ¤��+h ��DGQSpopI\[BEDEDUK R(KCn V BERa_aQSpqKCRTR(K Q5j<Q5_ RTN<^ORaQ6K�M�@[_TBERaQSRTR(@ 4 na\[^L_TMOB! [W h \[BG_(K�KCDER(K _TBER(@I_�K�KoRa\[MOB M�@6iORTR(@�@AW>?8BEBEPLQS^kDEBEBERTR�i V @" �BEP<pIQ# S\[^�Y>QSRTR(@ W (t) = 0 ∀t ∈
I ⇐⇒ W (t) = 0

Z]\[DEDUKCBE^
t ∈ I

W
$
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y′ = Ay (HY )H�B V KC^ MON<BE^ Q5j<QSDEDU@ ZT\[PLjLKC^8Ra\8Q5_TBEpIQSnTM8BG_(_(@AY�_TB ZT\[BERaQSR(K�KC^ i8nTBERaQ
y = eλtx =⇒ λeλtx =
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y(t) = c1e
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M�MPG Oa)S2R-c)S/�5 C9C G H
1c-h/RG
# 2����+%�XJG MPOP/R2'q,/#56Oa)S2R-,),/�5 C f �[5
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Oa)S2R-,),/�5 C � Gt/R/#G y = yh + yp
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(x(t), y(t)).
( B��>iOP8R(@CDGF[^

y′′ + y = 0
n(KCRTM[KCBG_aN[ZTKq\ V KCR y1 = sin t

ZTK
y2 = cos t.

� KCRa_(\[R(K�KC^�iOP8R(@CDGF�@o_TiA_TRaQ5QSpoBE^&@AYL_TBEBG_T�&@AJ
lkN<N<^<^LQSR(K�KC^k_TiA_TRaQ5QSpoBEMA_TB�J
y1 = y, y2 = y′ = y′1

Y<_TBEBG_�J {y′1 = y2

y′2 = −y1

lmKCRTnTBEBG_TBEp�NL\8j<\�_(_(K
y′ = Ay

YApoBG_(_(@
A =

[
0 1

−1 0

]

� K[QSR(K�KC^ ^8i8R V KCBE^�ZT\[M8BE^mn(KCRTM[KCBG_TN�Y V KCBEMOM[KC�&K�_aQSDEDUKCBE^LQS^�YOZ]\[M�KqRa\[RaQSN<RTR(K�K�KCDEMONLQSPLj<\[^
y(0) =
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y1 = sin(t), y2 = cos(t)
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y(t) =

[
sin (t)

cos (t)

]
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y1 (t)
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︸ ︷︷ ︸
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