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y′ = f(t, y), y(t0) = y0?�DLDL\!\,H�K�@�@RQ�AR_LF�bZAR\!�IcC[WDaB!K,HJHJB,HJH�Qh_LMOV�MOKsB!b^bWQOK�ARF�H�QOK!K�@RQOb^cC_LD�XRf!cCQWFCA�B!bWbWQOK�A�cCQ#\�ARK!FCARDaB,bWFC@�M�\�@RQ
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y′(t0) = f(t0, y0). � bWbWQOK�ARQOb^cC_aH�Q�_acC[W[WbW[Z@�@CB,BP@�K,H�V^]^@�@RQ�B�ART�A�bWb^]WHJB!K�A�ARQYXARDLF�AR[WDaB!K,HJHJB,B�@
t1 = t0 + h,

QZ@RDLQGf,ARK!F�H�K�A�ARQYk
�Ic�B�_acC[W[Wb^[WDaB!K,HJHJB,B�@

t1
cC_aH���A�A:K�ARQW��H�QOK!K!DaB!b^cC\�ARQ

y−
AR\!�Ic�A6TUH�\!F�DLK�@�@RQ

y1 :
_L_E@�X^cCQSB!DLDaB

y1 = y0 + hy′(t0) = y0 + h f(t0, y0).�-@CB�B�@6TUH�DL_L_E@GcCQd�s���a�	�P�v�d�����&�����	���U�C��ACB!FIH�_�k
�IcCK!K�A�BPA�ARK�ARDaB!DLDLQ�T�MI`�B�AR\!��Dach��DL\!V^HJH�_L_aH�XWf�cCF�A#K,H�V^]^@�@RQYXYF�bWQ�\�ARK!F�ARDaB!bWF�@�MO\�@hFIcC\!�CARK�A�ARQ�K�ARQ��

��H�QOK!DL_L_EA�ARQYX^T�bZcI]^c�B!K,H�K�A�ARQ �3¡C¢C�L£C�P�v�SFIH�VWDLK,H�_LT�@:[WDaB,K,HJHJB,B�@
t
nW��c�B

y(t)
cCQ�\�ARK!F�ARDaB!b�¤¥bWQWFOK!DacWX

y(t + h) = y(t) + h y′(t) + O(h2) = y(t) + h f(t, y(t)) + O(h2).
�-@CB�B�@*f,@�@RQWQ^`�B!K,H�\!TGDjcCQ y′′(ξ)

2 h2,
f!cCFCA:cCQ�T�b^cCK,c�A

O(h2)
k
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t + h,

F�bWQ�K!bWQWQ^H�K�A�ARQS\�ARK!F�ARDaB!b{¦§AR[W[W\,cCF�B!DLT�A�ARK!DacI¨�[WDaB!K,HJHJB,B�@
t.©�ª>uy«OwRr¥¬®�«O¬j«�|�«�u¥�}mn

� QWQ^H�K!K!b¯AR_LF�bW[WDaB!K,H�n
(t0,y0). ° ACB!FIH�K�A�ARQ

yk+1 = yk + hf(tk, yk), k = 0, . . . , n
©1q�r¥²±

y′ = t + y, y(0) = 0.�>AR\,FOF�A6\�ARK!F�ARDaB!bYn
y(t) = et

− t − 1.
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g�¨
h = 0.4

[

0 0.4 0.8 1.2

0 0.0 0.16 0.544

]

i�¨
h = 0.2

[

0 0.20 0.40 0.60 0.80 1.0 1.20

0 0.0 0.040 0.1280 0.2736 0.48832 0.78598

]

ohpmq�r¥¬jpZ«Ow�|�t^r¥¬j«O¬�� t�|�uvt�����t��	�

����������
�������������

� �����������! 
�������! "�$#���%&�
' �����)(*�+(*#-,.���
/ �1032��4���&� �65 #�7��89�:�<;4# ' ;=����8����62�(>� '<?=@ � ' ����A-;����:�"�
B ����8��C21(*#

/ �10D8�EF2:�.� / �G0H8F�4E��9,I0 ' �G0H8F�4E / �10D8C���I�
�#�7"�
J ' �K� / �:L
M ��� ' 0 ' �KN / �KN�O!�)OP���!�<����7Q��#)� M ��� ' 0 ' �KN / �&N�O!���KOR�
S �-;.7T��#)�

� AC� �������HU

�������HUK�$#��<VK�
' A����)(*�+(*#-,.���
/ A&032��4���&�
B ����8��C21(*#

/ A&0D8�EF2:�.� / A"0H8F�4E��9,I0 ' A"0H8F�4E / A&0D8C���I�
�#�7"�
J ' A�� / A�L
M ��� ' 0 ' A�N / A�N�O S OP��� M ��� ' 0 ' A�N / A�N�O S �KOP�

� 
��������)�W2

�������P2X�$#��F2.UK�
' 
.���)(*�+(*#-,.���
/ 
X032��4���&�
B ����8��C21(*#

/ 
X0D8�EF2:�.� / 
I0H8F�4E��9,I0 ' 
I0H8F�4E / 
X0D8C���I�
�#�7"�
J ' 
�� / 
YL
M ��� ' 0 ' 
�N / 
�N�O!A)OP��� M ��� ' 0 ' 
�N / 
�N�O!A�Z�OP�

[�@�M�K,H�K�@�@RQ]\�¨���F�cCV^]^ARQSK!bW_ac�B�X^HJ]WH�_L_E@GcC_LDWf!cUA�¨��mf,A_^3¨���K!bW_acCF�B,H�K�k
`�` J ' 
1� / 
YL

i



��#9�=�

� ��������#9� 2 ' ������� S ���

� �)�W2.����� ���HU:����� ��� %������ �)�  ������ �)��������� ���HV:�����
� � ��� �-2.��� ��� ��%C24� �)�!��V� F2 �)�W2�24�	� ���P2
�C2.V

� ��������#9��� ' ������� S � 24%

���������� �)�������� �����:����� 2�� ������� 21�W2.����� 21� U������
��� U: 	�	� �)�!%� �%�V ���! ����	� ��������%�� �)����:%C2 �)����%��: 

��� M�M �<������� ' � J / �10W�#�7C�IN / A"0 �#�7-��N / 
X0 �#�7C�4L
'�� � ' �10W�#�7-�
/ ��� M�M �����Z M 0 '	� ��� '	� ��2
�C;4����� ' � / ��� M�M ��� J / �G0 �#�7C�IN / A&0W�#�7-�IN / 
I0 �#�7-�.L
����������������������� ��������� ' �<����8-�� ' �����������������
��� M�M �<������� ' �

�����: � �� �)��	��V�� �����:%	�: 
`�` '�� � ' �10W�#�7-�
'�� �

2�� U������
`�` / ��� M�M �����Z M 0 '	� ��� '	� ��2
/ ��� M�M �Q�

2��W2YU:�C2
`�` �C;4���<� ' � / ��� M�M ��� J / �10 �#�7C�IN / A&0W�#�7-��N / 
I0 �#�7C�4L
�C;4����� ' �

��������V-2 �)�!%�%: F2 ���P2
�C2
�
�-@RT�@UcCQ�B,FO\!DL[WK!DLQZ@�n ����� �<��������;��I21���
��rvwRzj«Orvq�|J}
� ARK!F�ARDaB!bW��DL\!V^HJH�K6¦vTUH�Q^H�K,H�_eT�@��ODL\!V^H�H�KP¨%f!A6[OMI`C\!DaB!KNM�B!��DL\!V^HJH�K�k
� @CB,DLK!K,H�_aH�TGTUH K�@CB,B�@6��ARDLQ�HJ]WH�_L_LDaB,DE@�k
�)�Zp�tWt^u¥rspWt�|�p�t^ryq�ª �{rvwCz{«3n�!1V^]^H	_L_E@�ACB!F�H�_aHJH�_L_EAGB,MOQOKNM��C@6�ODL\!V^H�k

" u �C�jtWt^u¥r(p�t�|�p�t^rvq�ª#�{rvwRzj«Zn��*cCF�c�K�AR\!F�ACB!K,H�_LbW��@R_eDL_L_E@:B!MOQOK MO��@ ��DL\!V^H�XO_acCFCA�AR_LDaH�Qh��DL\!V^H�Da]WH�Q#M�VOK,H�DaB��
��ARDLFObWK!b^B�k

$�bW_aH�\!DLQSTUH�Q^H�K,H�_LT�@CB,B�@U�>A�M�_acC\!DLQ�FCA�A���AGARQOK�A�AUu �3p�tWt^u¥rv¬%�{rvwCz{«O«O¬ n
O(h2)." u �-�>tWt^uvr&�{rvwRzj«Zn3��c�B1��@R_LDLQ¯[WDLK!b^b^B�cCQ

L
f!A�ACB,F�H�_

h
XZQWDLDLQ�ACB,F�H�_LK,H�Qd_LbWF�T�@�@R\�@

n = L/h ∼

1/h. � DLK,H�Q n :
_L_E@�ACB!F�H�_aHJH�_L_EA�B!M�QOKNM��C@���DL\!V^H cCQ�T�b^cCK,c�A 1

h
O(h2) = O(h).
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y′ = sin(t y), y(0) = 3.
�%��:;:��<:P�v�3:

f(t, y) = sin(t y).
0 �=2R£�£C�

h = 0.1 >@? �C�A6��B:	�������I�C���e¡�:;2����s��¡C�O���	2R£C���:�W£���£�£C�98
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tn yn yn+1 = yn + h f(tn, yn)

t0 = 0.0 y0 = 3.000 y1 = 3 + 0.1 sin(0 · 3) = 3.000
t1 = 0.1 y1 = 3.000 y2 = 3 + 0.1 sin(0.1 · 3) = 3.030
t2 = 0.2 y2 = 3.030 y3 = 3.030 + 0.1 sin(0.2 · 3.03) = 3.087
t3 = 0.3 y3 = 3.087 y4 = 3.087 + 0.1 sin(0.3 · 3.087) = 3.167
t4 = 0.4 y4 = 3.167 >
>
>
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yk+1 = yk + hf(tk,yk), k = 0, . . . , n
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y′ = A y, y(0) = [1, 0].

�%��:;:�� :	�y� :
f(t,y) = Ay � :	¢ :������	�:�j£C�S¡C����£C�3£C�:�y� �	���6J£����	� t

���>£C�32��!¡�:	�¥�%� :P�v�y�^�^¢6£��32C�,¡C�y�L¡ >��� �¥���	�d�v���	�!¡I¡��¥�¥£�¡ :B2C�	�>£C�

yn+1 = yn + h f(tn,yn) = yn + h Ayn = (I + hA)yn.
�3£C� :P�v�7:�¡C�3£��	�U�v�����!¡�¡��¥�§£ £��G¢ 2,:P�v� 2C�	����¡C� :J�B:��¥�3�U¡��¥�	�y� :P�v�y�e¡

B = I+hA
2C���	��£C�:� :	��¡ >�� ¡��¥�e¡��,8L�v�e¡� ¡��32,2C¡#������������¡B5�¡I¡C�98
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y′′ = −k sin(y)
�:�����^�&����¡�¡C�'� > 2�� 8L� :	¢ :������	�:�32,:	� 8

{

y′

1 = y2

y′

2 = −k sin y1

� �y� :
y′ = f(y),

�:�3:B:��
f(y) =

[

y2

−k sin y1

]

.
�{¡�:;2C����¡I¡C��5W¡ � ¡��32,2C¡B5�¡®¡C�=2��
53� :	�����B:	���

y0 = (0, 1)
�e�����¥�§�	�d�:������¡��G¡h¡ :;2��	��6J¡#£C�=2R£�£��

h = 0.1. ( ¡C���¥��¡�¡C� � ���	�L� � ¡C�32
2R¡B5W¡ k = 1.

y0 =

[

0

1

]

, f(y0) =

[

y
0

2

− sin
(

y
0

1

)

]

=

[

1

0

]

y1 = y0 + 0.1 f
(

y0
)

=

[

0.100

1.0

]

f(y1) =

[

y
1

2

− sin
(

y
1

1

)

]

=

[

1.0

−0.09983341665

]

)



y2 = y1 + 0.1 f
(

y1
)

=

[

0.200

0.990

]

� ¡C�U¡C�y�L¡���¡ � £C�y� 8

y3 = y2 + 0.1 f
(

y2
)

=

[

0.2990

0.97015

]
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y′ = f(t, y)
cCQ�B!K�AY^WDLDL_LD�X�f!c�B ∂

∂y
f(t, y) < 0,
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