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d

dt
(A(t) + B(t)) = A′(t) + B′(t),

d

dt
(A(t) B(t)) = A′(t) B(t) + A(t) B′(t).

� �� � � � � � � � 	� � � � � � � � � 	� � � � � 	� � � � � �� �� � � � �� � �� �� � � � � �� � 	� �� � � �� � � � � � � � �

� � �� � � �� � �� �� � � � � � � � �  � ��� � � C(t) = A(t) B(t)

cij(t) = (A(t) B(t))ij =
∑

k

aik(t) bkj(t).

�� 	� � ��� � � �� � � �� � ��� 	� � � �� �� � 	� � �� � � � � � �� � ���� � � � �� � � �� � � 	� � � � � � �� � �� � 	� � �
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   � �� � � �  �� � 	 � �� � � � �� � �� �� � v1, . . . ,vn� 	� � 
 �� 	� �� � �� I = (a, b)  �� �

c1 v1(t) + . . . + cn vn(t) = 0 ∀t ∈ I =⇒ c1 = . . . = cn = 0.

� < $ A $ 57 8 5 � , 8 5% 7 7 , 8 8 * =& .% 8 .7 � � <�� A $ $@ % / .& A $ 7 + *7 8 8 * 3 + 5 8 + * + * + 8% � ,7 + /% 5 / *

5 0 * / 8 *A 5 4 * A $ $@ % / / .& = 0$& % & & $ $ 7 I, 465 87 . =- / = 0$ / + *% +% 8 8 * �% 8/ .% 8 8$ t ∈ I. �

� � � � � �� � � � �� �� � � � � � � � ��� � � 	� �� � � � �� � �� �� � � � � � � � xj(t) = fj(t)vj 

� �� � � fj � � �� �� � � � �� � �� �� �� � �� vj :� 	� ��� 	� �� � � � �� � �

�� � � � � �� �� � fj : � �� � � 	� � � � � � � � �� � � � � � � � � �� � �� �� �� �� 	� �� � �� I  �� � � �� � �� �� �

x1(t), . . . ,xn(t)� 	� � 
 ��  � � � � �� 	� ��� 	� �� � � �� v1, . . . ,vn� 	� � 
 �� �

�



� �� � � � � �� 	� �� I� � � � � �� � � �� �� � �� �� �� �� � � ���� � � �� � 	� � � � � � � � �� � � � � � � � � 

	� � �� � � 	� ��� � � �� 
� � � � �� � � � � � �� 	� �� � �� � 	� 
� � �� � �� � 
�� � � t0 ∈ I, �� � � �

fj(t0) 6= 0 ∀j = 1 . . . n. �� � � ��

c1 f1(t)v1 + . . . + cn fn(t)vn = 0 ∀t ∈ I,

�� � � �� �� ��� �� � �
c1 f1(t0)v1 + . . . + cn fn(t0)vn = 0

� � � �� vj :� 
 �� �� �� �� � � � � fj(t0) 6= 0,� �� �� � 	� c1 = . . . = cn = 0.

� �� �" < $ / $ & .A A * * 8 5 0 .& & ./ * *7 , 8 .% 7 /%& *7 / . . 8 8 * 3 465 8 8 * fj(t) 6= 0 ∀t ∈ I.

� � � � � �� � � � �� �� � � � � � � 	 � �� � � � �� � �� �� � x1(t), . . . ,xn(t)� 	� � 
 �� 	� �� � �� I 

�� � 	� �� � � �� x1(t0), . . . ,xn(t0)� 	� � 
 �� 	� �� � � � �� � �� � � � � � 	� �� � 
�� � � �� � � t0 ∈ I.

� �� �� � � � � � � �� �� � � �� � � � � � � 	�� � �� 

�� � c1 x1(t) + . . . + cn xn(t) = 0 ∀t ∈ I, �� � �� � �� �� �� � � ���� � � � 
 � � � � �� �� ��� �� � � 

� � �� � �� �� �� � � � t = t0. �� �� 
�� � ��� � �� � � � � �� � � c1 = . . . cn = 0.
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�� � �� � � � �� � � � � � � � 	� � �� � � � � � � 	�� � � � �� � � � � � � �� �� � �

�@ 57 8 +% 7 > ./ .@ A % 7 *7 / /%  �� � � �� � �� � �� � � � ��� � � � � � �� �� � �� � �� �� 	� � � � �� � �� � � � �

� � � �� � � �� � � �� � �� � � � � � � 	�� � � � � � � � � � � �� �� � � ��� � �� �

� � 	� � ��� �� � � �� ��� � � � � � �� � � � � � �� � � � � � �� � � � t0 = 0, �� �� � � �� � �� � �� � 	� � � �

� � �� � � � �  � � � � � �� �� � � �� �� � � �� � �� �
� �� � �� � �� � � � �� � � �� � � 	� �� � � �� � � 	� � � ��� � 
 �� 

� � � �� � � �� � �� 	� �� � �� � � � �� � � � � � � � � � �
�
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y′

1 = f1(t, y1, . . . , yn)

y′

2 = f2(t, y1, . . . , yn)

111
y′

n = fn(t, y1, . . . , yn)

� . + / 5@ % A , 5 > 5 8 8 * ) y′ = f(t,y).

( & + , *@ 0 5 �@ 5 �& . .A * ) �% � =- / $& ' 4 * .- > 5 / ) y(t0) = v1 � *7 7 ./ / , 0 . + / 5@ % �

� �� � � � � �� � � � � �� � � � �"

y′ = A(t)y + g(t) ��� 	 � � . � $ - 5 A 5 ;1 �
y′ = A(t)y �� 	 � �- 5 A 5 ;1 �

P �



� * / + *% 8 ,7 5& .A * 8 8 * 5& 5& * , 8 . =& .% 8% & & . 57 & , 57 / . .& / * *7 & 5 + * *& % 1 < $ 8 8$ 5 / ./ * *7 0 *% 7

& % 7 . * *@ % 8/ .7 8 = 8/ . .A % .7 & * , 8 . 3 465 + * 57 A , 5 / 5%& ,& / * *7 = + 8% 7 + .@ / *% 7 .7 4 *

465 - / 5 � $ $ / ' + 8 .& / $ $ 7 ;& 5 � * *& % 3 / 81 465 - / 5 � $ $ / ' 8 � $ / . . 8 *A *& & * �% 8 5& & * � 0$& % & & $ + ,% 7

5& ./ , 8 +% 7 1
�� � �� �� � �� � aij(t)− �� � �� �� � �� g(t)� 	� � �� � � � 	�� 	� �� � �� I = (a, b)  �� � �

�� � �� � � � � � �� �� � � � � � �� �� �� � 	� � � �� � 	� � ��

y′ = A(t)y + g(t), y(t0) = c, c� �� � � �� � � 	� �� � � �

� � � �� � � � � �� � � � � � �� � � �� �� � �� �� 	� �� � �� I �

�� � �� �� � �� � �� � �� �� � y1(t) �� y2(t)� � � � � � � � 	� � ��� �
�
 �  �� � � �� � � � �

�� � �� � � � �� �� � �� � � �� � � � � � � � � � � � �� � � � y(t) = c1 y1(t) + c2 y2(t)� � � � � � � � � � � �� �

�

�  � �� � �� � �� � � � �� �� � �� � � �� � �� ��� 	� � � � � �

� �� � � ��� � � y1 �� y2 �
� �

�
 �� � � �� �� � �� �

y′(t) = c1 y′

1(t) + c2 y′

2(t) = c1 A y1(t) + c2 Ay2(t) = A(c y1(t) + c2 y2(t)) = Ay(t).

�� � � � 
�� � � �
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�� � �� �� � �� � 	� �� � � � �� � �� �� � y1(t), . . . ,yn(t)� 	� � ��� �
�
 � 
 � � � � � �� �� � ��  �� � �

�� �� � � � �� � � �� �� � y(t) 	� � �� � � �� � �� �� � � � �� � �� � � � �� �� � �� � � �� �� 

y(t) = c1 y1(t) + . . . + cn yn(t)

�

�  � �� � �� � �� � � � �� �� �� 	� � � � �� � �� � � �� �� = n

�

� �� � �� � �� � �� �� �� � � � � �� � �� � �� � � � � �� � � �� � �� �� � � � �� � � � �� �� � ��� � � � � �� � � � � �

�� � � �� � � 	�  � � � � � �� � � � � � � � � � � �� � � �� �� � � �� � �� � � � �� �� �� � � � � � �
�� � � � � � � � �

� � � � �� � � � �� � �

� �� �" � �� � �� � � � � �� � � �� )

� * / + *% 8 , � *@ 0 . * yh(t) = c1 y1(t) + . . . + cn yn(t) 8 *7 5 / * *7 �� 	 � )7 =& .% 8 . + 8%

@ * / + *% 8 , + 8% 3 8 . 8% % 8 8% 8$& / $ $ + *% + +% �� 	 � )7 @ * / + *% 8 , /1

� � � � � � � �� � � � � 	�
 � � � �� �� � � � � � � �� � � � � �"

Y (t) = [y1(t) y2(t) . . . yn(t)],

P 



A % 8 8$ yj(t) :/ � � <1

W (t) => ./ (Y (t)),

A = ' 8 0 *% + + *@ * / + *% 8 , / .% 0$ / 5& % 8% � � <1 � 5 8 W (t) 6= 0,7 % % 7 � � < 4 * 8% % 8 � .@ , 8A * /@ % % 8% 1

� , / .7 8 *7 5 / / , 3 � $@ 4$ $ A A . 5% + .% 7 - = 0% 7 � � < �& .A A 5%& & * / *@ 0% / 8 .A * / / * .> . 8 / ,7 / . *

+$ 8% / ./ / $ � �@ 57 8 +% �1 < 5% 8 * *& / * 8% / $ 8 * * / 5 +% +$ = / / $ $1 #% % - .7 & % % / / = 0$ �% - A . � 57 3 ./ / $

W (t) = 0 ∀t ∈ I ⇐⇒ W (t) = 0 465& & *% 7 t ∈ I1

� � � � �� � �� �� �� �� � � � � � � � � � � � � � �� � � � � � � � � � �� � �

y′ = Ay (HY )

( % 0 *7 + ,% 7 .> .& & $ 465 - > *7 / 5 . 8% A .@ +% 8 8$ 3 8% 465% / ./ * *7 =@ % / . y = eλtx =⇒

λeλtx = eλt Ax ∀t ∈ I.

� 5 - > , / * *7 5 A % 7 *% 8 *@ 0 5 / .- / $ 0$ $ 7 ) Ax = λx. # .7 @ * / + *% 8 ,% 7 * 8 * * / * 0% .7 (xj , λj)

* 0 ,& & * 8 * *> * *7 @ * / + *% 8 , /

y(t) = eλjtxj .

P �



� *% + +% 57 - .& � � 5 * 3 465 8 57 n + �& 1 � � < 5 A % 7 *% 8 0 . + / 5@ .% / *1

< $& & '% 7 � � <��& .A A * � + , A �% 0 *% 7 � + .@ / 5 5 - ./% 3 ./ / $ � ,7 + /% 5 /

yk(t) = eλktxk 5 0 * / � � <1

� $ $& * , 8 . .7 �1 � A , + * *7 + *% + +% @ * / + *% 8 , / 8 * *> * *7 � *@ 0 . 8/ * )

y(t) = c1e
λ1tx1 + . . . + cneλntxn

�� � �� �� �
�

� � �
�
 � � �� � � � �� � � �� �� � � � � �� � � ��� � � � � � �� �
� �

�
 � � �� �� � � �

� � � �� �� � � � �� �� � �
� � �

�
 � �� �� ��� � � � �� � � � �� � � �� � yh = c1 y1 + . . . + cn yn �� �� � yp

� � �� �� � �
� � �

�
 �� � � �� �� �  �� � � y = yh + yp� � �
� � �

�
 � � �� � � � �� � � �� �� �  � ��

� �� � �� � � �� � � �� � � � �� �� � � �

� �� � � �� � � � � � � � � � � � �� � ��� � � y = yh + yp. � ��

y′ = y′

h + y′

p = Ayh + Ayp + g = A(yh + yp) + g = Ay + g,

�� � � � y� � � � � � � � � � � � �� � � � � � � � � �� � �
� � � 

� � �

� � � ��� � � 
� � �� z � � � �� 	� �� � � � � � �
� � �

�
 �� � � �� �� � �� � � �� �� � � �  �� � � � � � � � � ��

� �� 	� � � � � � � � yh + yp.

� � 
 � � � � � � � � � �� � ��� � � �  �� � � z − y� � �
� �

�
 �� � � �� �� �  � � � � � � � � � � �� � 
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(z − y)′ = z′ − y′

p − y′

h = (Az + g) − (Ayp + g) − Ayh = A(z − y)
� � � � 
�� z − y = yH� � �
� �

�
 �� � � �� �� �  �� � � � z = yp + yh + yH

︸ ︷︷ ︸

(HY ):n �� �� � �� �
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	 � � � � �� � ��� ��� � � ��  � �� � �

� * / 8 5 / * *7 .7 8% 7 3 A % +$ 57 � *% + * / * 8 57 � 4 * � * * 8% / * 8 57 8 ,- > .1 ? .@ +% / $ $ 7

- * 0 *% 7 7 5& & % 8 , , > .7 0 , 5 + 8% � * * 8% / * 8 57 �% 8/ .% / $ (x(t), y(t)). �% � =- / $& '7 y′′ + y = 0

@ * / + *% 8 , 4 * 5 0 * / y1 = sin t 4 * y2 = cos t. � * / 8 5 / * *7 =- / $& '$ 8 = 8/ . .A % 7 $ 3 8% % 8 � $ )

? , ,7 7 ./ * *7 8 = 8/ . .A % + 8% )

y1 = y, y2 = y′ = y′

1 3 8% % 8 )






y′

1 = y2

y′

2 = −y1

? * /@ % % 8% A , 5 > 5 8 8 * y′ = Ay 3 A % 8 8$ A =






0 1

−1 0






� * ./ * *7 7 = / 0 *% 7 465 +% 7 @ * / + *% 8 , 3 0 *% + + * � * 8 .& & *% 7 .7 3 465 + * / 5 / . , / / * * *& + , .- > 57

P  



y(0) = [0, 1]T . � * / + *% 8 , + 8% 7 $ - > $ $ 7 - ./% ) y1 = sin(t), y2 = cos(t) 3 / 81

y(t) =






sin (t)

cos (t)
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2 × 2	 � � � � �� � � � � � � ��  � ��  � �� � 
P �



� 5 5 > % �& $ - > . �

A =






1 1

0 2






� A % 7 *% 8 *@ 0 5 / 4 * � 0 . + / 5@ % / )
λ1 = 1, v1 = [1, 0]T

λ2 = 2, v2 = [1, 1]T

? 5& .A A * / 5 A % 7 *% 8 *@ 0 5 / > 0.
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4
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3

2

3

1

0

2
−1
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� � $ 8/ *� % %& % ) <@ * 4 . + / 5@ % / � * + .7 . 0 * / � 5% 8 � $% 7 � ) 8/ * 4 *& $ - .7 . 0$ / $ $@ ./ '7 / $

+ *% +% 8/ *& $ - / ' �% 8/ .% 8/ $ x0 6= 0.
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� � � � � � �� � �� � �� � � �� � � �� �

	& .% 7 .7 @ * / + ) y(t) = c1e
λ1tv1 + c2e

λ1tv21

� A % 7 *% 8 0 . + / 5@ % / v1 4 * v2 � � < 3 465 / .7 / $ 8 8$ 57 + *% + +% @ * / + *% 8 , /1

� 5 8 � + .@ @ 5 / * *7 * , +% � 3 8 * *> * *7 + 5 5@ > % 7 * * / /% � ,7 + /% 5 A , 5 / 5 )

y(t) =






y1 (t)

y2 (t)




 =






c1 et + c2 e2 t

c2 e2 t






< $ 8/ $ 0 5% > * *7 �% % @ / $ $ @ * / + *% 8 , +$ =@ % .7 �/@ * 4 . + / 5@ % .7 � �% 8/ .% / $ +% % 7 7 % / / $ A $& & $ c1 4 * c2

4 * *7 / *A *& & * *@ 0 5 4 * +$ =@ $ � *@ *A ./@ % 7 * . 8% % 7 / = 0$& & . t :& & .1

� * / + *% 8 , 4 .7 & , 57 7 .7 $ + = = � *@ - *% / .7 3 + ,7 * 8 ./ / , , + * / 8 5 A * *7 /% & *7 7 ./ / *

5 A % 7 *% 8 0 . + / 5@ % + *7 / * *7 3 45& & 5% 7 + * / 8 5 / * *7 @ * / + *% 8 , * A , 5 > 5 8 8 *1

y(t) = c1e
λ1t

︸ ︷︷ ︸

z1(t)

v1 + c2e
λ1t

︸ ︷︷ ︸

z2(t)

v2.

? .@ +% / $ $ 7 + 5 5@ > % 7 * * / /% � ,7 + /% 5% / * 5 A % 7 *% 8 0 . + / 5@ % + *7 7 *7 8 ,- / . .7 z1(t) 4 * z2(t)1

� , 5 A * * 3 ./ / $ (c1, c2)/ *@ + 5% / / * * *& + , �% 8/ . .7 + 5 5@ > % 7 * * / / . 4 *

 �



5 A % 7 *% 8 0 . + / 5@ % + *7 7 * 8 8 *1

9 1 ( & + , �% 8/ . 5 A % 7 *% 8 0 . + / 5@ % & & * ) c2 = 0 =⇒

5& & * *7 � 4 * � = 8/ $ $ 7 � v1 )& & $1

c1 = 0 =⇒ � = 8 = / $ $ 7 v2 )& & *1

� * / + *% 8 , �% 8/ . � = 8 = = 5 A % 7 *% 8 0 . + / 5@ %& & * 3 ./ $% 8 = = 8 � ) 8/ *

|c1|e
λ1t → ∞, + ,7 t → ∞ 3 + 5 8 + * λ1 > 01

( % 0 *7 8 * A 5% 7 v2 4 * λ2.
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 1 ( & + , �% 8/ . .% + , A A *& & * + * *7 5 A % 7 *% 8 0 . + / 5@ %& & * ) c1 6= 0, c2 6= 0.

z1 = c1e
λ1t, z2 = c2e

λ2t.

< $ A $ 7 . 8% A .@ +% 7 / * � * , + 8 . 8 8 * λ1 = 1, λ2 = 2, 45& & 5% 7 z2 = K z2
1 ,A % 8 8$ K = c2

c2

1

.

� A % 7 *% 8 0 . + / 5@ % + *7 7 * 8 8 * + = 8 . 57 8% % 8 � *@ * *� .& % � *@ 0 . 8/ *1 < *@ + + * *7 5 / / * .7 + , +% 7

/@ * 4 . + / 5@ % 57 � *@ * *� .& % 7 - * *@ * 3 465 + *& $ - . 8/ = = � ) * 3 + ,7 t → −∞ 4 *& $ - . 8/ = =

$ $@ ./ '7 / $ 3 + ,7 t → ∞.
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 �� � � � � �� � � �� �! � �! � �� � � � �! � � �� � �� � �� � �� � � �� �� � � �

?% / $ 3 465 8 .> .& & $ 5& % 8% 5& & , / λ2 = 3 λ1 �

� 5 8% & & 5% 7 5& % 8% 8 * * / , + , , /% 5 � *@ * *� .& . 4 * ) z2 = Kz3
1 .

	& .% 8 . 8/% ) � 5 8 λ2 = p λ1, 8 * *> * *7 +$ =@ % $ )

z2 = Kz
p
1 , A % 8 8$ p 0 5% =& .% 8 . 8/% 5& & * + 5 + 57 *% 8& , 0 ,7 & % 8$ + 8% A % +$ / *- *7 8 *

� 5 8% /% % 0% 7 .7 @ . * *& %& , + ,1

?% / $ 3 465 8 λ1 = λ2 � #% % / $ - *@ 4/ .- / $ 0$ ( � )& & * �/ * � * , + 8 . 8 8 * )
 � � < 5 A % 7 *% 8 0 . + /1 �


 � � � � � � � � � �� � � � �� � � �� �! � �� � � �� � � �  �

9 1 � 5 8 λ1 < 0, λ2 < 0,7 % % 7 .> .& & % 8 . 8 8$ .% A , , / , A % +$ $ 7 A , , + ,% 7 7 , 5& % .7 8 , ,7 / *1

� *% + +% 0% @ / * * � )5 57 � $% 7 1


 1 � . * *& % 8 ./ 4 * .@ % A .@ + +% 8 ./1 � 5 8 λ2 = −p λ1, 8 * *> * *7

z2 =
K

z
p
1

,

465& & 5% 7 /@ * 4 . + / 5@ % / 5 0 * / �- = � .@ � .& % 7 5 A *% 8% * �1

< 5% 8/ * 5 A % 7 *% 8 0 . + / 5@ % * � λ > 0 �% / +% 7 + ,& 4 ./ * *7 � 5% 8 � $% 7 � ) 8/ * 4 * / 5% 8/ * � λ < 0 �5@ % ; 5 57 � $% 7 1
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A =






−2 −1

−1 −2






� A % 7 *% 8 *@ 0 5 / 4 * � 0 . + / 5@ % / )
λ1 = −1, v1 = [−1, 1]T

λ2 = −3, v2 = [1, 1]T

? 5& .A A * / 5 A % 7 *% 8 *@ 0 5 / < 0.
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� � $ 8/ *� % %& % ) � 8 * /@ * 4 . + / 5@ .% 8/ * → ∞ 3& $ - > ./ /% % 7 � $ A % / .7 & $ - .& / $ � ) * / *- *7 8 * � .@ % /1

� 5 8% /1 5 A % 7 *% 8 *@ 0 5 * 0 * 8/ * * 0 *7 5 A % 7 *% 8 0 . + / 5@ % 7 �% 8/ .% 8/ $ �1

 �



# �% @ * *& % �& $ - > . / *% 7 % .& , �

A =






9 −8

16 −7






� A % 7 *% 8 *@ 0 5 / 4 * � 0 . + / 5@ % / )
λ1 = 1 + 8 i, v1 = [1 + i, 2]T

λ2 = λ1, v2 = v1

� � λ1(= � � λ2) > 0
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A % / .7 & $ - .& / $ � ) * / *- *7 8 *

� 5 8 5& % 8% � � λ1(= � � λ2) < 0,7 % % 7 � � �

  



	& .% 7 .7 @ * / + )

? .@ +1 w = v1, u = � � w =






1
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 , v = � � w =






1
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 , λ = λ1.

y(t) = c1e
λ tw + c2e

λ tw = et
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− sin (8 t) cos (8 t)
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cos (8 t) − sin (8 t)
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