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_�`badcfe gSh6cfeji

_^kOl�monop?l�p nonokqnor+nsl1t@u]vwp+u]x6yOy�p+z]{fr nsy|k�u]n~}SlOl��Up+��vS}Sy�r �Su]�?lOl����qvwp?y�m~zOr p?y
�?l�p {Ol�n~r+����l�p p?l�r nop?yfeq�1{w�
r no�7{���� p?l�no�S���"��r no����� {q{qn6{qk]l�monop?l�p nonokqn~r+��r p?l�t@u]vwp+u]x6yOy�p+z]{fr+��r p?y�u]mon~r+n6kOl�no{w{Ol�r?���7�?lOl�k]l��7msl�no�S����ef_�l�p �
r+��momslOl���r+{]l�mslOl�� no�qvwp?y�m~z�y

y′ = 1 + y2 e�_)uOr {OlKu]no{���lKx7�Su]mon�u]��x%uOr nop nonokwno�S����l�no�6lfhAu]���?l�p {Ol�n��
r �f���7�7{qp n~u]�d}7��� nok]lOl�p p?l

y′(t) > 0,
t u]p+����{Ol�n�{q{qn,�?l�p {Ol�n~r+�7p�u�kOl�p�{]l]r kOl�kqnsl����7�7{qp n~u]nop?lfe>��u]no�S���

t u]vwp+u]x6yOy�p+zOr�r?lOl]}SlOl���r nonop?yfhG��p p?yUu]no{���l"xS�Su]mon'� nonox7x7�7��k]l�no�
y :

r p?yfhG��no{Oy�u]mom~���7{]lOl��
t :

r p?yfeG��uOr
x7nono� �+��p?yOy��

ty−
p?l]r+uwu]��r �7�7�wp?l�{����qp p?yfhO�7nono��r �7�7�wp?l��w�Su]m~��p^� nonox7x7�7kOl�p^k]l�no���w�Hl�� k�uOr p?lfh�t u]p+����r �7�7�f�

p?l�{����wp p?yBr?lOl]}SlOl��"r nono� p?y���y�momsy
y−

l�{qr?��mon���r �7�7�wp?l�n~r+p?lBr �Su]�?lOlBr �7�7�wp?l��w�Su]mono�S�����
t−

l�{fr+��mono��r �7�7�f�
�6l]r+r�lfe7�,y���y�u]���wm~��no�S��� u]��no�6l�n~r+�7�Sr,{Ol�no{wnomom~���Sr�e�¡]¢f£[¤]¥3¤]¦|§©¨�§�ª©ª~«��qvwp?y�m~z]nomom~�Oe

_^kOl�monop?l�p nonokqnor+nono�¬�����S��p+��mo��nono�{w�7�7mo�7kOl�p
�®��zOr|��r no��eD�?l�p {]l�n~r �]t ���¯�®�Su]p+uwu]�°mononop pH�qk]y�p|�wm~��n~r@�
mo�Su]�Su]p+u]n~r+��pb±���u]����p � n~r?��p9t@u]vwp+u]x6yOy�p?z]{qr+��p�h6��r no����� {qno{qr n²r+��momsl�n~r+��p�h]t u]nop?l|p+��no������mono�S��lOl�� n~r p?���³�wvf�
p?y�m~z]n~}7��� �qvwp+���q}7��r+r�y|u]��no�6l�n~r?l�� k�u�t ����x%��� �6r p+����momslfe

���1m~��no�S���³}fn�´%�qvwp?y�m~zOr �fr p+������n
y′ = f(t,y)

��µb�Sp+u]�Su]��no�S���³r �fr p+������n
y′ = f(y) ¶ ��n�� nonox7� ��{fr x7mon~r nonop p n~r+��r p n

t :
r p?y�·

��¸Gno�S��lOl�� no�S���³kOl�{wn~u]{���� p+u]no��no�S��� vSu]��u]±����7no�S���
y′ = Ay.

_^kOl�monop?l�p nonokqnor?��p9�����S��p+��mo��y�p>r+u�k���mop �7k]l�p'x6l�� v6l�nop+���"l��7p+u]�Su]��n~r nono��e��,y�mom~z]no�7v6y���r �7�7�wp�l�{����wp p?y
��yOy��?y��qpH�w�0x%��mo{]y]r p?yOy���x6l�no{]l��Bx%��� �Sr+p+����momslfe�¹0l�k]l�no�7�Su]momon~r p+��p?lOl��®v7no�7{]l��Bp �Su]�7�S����x6l��3l�kqn~��msy,l��f�
p+u]�Su]��n~r+���|t+l®��n��Hl��7p+u]�Su]��n~r+��� r �fr p+������no�����+u�lfe7��uw}7��p?lOl��Up?y]r+r?yfhf��p+p?y
��x6yOl��7p+u]�Su]��n~r+��� r �fr p+�����
��no��r �7�7�wp?l�{����wp p?y�t l)�NlOl]r+nop?l]r+u0� nonox7x7�7k]l�p>l�t+l]r p?lfe�ºwno{fr nf�6�Ax7nop?y�n~r n7{q�7kOl�p?l

xyt−
�[lOl]r nsl�kOl�� �7�7p+���6l

��no{Oy�p?l]r+u]�6lfeq»0y�no�7v6y��"�����S��p+��momsyOy���r+{]l�mslOl�� no�qvwp?y�m~z]��p?l�x6l��7{qr?��r+r?lfhw{w�7�"x7nono� �+��p?yOy��Ur+�7�7�wp?l�{����wp@�
p?y�t+l��?l�p {]l�n~r �7{Oy��q�?y�p

ty−
p?l]r+uwu]��eDµb�7p+u]�Su]��n~r+��r?r?l�p?l�x6l��7{fr+��r+r�lUk�u]nop?l�n~r nono�¯p �?l�t@��{qp+u]� nsl {q�7k]l�p?l

�q{qr+no�7m~u]p p+��n~r+���6lfh
y−

l�{qr?��monsl
x7nop {qno��p?l�x6l�vwp �7k]l��6l�monono{q{������6yfe
_Bl�vS}7���,t l��Sr?��l�����l��B�qvwp?y�m~z]��t l��®�7�7p p+�]t l���p?l�x6l��7{qr?��r+r?l�±���u]����p � no�S���|l��6l�mo�w�fr n�u]����n��Hl��7p+u]�Su]��n~r nomom~�
l�no{Ol
�®�7p {qno{]l]r+p?lfh7��������{Oy�r nonovS����p?y]r+r�y
�����S�Oe

�²�S�wp+����n~r p?l�������r �fr p+��������n~r p?y���n��Hl��7p+u]�Su]��n~r nsl�u�k]l�p1mono�S��lOl�� n~r+��p���x6y�vSu]��u]±������Sn~r+��pAt l�mono�S���
lOl�� n~r+��p ¶ �®��zOr�vSu]��u]±������7n~r+��p�·�hOt u]n~}7����{���� �+u]no�7��l�p � non~r n

A(t)
� nonox7x7�7��l�t+l]r p?l

t
e

EGF�¼ ½¾\9MO¿²À9¿�ÁÂLHP�M]R6ÀÃP�Ä'P�MORSR6Á�LQR6ÀÆÅ3ÇGP]LNM]MOR6LHP�M]È�Ç
É mo{�uwu]��p?y]r p+��}7��r ¶ {w�S�7�S��r�p+u]n~r no� r?l��Su]p?lOl��3·�r �fr p+������no������l��7p+u]�Su]��no�S����Ê

y′ = f(y).

`1l�p {]l�n~r+�f���7�7{qp n~u�u]��k���{qp+u]� n����S�7{wp n~u
t → y(t) =

[

y1(t)

y2(t)

]

.

_)uwu]�+}fno�6lOl�p+p n����7�7{qp n~u]n~}S���Ë{q�7kOlOl�t l�p)k�u]n~}SlOl���x7nono� p?yOy"l�no{Ol�p?l]r+uwu]��h�t u]�7{]l�kOlOl�{]l��Hl�{fr+��mono�6l�u]�
l�no{Ol

t
e²Ì9��{qp+u]� n����S�7{wp n~u

t → y(t)
k�u]n~}SlOl��Kp+u]n~r?lOl�mop?l x7nono� p?yOyU�[lOl]r nop?l]r+uwu]�Kx6l��?l�����p � no�®�Suw}SuOr+r?l

l��7�S��p p �7�6l�{Oy��q�?y��6yfhf{q�7�Ux6l��?l�����p � no�6l�u]�
t
e

ºq�)k�u]n~}SlOl���l�t l�p+��momsl���l]r?r?l�x7n~r p+�����"�?l]}Sl�{fr n[hw��mon%Í�Î�ÏqÐ�ÑwÒ%Í�Ó3Î�Ô�ÒGÕ�ÔGp?l]r?uOr+r?lfh�t@u]�S{]lB{�uwu]�+}fno�6lOl�p p+��no�6l
u�kOl�p�x6l�no{q{]l1t l
�Su]x%���Sr�e
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Ø



Ì^��{qp+u]� n����7�7{qp n~u]��}7��� nokOlOl�p p?l
y′(t)

nomo��l�n~r+����{Oy��w�?y��
y(t)

p?l��7±����wp no�¯r �7�7�7�6l��¯l�t l��7vS��p {���momsy
t.

µb�7p+u]�Su]��no�S��� r �fr p+������no�����
y′ = f(y)

{���� p+uwu�r non~r�p?l��7±����qp no��r �7�S�7�6l���l��7�S��p �6r+r?l
x7n~r p+����r+r?y
y = (y1, y2)

h7��no{]y�mon
y′ = f(y) 6= 0.a9� no{�u]n~r?l]r?����l]r+r?l�u�kOl�p�r nop+����x7n~r p+����p

y
h7t@u]n~r?r?l

f(y) = 0.
»1y���y�u�kOl�p�ÒGÎ]Ô�Ô©Í�Í�Ô�Õ�Ô���×DÔ�Õ�Í�ÑqÔ©Í��

¶ _�`��>·A��monGÍ�Ï7Õ�ÏS×�ÏSÔ���Ó6×DÔ�Õ�Í�ÑqÔ©Í����
	���
e
��uOr

c =

[

a

b

] u]� ¶ _�`���·�h7�7nono��k]l�{qn~u����7�7{qp n~u
y(t) =

[

y1(t) = a

y2(t) = b

]

.

u]���qvwp?y�m~z]���?l�p {Ol�nor+� ¶ kOl�{qn~u]��}7��� nokOlOl�p p?l�u]�
0
hSu]no{���l|x7�Su]mon²u]�

0
h7{�uOr {Ol
_�`��>·�e

µ)no{Ol�p?l]r+uOr+r?l�{q�7k]lOl�t l�p�u�k]l�p�r nop+���¾r+�Su]�?l�p
y1 = a

t+l
y2 = b

e��3lOl]r nop?l]r+uOr+r?l�p �?l�t@��{qp+u]� no�6l�u]�
�q{qr+nYx7n~r p+�Oh

c = (a, b)._0� nonop p no�S���³x7n~r p+�
y0

u]�
Õ�Í�Ï��$Ô�Ô���Ô�h�t uOrAmsy�vS��mom~�

y0 :
lOl|p �7m~��k]l�p,p �?l�t ��{qp+u]� nop,xw�fr �wkOy�pAmsy�vS��momsy

y0 :
lOlfh7{w�7�

t → ∞
h

Õ�Í�Ï��$Ô�Ô���Ô>Ð�ÏdÏfÍ�Í�Î�Ï7ÒYÍ�Ô�Ô��²Ô��²Ñ�� ¶ k]l�vwkOl]r p n>r p?l��7nonomon©·�hSt@uOr�msy�vS��mom~�
y0 :

lOlUp �7m~��kOl�p�p �?l�t ��{wp+u]�+n�p
msy�vS��r pH�qk]y�p

y0 :
lOlfh7{w�7�

t → ∞.

�0momsy�u]m~��k]l�p1��yOy�� nop+��mo��y�pB��nok]y�p0u]m~�®p?y]r ��y�momon~r+n~y���l�p+����lOl�p p n~r nsl"��yOy�� nop+��mo��nsyfeG�Dl�� {]l�p1��yOy��
� nop+��mo��y�pb{q�7kwno�S������ÊS_�`ba�r�e Ø����
EGF�� �! �MORSR6À#"²R7MO¿�ZQLHÀ9RSWYWYJ�LQP]LQP�MOW$ ^¿²ÁÂ¿&%�RSR3À^LHP�LHP�M]W
_�`badcfeji

y′ = Ay, A(2 × 2).a^}7��momsy���r nop+��p p nono���?l�p {Ol�n~r �7p1{w�7kqno�S�����³{Ol�no{w{qnono�³p?l�x6l��7{qr+nono��e3_���� �?l�p?lOl��"t+l�u]p+��p?lOl����®�7{]lOl��
r p?l��7nonomon~r �S�Sr�e

_0�fr+����r+r�y�v6y��
u]�|l��7p+u]�Su]��no�S�����wvqp?y�m~z7e���uOrDu]m~��p?l������Oh]��p p?y
A

u]�®{OyOy��wpH�wkOyfh�r+���|l�no�Su�l)_�`��
u]� É ef��uOr�µ ��nGu]m~�1{]yOy��wpH�qk]yfhfu]��{w� nonop p n~r nsy®x7n~r+p+��n�p�y®{�u]{�u]�6l�n~r+���Ur �Su]�?l���p?l�nY{�u]{�u®p?l]r+u]��k���� �?l���h
�6y���y p?l�x6l��7{qr?��p�r �7m t ��p?lOl���x%u]n~r"l��6l�mo�q�qr n~r p�l������]e>��u]n~r no�Âr?l��Suw���d�������³u]p?l¾p?y]r+r�yË�®�7{]lOl��
p?l�x6l��Sr p?lfhOt@uOr?r?l
u]��no�6l�n~r?l�� k�u�u]�

0
e

_)u]�+uOr+p?l�������r nop?yfhG��p p?y
t u]vwp+u]x6yOy�p+z]{qr?��p�u�k]l�pBvS��mox%uOr p nGt+l�mo�Su]�qp+��k]l]r p n9mo�S��p p?l�kqn~r+r?lUu]��no�6l�n��
r?l�� k�u]n~r p?lfh7p?y���y���mo�7{q�7p?l�n~}7u]��kOlOl]}fno������uOr?l�p p?l�k]l�{fr n[e
¶�' n~��monox7n~}7�OÊ7µ1r nsl®x%��nop+��p?yOy���_�`)a$�[{qno��t l]r+r�l�p?y]r+r�y�{�u]vS}Sl]r+r?l®�7mo{�u]mo�7{w�7p��w�qmon~r nono�

p, q, ∆
�9��vqp+u]nov7no��e

»)non~}7���U�7mo{�u�l|u]x%��p p+��mo�Sr p?l���nYp?y�momsy|{w�7�+r+r+nomom~l
x7n~r p+��nop?y
vS��� ��e7��u]{qnYp+u]n~r+��� l]r p+�����U�qvwp?y�m~z]�|t@�7�7� n~���
u]��no�6l�n~r �7�7{fr nsl�r�lOl���n~��mo�7�Sr p n3{Oy��qp p?yOy�vw�qk]y�{fr n[h��®�7p p?lBx6yOy�p p+��mo�q��p �7m~���b{q�7mo{���l�u]��no�6l�n~r?l�� k�u�t@���
{Ol��7p p?lfe ·

`1l�p {]l�n~r+�7p v6l�� u�k]l�p)l�no�6l|�®�Su]p+u�lfÊ

y(t) = c1e
λ1tx1 + c2e

λ2tx2, 2
¸�`$� u]��e7k���{qp�e

x1, x2.p?l�n7t@uOr,u]��k]l�no���q{qr n�¸�`$� u]��no�6l�n~r k���{qp+u]� n[hS�7non��

y(t) = c1e
λtx + c2e

λt(tx + u),��n~r?r?y
x

u]�
λ :

lOl���mononop pH�qk]y�u]��no�6l�n~r k���{wp+u]� nSt l
u

�qm~��n~r p+��p pH��u]��no�6l�n~r k���{qp+u]� n[e
��uOr�u]�B{�u]��x7m~��{qr no�S���®u]��no�6l�n~r?l�� k�u

λ = α+iβ
h�t@u]mom~u]no�B{q�fr+�$u]�®l�no�6l���}7��momon~r+��r p?yAp?l�x6l��7{fr+��r p?lfh

k�u]n~}SlOl����?l�p {Ol�nor+�7p,{wno��t u]nop p?lOl|�+��lOl�mon~r+�����®�Su]p+uwu]��Ê

y(t) = eαt[u v]

[

cos (β t) sin (β t)

− sin (β t) cos (β t)

] [

c1

c2

]

�



»0y�n~r p?y|k�u]n~}SlOl���x6yOy�p+��momsy�l�no�Su�l��³_�`��,Ê �
O :

��r+p?l��7nonomon~r �7�Sr {Oy��wp+zOr,vS��p n[Ê
Ø e,`b��lOl�mon~r+��pbu]��no�6l�n~r?l�� k�u]p�h � ¸�`'��u]��no�6l�n~r k���{wp+u]� nsl

¶ l�· λ1 > 0, λ2 > 0
¸²y�vS}7���Suwuw}7n[hw��x6y]r p?l��7nonomon[h�{Ol�no{q{wn7p �?l�t ��{qp+u]� nop�h�t u]p {Ol0��nokOy�p9{w�7m t � É Ê �

{]l��7p+p?lfh7m~y�v6��r+pH�wkOy�p
→ ∞

e
¶ �3·

λ1 < 0, λ2 < 0
»bn~��mo�7�Suwuw}fn[h'kOl�vwk]l]r+p n�r p?l��7nonomon[e'_Bl�no{q{wn�p �?l�t@��{qp+u]� nop�h%t u]p {]l���nokOy�p

{w�Sm t � É Ê ��{Ol��7p p?l
msy�vS��r+pH�wkOy�p
→ ∞

e
¶�� · λ1 λ2 < 0 ¶ ��� no����� {q{wn~r+��p�·0ºfl�p �7mslfhY��x6y]r p?l��7nonomon[eY_Bl�no{q{qn�p �?l�t ��{wp+u]� nop�h%x6l�nop+r nD�S�Oh�t u]p {]l

{w�Sm�{���kOl�pA�S��±�l�p nonokqn~r p?l�u]��no�6l�n~r?l�� k�u�l|kOl]r p?lOl�kOl���u]��n��3l�nor+k���{qp+u]� no��x7n~r p+����� ¶ p?l�n É Ê �3·
{]l��7p+p?lfh7msy�vS��r pH�qkOy�p

→ ∞. ¶ a'x6y]r+p?l��7nonomon~r �7�7p+������� nonop p?yOyfh6��p p?y�u]���q{qr+no{wno�Up �?l�t ��{wp+u]� n[h
t@u]{Ol,{q�7mo{����>��n~��monok]l�mop?l�n~r+����msy�vS��mop?y É Êjl9t lbmsy�vS��r pH�w�®yOy��+��p+z]�wp?yfh]{q�7�

t → ∞
e�¹)��mox%u]no�

��r no����� {q{wn[Ê7x%uOr nop nonokwn~r+p?l|u]��no�6l�n~r�l�� k�u�l�kOl]r p?lOl�k]l|u]��no�6l�n~r?r �Su]�?lfe ·
� e,`b��lOl�mono�S��� {]l�{fr no�7{����+p?l�no�S��� u]��no�6l�n~r?l�� k�u

λ
h Ø ¸²`$��u]��no�6l�n~r+k���{qp+u]� n

¶ l�· λ > 0
�0��±����S���+u]nop �7�w�7p msy�vS}7���Suwuw}fn[eb_Bl�no{w{qn0p �?l�t ��{wp+u]� nop ¶ x3l�n�p?r n É ·

→ ∞,
{q�7�

t → ∞
e7a'x6y]r+p?l��7nonomonNe

¶ �3·
λ < 0

�0��±����S���+u]nop �7�w�Sp��7n~��mo�7�Suwuw}fn[ef_Bl�no{q{wn3p �?l�t@��{qp+u]� nop ¶ t u]x6l É ·
→ 0,

{w�7�
t → ∞

e
Ì>l�vwk]l]r p n�r+p?l��7nonomonNe

¹b�6u]��Ê��?l�t+l��Hl�� k�u]{Oy��wp+z]{fr+���
�®�Su]p+u�l
t eλt u]m~��kOl]r+r?lbp+��� ��n~r+r?y)��yOy��?yOy1��{qr+x%u]�S���wp p n����7�7{qp n~u7h

x%u]mo�w�Su]��nop+��{qn t+y ¶ p?y]r+r�y t
·�u]����vw�qp pH�qr?����r �7� no�6lOl���r+��� � no�7�6l�momslfe

cfe,_)u]��x7m~��{qr+n~r+��pbu]��no�6l�n~r?l�� k�u]p�h
λ = α ± iβ

¶ l�· α > 0
¸²y�vS}7��r x7no�?lOl�monQh6��x6y]r p?l��7nonomon[h

¶ �3·
α < 0

»)n~��mo�Sr x7no�?lOl�mon[hSk]l�vwkOl]r p n�r p?l��7nonomon
¶�� · α = 0

_���r {q�Sr�h7r p?l��7nonomon[e
���²Ó
	 � |_���r {q�7{fr+���¬l�kq�7momsl u]�¯vS��mox7x%uËr+��monop p?yOy �qm~��no�S���¬r p?l��7nonomon~r �7�Sr {Oy]r nop+��p?l�� {�������no��e

��uOrBk]l�monop?lOl�� ¶ ��n~��monok]l�mop?l�n~r+����x7n~���7n©·
O :

�
ε−

r�y�p+��n��6�����w��x6y�� n~r p+z7hG�Sn�no��u]��u]m~����l]r+r?lUr+��momsl�no�S���
δ−

r�y�p+��no�S���³�q��x6y�� n~r p+z7h%��p p?y�t u]{]l�no�S���
δ−

�w��x6y�� n~r p+zwz]��t u]momsl�no�Ël�t+l��7vS��p {���momsy�p �7�7{����7p �7kOl�p �?l��
t ��{wp+u]� n�xw�qr+�w��no{w�7n~r+��r+p nGp �SuOr+r?l|���7�6l�mop?l�l��7�S��p �Sr+r�l

ε−
r�y�p+��n~r+��r+r?y
�q��x6y�� n~r p+zOr+r?yfe

�,y]r+r�yUp?l�x6l��7{fr+��r+r?lfh²{q�7�¯u]�¬l��7�S��p p �
ε−

{qn~��{w{�u7h�kOl�monop?lOl��¯��momonoxSr+n��¯n~r+u�l�{fr+��mon>{�u]� {���no�wp?lOl��
ε :

�
r �7�7� �7n~r?��{qr n[e��,y�mom~z]no��k�u]n~}SlOl���kOl�monop?l

δ
x7no{w{q�6l�{qr?��mono��r+�7�7� �7n~r+��{qr+n ¶ p?l�n3x7n~���S������y�{qr n©·�h�t@u]mom~u]no��t@u��

{Ol�no�S���
δ−

{qn~��{w{�uwu]�|p �7�S{����7p �7kOl1p �?l�t ��{wp+u]� nSxw�qr �q��{�u]{�u]�6l�n~r �7�S}7��r+r�lOl���no{w�7n~r?��r p n
ε−

�q��x6y�� n~r p+z]�
r n~r�y�m�msyfe
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� ���7ÒGÕ�Ô©Ò ���GÍ�Í��
�,y���y|u]�"p+u]{qnYr?l�momonop p �6lfhq��no{fr+��nwt u]x6l®r �SuOr+nop+��mop?l�k]lOl�{qno��h�t@uOrAr+�)msl]r {q�]t l�mo�qvS���wp?yOyfe ' �7p p?lfhqr?�

u]� kOl�no�Kl�x7�7{���no�Su7h7t u]mom~l�x6yOy]r+p?yOy�� {Oy]r no{fr n9u]��no�6l�n~r?l�� k�u�t ����{]y��qp p?y��qpH�w��n~r+������e���u]n~r+no�6lOl��Ku]��n��
�6l�n~r?l�� k�u�t ����msl]r {�����no�S���"p?l�n�t@u]vwp+u]x6yOy�p+zOr+p+���"p+��{�u®r �Su]�?lOl�� � eql]r p+�������wvwp�y�moz]�"�?l�p {]l�n~r+�7{]lOl�kOl]r p?l
r?lOl�p p?lOl�u]momsl1t u]x6l
mo�qvw������x7no{wno��p?l�x6lfe

A =

[

a11 a12

a21 a22

]

}7��p
(A − λI) = (−1)2(λ − λ1)(λ − λ2) = λ2 − (λ1 + λ2) + λ1λ2.��u]n~r?lOl�mop?l

c



}7��p
(A − λI) = (a11 − λ)(a22 − λ) − a21a12 = λ2 − (a11 + a22)λ +

}S��p
(A)�,y]r+p?y|�6y�vS}6yOy���h6��p p�y

λ1 + λ2 = a11 + a22 =
p �

(A)
t l

λ1λ2 =
}7��p

(A).
�Dl�� kqn�p�lOl�� p n~��pH�fr p n

�®��zOr,}fn~r {q� no��no�6l��wp p n
∆.�3lOl]r nop?l]r?u]pH�w�qx7x7n~���
�®�7�7p p �7��no�S����{�uwu]�+}fno�6lOl�p n~r+p+uOr+r?lfh?t u]�7{Ol)l�{qr+��m~��no�6l)u�kOl�p�p �

(A)
t lb}7��p ¶ A ·

u]��v7n~���Su7hYv6l��Sr {]lBt+l�kqnonovS}f�qp p?y�k]y�{w�7kOl�t+l���r nopH�qr�l]r nsl]r p?lfh3{qp+r�e%_�`ba$�[{qno��t lfeYa'�����
{q�7nop+���7{]lOl��
p?y�momsy|{���� p?lOl|x6l��S���S}f�³r nonovS����msy�vS������no��e
EGF�� �)LQÀ^RSWYJ�LQP�¿²LHÀ²M�L
µ)�7p+u]�Su]��no�S��� ���BºYe ' ��� {qnop?yOy���kOl�novwp+����{qr n

y1 = x, y2 = y,
t@�S�Oe

{

x′ = f(x, y)

y′ = g(x, y).

É mo{�uwu]�
(a, b)

{w� nonop p no�S��� x7n~r p+� ¶ _�`��>·�h7p+r�e
f(a, b) = g(a, b) = 0.

�'n~r p?����r?r?y
(a, b)

mono�S��l�� n~r+u]nop �³r+�qr p+������n�p?l�� {�u]nop p?lOl�r �fr p+������nsy
[

u′

v′

]

= A

[

u

v

]

,
��n~r+r?y

u = x − a, v = y − b
t+l

A
u]� ��l

�
u��7no� ��l�p � non~r+nNÊ

A = JF (a, b) =

[ ∂
∂x

f (x, y) ∂
∂y

f (x, y)

∂
∂x

g (x, y) ∂
∂y

g (x, y)

]

x=a,y=b

�,y���y�p?l�� {�u]n�p+p?lOl|k���{wp+u]� n����7�7{qp n~u]�
(x, y) →

[

f (x, y)

g (x, y)

]

l�x7xS�+u]{qr no��u]no�wp nsl Ø e3l]r p+����� �Dl��wm~u]� no� x%u]mo�q�Su]��nomomslfeYºfl���l�momsl�r �Su]� nop+��p?lOl���_�`��,Ê �³r nono� p+u�u]� n��
±�uwu]��e

¸�no�S��l�� n~r+u]nop ��r �qr+p+������n�{q�7k]lOl)l�mo{w�7x%���?y�n~r+p?ybr+�qr p+������nsybr nop?y,x6l��+������no��h���nop?y,x7n~���S����x7nsy1u�k]l�p
|u|

t+l
|v|
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Í�ÑwÑ 	�Ô��dÏ7Ó�
9Ö� � � � ���²Ó �#��Ñ��
Ì^u]n~}SlOl�� uOr+u]nop p�lOlfhS��p p?y|�qm~�����Sr�y|u]��h7�®�7p p?l|{Ol�{fr nYx%u]no{q{����Sr+p?lfÊ
Ø e,µ®Ê � u]��no�6l�n~r?l�� k�u]p)u�kOl�p�x7�7vwp?lOl]r p+n�no��l�±Ono�6lOl�� n~r+��p�h3��mon�µ
Ê ��_�`��bÊ � ¶ É ·>pH�q�qx7x7n�u]���O«�¨���¢�¨
� e,µ®Ê momsl0u]�|{Ol�{fr no�7{���� p?l�no�S����u]��no�6l�n~r?l�� k�u�t+l)�w{fr nfu]��no�6l�n~r k���{qp+u]� n[hO��monSµ®Ê ��_�`��,Ê � ¶ É ·²pH�q�qxf�

x7n�u]� }7��±����S���+u]nop �7�w�Spb�Suwuw}fn[e
��u]{qn>�6y�n~r+r?y�{qno�Kp?l�x6l��7{qr n~r?r?lUpH�q�wx7x7n>k�u]n>r?y�nomo�wyfh²�®�7p p?l ��x6y�mono�S��lOl�� n~r+���°_�`��,Ê �KpH�q�wx7x7n>k�u]n

�®��zOr,u]momsl�r x7no�?lOl�mon[e
½¾\9M]¿�À9¿²Á�LQP�R3À���W�R6T^ÇYWG\'MO¿²À^¿²Á�LQP�R6À  9W�"%WGLHÀ^À^¿²ZQZHLQP�M�\^P�MOW
¹0l�k]l�no�7�Su]momon~r+p+��p?lOl��³���+u�l|{]l�vS}7��momsl��w{fr no�7{���� p?l�n~r+��momsl|��r no����� {qnomomsyfe

�1Õ�Ô�	����DÏ �²Í�Ó ��Ó�	KÔ��²Ñ��
x′ = x, y′ = y

¶ ¸�no�S��lOl�� no�S���³k]l�{qn~u]{���� p+u]no��no�S����h6}fnsl�±�u]�6lOl�mono�S����h6��l�p � non~r n7t u]x6l
�q{qr+no{w{�z]��l�p � non~r n[e ·
`1l�p {]l�n~r+p?lOl�� l�mo{q�6l�� k�u]p+��vqp?y�k]y

x(s) = 1, y(s) = 2,
��n~r+r?y

s = t0
u]��r+non~r,l�mo{q�7vS��p {qn[e

ºflOl]}6lOl����?l�p {Ol�n~r ��Ê
x = et−s, y = 2et−s.»)�qp

t − s
k�u]n~}SlOl��¬u]p p?lOl �7�S}7��{fr n>{Oy��q�?y�x6l��?l�����p � no{qr+n

u = t − s,
t@u]mom~u]no�°l�t+l��¬l�mo{w�7v6��p+{wn

s
��n0�6y����?l�p {Ol�n~r �Sr+r?lKmsl�no�7{]lOl���e�`1l�p {]l�n~r �7p �?l�t@��{qp+u]� n0k�u]n~}SlOl��¬t@u]x3l�{qno��t u]nop p?lOlK�®�Su]p+uwu]�

y =

g



2 x, x ≥ 1
e��9n~r p+�����

x = 1, y = 2 ¶ {q�7p+������no�7{]y1p?l�v6l��Sr?l1�®�7�7��p?l]r+u]��x7n~r p+�����3·�{]l��7p+p?l){q�7mo{����
p?y]r ��y�mom~�������q{qr+nfp �?l�t ��{qp+u]� n[h�t u]{]l0u]��� nonox7x7�7��l�p+u]�"r nonop?yfhO��no{]yBl�t+l��7vS��p {wnSkOl�monop?lOl���l�mo{q�7vS��p {���{fr n[e

µ1r nslOlbk�u]n~}SlOl��|{]l�p+r+u�l)�®��zOrD�qvwp?y�m~zOr �fr p+������n~r p?y1r �Su]�?lOl���Ê��'n~r p+����r+r�y
x = 1, y = 2

�?l�p {]l�n~r �f�
{Oy��w�?y�� r �7�7�wp?l�k���{qp+u]� n²u]�

(x′, y′) = (x, y) = (1, 2),
� nonox7x7�7��l�p p?l

t−
l�� k�uOr p?lfh�t u]{]l|��nG�qvwp?y�m~zOr+r?y

��nop+���7{OyOy�� u]m~���6y�{q�wkqn~r+r?y�{OyOy���e
�0Ô��?Ï �²Í�Ó �²Ó
	�����Ñ �

x′ = x/t, y′ = y,
p+r�e

A =

[

1/t 0

0 1

]

`1l�p {]l�n~r+��Ê
x = t/s, y = 2 et−s��uOr�p?y]r+p?y|��mono��no�Su]n~}SlOl��

t
hSr?lOl]}SlOl���Ê

y = 2es(x−1) h�t@u]p+����l�mo{w�6l�no{Ol
s
u]���®�7{]l��6l0�?l�p {Ol�n~r �Sr+r?lfe�»b�qp%t u]{]l�n~r?����p?l]r?u]��x7n~r p+������{Ol��7p p?l

{q�7mo{�����yOy��+��p p+z]��y�� ��u]�wp?l�p �?l�t@��{qp+u]� nslfe
ºw�6u]�?lOl����qvwp?y�m~zOr p?yfÊA�Dl��7±����wp no��r �7�7�wp?lKx7n~r p+����r+r?y

t = s, x = 1, y = 2
u]�

(1/s, 2),
��mon

{q�7mo��l�{���� �+u]no�³u]�
2 s.É vS��n~r?��p,{w�7kOl�p�kOl�msl�n~r+��k]l�p)l]r nslOlfÊ
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