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10.2  Least Souares Approximations 343

Note that if u, v € R" are column vectors, then u - v = u'v. Therefore we can
rewrite (10.2.5) as

AAl 1 = A'x,,
&
where A is the matrix whose columns are the w; and x, is viewed as a column vector.
Note that the matrix A'A is a k x & matrix.

We claim that A’ A is invertible. To verify this claim, it suffices to show that the
null space of A"A is 0 that is, if A’Az = 0 forsome z € R, then 7 = 0. First, calculate

HAZIP = Az Az = (A2Y Az = 2' A'Az = 20 = 0.

It follows that Az = 0. Second, if we let z = (z,,...,2,)', then the equation Az = 0
may be rewritten as

Zw, + e w, =0,

Since the w, are linearly independent, it follows that the z ;= 0. In particular, z = 0.
Since A’A is invertible, (10.2.4) is valid and the theorem is proved. *

Gram-Schmidt Orthol Process

Suppose that W = {w,, ..., w,}is a basis for the subspace V C R". There is a natural
process by which the W basis can be transformed into an orthonormal basis V of V.
This process proceeds inductively on the w;; the orthonormal vectors v, ..., v, can
be chosen so that

span{v,, ... v} = spanfw,, ..., w,}

for each j < k. Moreover, the v, are chosen using the theory of least squares that we
have just discussed.

The Case j =2

To gain a feeling for how the induction process works, we verify the case j = 2. Set

$0 v, points in the same direction as w, and has unit length—that is, v, - v, = 1. The
normalization is shown in Figure 10.2.



344  Crapter 10 Orthogonality

Figure 10.¢

" Planar llustration of Gram-Schimidt orthonormalization

Next we find a unit length vector v, in the plane spanned by w, and w, that is

perperdicular to v,. Let wy, be the vector on the line generated by v, that is nearest
1o w,. It follows from (10.2.3) that

w, -,
Uy, = ng e {;{;2 . ;}s}{i;,
(RNl R E

The vector w, is shown on Figure 10.2 and, as Lemma [0.2.1 states, the vector
v, = w, — w, is perpendicular to v,. That is,

vy =, - (w, < vy, {1027
is orthogonal to v,.
Finally, set
L \ o

Tl
so that v, has unit length. Since v, and v; point in the same direction, v, and v, are
orthogonal. Note also that v, and v, are linear combinations of w, and w,. Since v, and
v, are orthogonal, they are linearly independent. It follows that

spani{y,, v,} = span{w,, w,}.

In summary, computing v, and v, using (10.2.6), (10.2.7), and (10.2.8) vields an
orthonormal basis for the plane spanned by w, and w,.
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The General Case
Theorem 10.2.3  (Gram-Schmidt Orthonormalization) Let Wy, ..., w, be a basis for
the subspace W C R". Define vy as in {10.2.6) and then define inductively
Uiy =W, = T A (w, vy, (10.2.9)
i
Uy B ey {10.2.10)
Fo1 “Pj,;.;“ FE

Thenuo,, ..., v, 18 an orthonormal basis of W such that for each j,

span{v,. ..., vl = spanfw,. ..., w.}.

Proof:  We assume that we have constructed orthonormal vectors vys ... V) such that
spanfyv,, ..., v} = span{w,, ..., w}.
Our purpose is to find a unit vector v, , that is orthogonal to each v, and that satisfies
span{v,, ..., v} =spanfw,, ..., w, )

We construct v, in two steps. First we find a vector v;,, that is orthogonal to each
of the v, using least squares. Let w, be the vector in span{v,, ..., v;} that is nearest
0w, . Theorem 10.2.2 tells us how to make this construction. Let A be the matrix
whose columns are v, ..., v;. Then (10.2.4) states that the coordinates of w, in the v,
basis are given by {A‘A}”M‘w}._i\,. But since the v, s are orthonormal, the matrix A’ A
is just 7,. Hence

we = {w, v+ 4 Gy -v)v,.
Second, let v/, = w,, — w, be the vector defined in (10.2.9). We claim that v, =
W, — w, is orthogonal to v, fork < j and hence to every vector in span{v,, ..., v}
Just calculate

Ve U S Y Wy =,y —w, e =0,

Define v, as in (10.2.10). It follows that Upe oo ¥y, are orthonormal and that each
vector is a linear combination of w,, ..., L *

An Example of Orthonormalization
Let W C R* be the subspace spanned by the vectors

w, = (1,0, ~1,0), w, = (2, 1,0, 1), w, = (0,0, -2, ), (16.2.11)
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We find an orthonormal basis for W using Gram-Schmidt orthonormalization.
Step 1:  Set

1 i
S e 3w e (1), — 1, 00,

Tl T A

U!
Step 2:  Following the Gram-Schmidt process, use (10.2.9) 1o define

I :
vy = w, ~ (w, v v, = (2,10, 1)~ V2 A0 L0 = -1,

Normalization using (10.2.10) yields

[ | ,
v, = m U, = 2(1, -1, 1, 1)
Step 3¢ Using (10.2.9), set

¥ ¢ 4 3
vy = wy o (wy - v gy (o vy,

-1 1y 1
= 0’ **E‘i - ?‘ - ]*Osmiv(} Bt SRl Bl § P T
0,0 ) «/“V@( ) (2)2(1 LLD

i
mie {3, ], -3, 5),
4{ 5)
Normalization using (10.2.10) yields
1 4
U, 2 s Y e (e 3 o |, 3, 5
Pl T Va4

Hence we have constructed an orthonormal basis {v,, v,, v,} for W—namely,

u, = ««;{L 0, 1,0y = {07071,0. -07071,0)
V2
v, = —;(L -~ LD = {0.5, -0.5,0.5,0.5) (10.2.12;
4

v, = e (3, 1, 3, 5) & (~0.4523, —0.1508, —-0.4523, 0.7538).
$= a



