INVERSE PROBLEM IN CHEMICAL ENGINEERING

Consider the reversible chemical reactions
A2 B,

with reaction rates ki and ko, respectively.

Concentrations C'4 and Cp satisty

dC' 4
—— = —k k
gy 1C4 + ko Cp
dC'g
—= =k — k
dt 1CA 2037

with initial data

CA(0) = Cap, Cg(0) = Cho.
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INVERSE PROBLEM

Assume that we know the initial concentrations.
Data: For 0 < t; <tg--- <t,, measure Cs(t;), 1 <j <n.
Estimate k; and k.

Noisy observations:
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Define

Dynamic system

Solution can be written as

ANALYTIC SOLUTION

dx
dt



Eigenvalue decomposition:

—k1— A ko

det(M — \I) = ke ke — A

=0,

or

\2 + (kl -+ kQ))\ = 0.
Eigenvalues are

1
A =0, Mo=—(ki+ky)=—=.

T



Corresponding eigenvectors:

B —kqiv1 + kovg =0 B ﬁ
MV—O<:>{ kv — kovs = 0 <:>1)2—k2?}1
Similarly,
1 —kiv1 4 kovg = — (k1 + k2)v1 _



Solution: denoting § = ky/ko,

1
x(t):a[ 5]4—5[ B
Initial values:
a—+ 8= CA7Q
o —B=Cpyo ’
leading to
1 )
= 1—_|_5(CA,0 +Cgo), B = 1535



DATA

1

by = ——
R [

) )
(CA,Q—FCB,Q)—I—(1+5(CA0—|—CBO) CBO)e tj/ +e;.
Does it matter when we measure?

Yes: observe that as t — oo,

1
149

Ca(t) (Cao+Cpro),

i.e., at large times, the data depends only on the ratio

_k
-
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TRANSIENT DATA AND STEADY STATE DATA
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where
1
Alt: k)= ——
and

LIKELIHOOD DENSITY

bj = A(tj,k) -+ €j,

) .
(OA,() + C’B,o) + (m(OAp + CB,()) — OB,Q) e_tj/T’
1 k1
T — k1—|—k'z ) k‘_2

Likelihood density is

(b | k) x exp ~5.3

1
o2

j=1

(bj — A(t;,k))?



POSTERIOR DENSITY

Flat prior over an interval: assume that we believe that
0<k <Kjp, 0<k <Koy,

with some reasonable upper bounds. Write

7Tprior(k) X X[0,K1] (kl)X[O,Kg] (kZ) .

Posterior density by Bayes’ formula,

(k| b) o< mprior(k)m(b | k).

Contour plots of the posterior density?
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POSTERIOR DENSITIES

Different measurement intervals: K; = 6, Ky = 2,

0.17 <t <4171 (left) , 57 <t <97 (right)
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RANDOM WALK METROPOLIS-HASTINGS
Start with the transient measurements.

White noise proposal,

kprop = k + 0w, w ~ N(0,I).
Choose first 0 = 0.1, different initial points
k‘o — (1,2) or ]fo — (5,01)

Relative acceptance rates are of the order 45%.
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nsample = 10000;

k = [1;2]; % Initial point
nacc = 0;
step = 0.1; % Step size of the random walk

Sample = zeros(2,nsample); Sample(:,1) = k; logpdf =
logpdf_func(k,A0,BO,Aj,tj,sigma); nacc = 0; for j = 2:nsample
k_prop = k + step*randn(2,1);
logpdf_prop = logpdf_func(k_prop,A0,BO,Aj,tj,sigma);
if logpdf_prop - logpdf > log(rand);
%» Accept the proposal
k = k_prop;
logpdf = logpdf_prop;
nacc = nacc + 1;
end
Sample(:,j) = k;
end
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function logpdf = logpdf_func(k,A0,BO,Aj,t,sigma);

tau = 1/(k(1) + k(2));

delta = k(1) /k(2);

alpha = (A0 + B0)/(1 + delta);

beta = delta*alpha - BO;

A = alpha + betaxexp(-1/taux*t);
logpdf = -1/(2*sigma~2)*norm(A - Aj);

0-13



SCATTER PLOTS
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FIRST COMPONENT
5 6

1

0 2000 4000 6000 8000 10000 O 2000 4000 6000 8000 10000

Initial value k1 = 1 (left) and k1 = 5 (right).
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BURN-IN: FIRST COMPONENT
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BURN-IN: SECOND COMPONENT
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Initial value ko = 2 (left) and ko = 0.2 (right).
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STEADY STATE MEASUREMENT

Use the same step size.

Initial point (k1, ko) = (1,2).
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SCATTER PLOTS
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STEADY STATE MEASUREMENT, AGAIN

Increase the step size 0.1 — 1.
Initial point (k1,k2) = (1, 2).

Acceptance remains high, about 55%
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SCATTER PLOTS
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WHAT DID WE LEARN?

Statistical approach helps in experiment design
To identify the burn-in, try multiple starts

If the sample histories are “walking”, try longer steps: maybe you are
just explring too slowly the distribution

If the samples continue to walk, maybe you are exploring an improper
density. You need more information: better prior, new observations,
different measurement setting?
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