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loc is said to be of bounded mean oscillation

@ A functionu e L
(u € BMO) if

|lullsBmo = sup][ |u— ug| < oc.
Q JQ

@ The remarkable John-Nirenberg inequality asserts that
sup][ exp(elu — ug|) < oo
Q JQ

for some positive € < ||”H§|%/|o-
@ BMO is connected to many questions of harmonic analysis. In
particular, BMO = {alogw : w € Ay, € R}.

@ There is also an interesting connection between BMO, A; and the
regularity theory of elliptic PDE of divergence form.
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Elliptic PDE

@ Let A be a matrix of measurable functions a;j(x) such that
AHe? <€ Ag < AjgP?

for some A € (1, 00) uniformly in x.

e If wis a positive weak (super)solution to
div(AVw) =0 in Q C R",

then u = logw € BMO(2). This is an important observation in
Moser's proof of the DeGiorgi—-Nash—Moser theorem.

@ As a consequence, w€ € As. It is also true that w € A;.
@ Recall that w € A, if

p—1
[W]A,,:Su%][w<][wl_p) <oo, 1<p<c.
cQJQ Q
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Parabolic PDE

@ BMO arises in an intrinsic manner from elliptic PDE. We would like
to see what happens with parabolic ones.

@ We consider local solutions to e.g. one of the following

ur — Au =0,
uy — div(AVu) =0,
(uP~1) — div(|[VulP2Vu) =0

in Q x (0, T). For our purposes, the last one is the most general one,
and we will concentrate on it.

@ In general, the positive solutions cannot be Muckenhoupt A, weights
in any obvious way (they can fail to be doubling measures with
respect to any reasonable metric). Consequently, parabolic BMO
must encode this “non-doubling” feature.
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Contents of the talk

| will give a summary of the recent results about parabolic BMO arising
from PDE. A part of the work is joint with J. Kinnunen. The rest of the
talk consists of

@ Notation in the space time R+
@ The definition of parabolic BMO.
O Weights.

@ The forward-in-time maximal operator.
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@ The basic structure of uy — Au = 0 and its generalizations is
preserved under translations z — z + h and anisotropic dilations
(x, t) — (dx,6Pt) of the coordinates. (p = 2 for the heat equation)

@ These transformations generate parabolic rectangles. We denote
R=R(x,t,L) = Q(x,L) x (t — LP, t + LP),

RT(y) = Q(x,L) x (t +yLP,t + LP) and
R™(7) = Qx, L) x (t — LP,t — LP).
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The starting point in PDE

@ It was discovered in the 1960s that the solutions to parabolic
equations f satisfy

][ ][ V() = u())* dxdy < C(n, p)
R+(0) J R-(0)

for u = —log f. (Moser, Trudinger)

@ The parabolic John-Nirenberg lemma (Moser, Trudinger, Aimar) tells
that

][ ][ exp(e(u(x) — u(y)) ") dxdy < C(n, p,7)
Rt (v) JR=(7)

for any v € (0,1).
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The definition of PBMO™, S. 2014

o Definition: v € PBMO™ if

|ullpgmo- := supinf (][
R 2 R—(

@ Theorem: It holds that

lullpemo~ ~n,p.y supinf (J[ (u—a)" +][ (a— U)+> :
R 2 \/R~(7) R*(v)

@ Corollary: It is possible to replace the constant a of the definition by
the mean value in a certain cylinder:

R™(7) B R*(y)

aR =up

u—a)t a—u)t 00.
[ >+]{?+(é)( )><

1
2
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Relation to standard BMO

o Recall the (modified) definition of the standard BMO: u € BMO if

vell and
sup][ |u— ug| < o0,
R Jr

loc
the supremum being taken over all parabolic rectangles.

e We have BMO = PBMO~ NPBMO™ and none of the three classes of
functions coincide.
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Weights |

o The weights Af(7) corresponding to PBMO™ are the ones satisfying

qg—1
sup][ w ][ wi=9 <oo, l<g< .
R JR=(7) R*(7)

@ As in the case of PBMO™, we have that Al (y) = Aj(7') for all
7.7 €(0,1).
@ It holds

PBMO™ = {alogw : w € A, a € (0,00),q € (1,00)}.

(Kinnunen and S. 2014)
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Weights Il

o We define the forward-in-time maximal function as

£
R*(z,4,7)

M7t f(z) := sup
£>0

@ For g € (1,00), the operator M7t : L9(w) — L9(w) is bounded if
and only if w € Af(7) (Kinnunen and S. 2014).

(w,7)
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PBMO and forward-in-time maximal function, S. 2016

Let u € PBMO™ be non-negative. If MY*u € L% _, then
MY*u e PBMO™.

@ The theorem holds true in R™1 and Q x R.

@ Nonnegativity is necessary at least in the latter case.
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