ON REGULARITY OF WEAK SOLUTIONS TO PARABOLIC SYSTEMS

PASCAL AUSCHER, SIMON BORTZ, MORITZ EGERT, AND OLLI SAARI

ABSTRACT. We establish a new regularity property for weak solutions of parabolic systems with
coefficients depending measurably on time as well as on all spatial variables. Namely, weak solutions
are locally Holder continuous L valued functions for some p > 2. Our methods are likely to adapt
to other linear or non-linear systems.

1. INTRODUCTION

This work is concerned with local regularity of weak solutions to parabolic equations or systems
in divergence form,

(1.1) O — divy A(t, z)Veu = f + div, F,

in absence of any regularity of the coefficients besides measurability. The system is considered in an
open cylinder (t,z) € Q = Iy x Qp C R x R, n > 1, ellipticity is imposed in the sense of a weak
Garding inequality and weak solutions belong to the usual Lions class L?OC(IO;WL’?(QO;(C”“)). We
note at this stage that we do not impose solutions to be in LS. (Ip; LE . (Qo)).

From the classical theory of Nash and Moser we know that weak solutions to parabolic equations
with real coefficients are Holder continuous with respect to the parabolic distance. This is no longer
true for equations with complex coefficients let alone systems, even in dimensions n = 1, 2 in contrast
with elliptic equations. In fact, at this level of generality the only available results are continuity in
time valued in spatial L2 ., see [19], and local LP-integrability of V,u for some p > 2, see [11]. In this
paper we establish a new regularity property of weak solutions.

Theorem 1.1. If f =0 and F = 0, then wu is locally bounded and a-Hdélder continuous in time with
values in LY (Qo; C™) for some o > 0 and p > 2.

Most of the regularity properties of solutions to parabolic systems have been established through
the local variational methods emerging from the Lions theory [19]. It does not seem that those
methods give access to our result. Instead we rely on a global variational approach based on this
simple observation: We can extend the local solution w via multiplication with a smooth cut-off to a
global function v := uy and study the corresponding inhomogeneous problem

(1.2) v — divy A(t, 2)Vev = f + div, F,

now on all of R"!. Indeed, any local information of v carries over to u. However, the global
setup with time describing the real line enables to bring powerful tools such as singular integral
operators and the Fourier transform into play and it does not seem they have been fully exploited

for local regularity up to now. Most notably, splitting 9, = Dg / 2HtDi /2 according to the Fourier
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decomposition —ir = |7|/2(—isgn(7))|7|'/2, there is a sesquilinear form
(1.3) alo, // AV,0- Vb + H,DY?0 - D¢ dudt

corresponding to (1.2) which, in contrast to the Lions theory on finite time intervals, admits a hidden
coercivity on a natural energy space. This observation due to [15] uses in a crucial way the algebraic
properties of the Hilbert transform on the real line and has been key also to recent developments on
parabolic boundary value problems, see [4] and the references therein, or maximal regularity [3, 8].
Compared to local weak solutions, whose t-derivative is understood in a weak sense only through
the equation, we can therefore study on the global level the exact amount of differentiability that v

should admit through a locally integrable function — the fractional derivative Dt1 / 2v(t, x). In fact, we
have |V v| + |D1/ 2v| + |v| € L2(R™1). Since time is a one-dimensional variable, square-integrability
of Dt/ v is already the borderline case from the view-point of Sobolev embeddings, not enough for

continuity in time though, which probably explains why Dt1 /%y has not been exploited before. But
its higher integrability would do. Theorem 1.1 follows, therefore, from the following result.

Theorem 1.2. If f =0 and F = 0, then there exists p > 2 such that |Va;’u|—|—\D1/21)\+]v| € LP(R™1).

Theorem 1.2 provides us with a self-improvement of integrability for the spatial gradient and the
half-order time derivative simultaneously. Note that we shall not use the scale of parabolic Sobolev
space Wzl,’l/ 2 but Sobolev embeddings a posteriori furnishes v € Wzl;l/ 2 (R*L.C™) as p > 2.

We present two proofs of Theorem 1.2 relying on rather different methods, both using the global
variational formulation explained above. We think they each have their own interest, with potential
applicability to non-linear systems for the first one and to other types of parabolic equations as well
as fractional elliptic equations for the second one.

The idea of the proof presented in Section 6 is to use, as in the analogous result for elliptic equations
[20], self-improvement properties of reverse Holder inequalities known as Gehring’s lemma. First, we

prove a new and delicate reverse Holder inequality for the quantity g := |V v| + |D1/ 2v| + |H, Dl/ 2 v
by extending ideas from [4]. The presence of the Hilbert transform comes from our argument. The
non-locality of the fractional derivative reflects in local L? averages of g being controlled only by a
weighted infinite sum of L averages. Hence, we need a substantial extension of the classical Gehring
lemma, which we shall prove in Section 5 and could be of independent interest. An unrelated Gehring
type lemma “with tail” recently obtained in the context of fractional elliptic equations [18] has been
inspiring to us. We mention that we shall explore further such extensions in a forthcoming work [2].

For the second proof presented in Section 7, we consider the operator L associated with the
sesquilinear form (1.3) in virtue of the Lax-Milgram lemma and use the analytic perturbation ar-
gument of éneiberg [22]. More precisely, exploiting in a crucial way the hidden coercivity, £ plus a
large constant turns out to be invertible from the natural L? energy space to its dual and extends
boundedly to the corresponding LP-based spaces. The higher integrability of g then follows from the
fact that invertibility of a bounded operator between complex interpolation scales extrapolates.

All this is for homogeneous equations so far, that is f = 0 and F = 0, on Iy X Q9. However, as the
extension to R™*! forces us to work with inhomogeneous equations anyway, there is no real obstacle
to start with an inhomogeneous equation right away. For the general situation, our main result reads
as follows.

Theorem 1.3. Let ¢ =2+ 2, with dual ezponent ¢’ = 2"+4 . Assume that u € L2 .(Io; Wlloz(Qo, c™))
is a weak solution to (1.1) on Q = Iy x Qo with right- hand szde fe LIOC(Q, C™) and F € L% (Q;C™).
Let x be a smooth cut-off with support in 2.
(i) It holds
u € L, (2 C™) N C(Io; Lioe(Qo; C™)).
Moreover, t + ||(ux)(t, - )||? is absolutely continuous on R and D,}/Q(ux) € L2(R™+L Cm).
(ii) There exists p > 2 depending only on ellipticity and dimensions such that if F € Lf. (€; C™")

and f € L (S C™) with p, = n(f;f%, then |V (ux)| + \D1/2(ux)] + |ux| € LP(R™H1).
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(iii) With the assumption of (ii), u is locally bounded and Hélder continuous in time of exponent
a=3— % with values in LY (Qo; C™).

(iv) With the assumption of (ii), the spatial gradient ¥V, u satisfies reverse Holder inequalities
with higher exponent p.

Theorems 1.2 and 1.1 are a consequence of (ii) and (iii) and so we only need to concentrate on
the final theorem. As mentioned before, the higher integrability of V,yu was proved in [11] when
f =0,F =0 by means of the classical Gehring lemma and was generalized to non zero right-hand
side in [7], but with stronger requirement on f compared to (iv) and F = 0. Such results have
impact on partial regularity of nonlinear systems [7,10,11]. We present precise versions of (iii) and
(iv) including local estimates in Sections 7 and 8.

To finish this introduction, let us draw the reader’s attention to the following observation con-
cerning (i). The usual starting point of Lions variational approach is L2 .-valued continuity in time
of solutions u € LIQOC(IO;Wllo’z(QO;(Cm)) for which dyu € LfOC(IO;W;)iJ(QO;Cm)); here f in (1.1) has
integrability exponent ¢’ < 2, so that d;u belongs to a larger space and the argument does not apply.
One way to overcome this difficulty would be to begin with u € LS, (Ip; L .(Qo; C™)) as well, which
by a standard Gagliardo-Nirenberg inequality implies v € L{ (©;C™) and allows one to run the
Lions argument. This is the approach taken for instance in [21]. However, and this is an observation
we have not found in the literature, both the local L? boundedness and local L? integrability follow
from the hypotheses, again thanks to the global variational approach and the use of half-order deriva-
tives. We shall present a proof of this result in Section 3. The estimates that come with this fact
are essentially used in our proofs. For example, we obtain in Section 4 the important Caccioppoli
inequalities under our assumption.

2. NOTATION

Most of our notation is standard. One exception is that for X a Banach space we let X™* be the
(anti-)dual space of conjugate linear functionals on X. With regard to parabolic systems, we use the
following notions.

Ellipticity. In what follows we assume that

(2.1) At z) = (AT (t,2)) 250 m e Lo (R £(Cm))

i,7=1,...,n

and that there exist A > 0 and k > 0 such that the (weak) Gérding inequality
(2.2) Re/ A(t,x)Vau(z) - Vyu(z) de > )\/ \Veu(z))? de — n/ |u(x)|? da
n Rn R”

holds for all uw € Wh2(R"™;C™), uniformly in ¢ € R. Our notation is A(t,z)Vyu(x) - Vyu(r) :=
A,f»ff (t,z)0;u’ (2)0;u () with summation convention on repeated indices. We shall refer to A, x and
an upper bound for the L°°-norm of A as ellipticity and to n and the number m > 1 of equations as
dimensions.

Let us remark that or the local results we are after, it is no serious restriction to define A on all
of R"!. Indeed, if, for some open interval Iy C R and ball Qg C R*, A € L™(Iy x Qqo; L(C™"))
satisfies (2.2) for all u € W(l)’Q(QO; C™) uniformly in ¢ € Iy, then given ¢ € (0, 1), there are coefficients
A with A = A on (1 —¢)%Iy x (1 — €)Qp that satisfy (2.2) for all u € WL2(R™; C™) uniformly in
t € R. Ellipticity for A is possibly different and may depend on ¢, see Lemma A.1 in the appendix.
Of course, if A € L*™(Iy x Qo; L(C™")) is strongly elliptic as in [11], then we could simply extend by
the identity matrix outside of Iy X Q.

Weak solutions. Let Iy be an open interval, )y be an open ball of R™ and € := Iy X Qy. We denote
by £(Io) the length of Iy and by r(Qq) the radius of Qg. Given f € L .(;C™) and F € L (Q;C™"),
we say that u is a weak solution to dyu—div, A(t,z)Veu = f+div, Fin Qifu € L2 (Io, Wiﬁ(@o; c™))
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and for all ¢ € C5°(Q2;C™),

// A(t,x)Vau(t,x) - Vao(t, z) dedt — // u(t, x)0p(t, x) dadt
Q Q

—//ftm

Here, our notation is (F'-V,¢)® = F*'0;¢. Having posed the setup, we are going to ignore the target
spaces C™ or C™" in our notation whenever the context will be clear. Similarly, we do not write the
Lebesgue measures dx and dt when the context is clear and we abbreviate V := V, and div := div,
for the gradient and divergence in the spatial variables x, respectively.

1/2

Fractional time derivatives. In the following D,’” and H; denote the half-order time derivative
and Hilbert transform in time defined on S'(R)/C, the tempered distributions modulo constants,
through the Fourier symbols |7|%/2 and —isgn(7), respectively, see Section 3 in [4] for summarizing

(2.3)

t,x)dxdt — / F(t,x) - Vyo(t,x) dzdt.

properties. In particular, the time derivative factorizes as 0; = Dl/ 2Ht /2 We shall use the space
HY/2(R; L2(R™)) of functions in L2(R"*1) such that D;/?f € LA(R™1). Here, we identify L*(R"+1)
with L2(R; L?(R")) and having said this, we extend D,}/Z and H; to R"*! by acting only on the time
variable.

More generally, for 1 < p < oo we introduce the spaces H'/?P(R; LP(R")) of functions in LP(R™t1)

such that Dtl/2f € LP(R™™!) with norm (||f|[5 + \|Dtl/2f||§)1/p. For the sake of completeness only,
we remark that up to equivalent norms these are the (vector-valued) Bessel potential spaces usually
denoted by the same symbol [5]. We also note that CS°(R™*!) is dense in these spaces using smooth
convolution and truncation. Lebesgue space norms are denoted with the usual symbol || - ||,

3. PROOF OF THEOREM 1.3(1)

We begin with a result on R"*!. Consider the Hilbert space V := L2(R; WH2(R")) with norm

lully := (JJull3 + [[Vul[3)'/2. We recall that ¢ = 2 + 4 and let ¢’ be its dual exponent, % + % =1.

Proposition 3.1. Let f € Lq/(R”H) and F € L2R"1). Consider v € V a weak solution to
O —div A(t,x)Vv = f +div F in R*"1. Then
(i) v e HY2(R; L*(R™)),
(ii) v € LR,
(iii) v € Co(R; L2(R™)) and t — |[v(t, -)||3 is absolutely continuous on R,
with

1/2
Polle S ollv + £l + [1F o

sup [[v(t, - )ll2 + [[vllq + 1Dy

teR
The implicit constant depends only on dimensions and ellipticity.
We need a few lemmas to prepare the proof of Proposition 3.1.

Lemma 3.2. Let 1 <p <n+2 and 1% =1 1 Then for all $ € C(R"1),

p n+2
12l S IV Ellp + 11D llp-

Remark 3.3. Note that in the particular case p = 2 we have p* = ¢.

1/2

Proof. Let F be the Fourier transform on R"*! and let (7, ¢) be the Fourier variable corresponding to
(t,2). The Sobolev inequality in parabolic scaling from [14] gives ||§],+ < |F 1T + [€2) V2 F¢)]l,-
So, in order to conclude, it suffices to remark that the operators defined on the Fourier side by
multiplication with (ir+|€|2)Y/2/(|7|/24|¢]) and £/|¢| are bounded on LP(R™*1) by the Marcinkiewicz
multiplier theorem, see Corollary 5.2.5 in [13]. O

Consider now the Hilbert space E := V N HY?(R; L2(R")) with norm |ju||g := (||lul? + ||Vu|3 +
HDt1 / 2u||%)1/ 2. The following result is basically that of [15] but we repeat the short argument for the
reader’s convenience.



5

Lemma 3.4. The operator L := 0y —div A(t,x)V + k + 1 can be defined as a bounded operator from
E to its dual E* via

(Lu,v) := / ) AVu - Vv + HD 1/2u D1/2v + (k + Du - vdzxdt, u,v € E.
Rnt+

This operator is invertible and its norm as well as the norm of the inverse depend only on ellipticity
and dimensions.

Proof. The E — E* boundedness of L is clear by definition. Next, for the invertibility, the form

ag(u, v) == // AV -V (1 + 6Hy)v + HD*u- DY (1+ 6Hy)v + (5 + Du - (1 + 6 Hy)v dadt,
Rn+1

for u,v € E, is bounded and satisfies an accretivity bound for § > 0 sufficiently small. Indeed, from
the ellipticity condition and the fact that the Hilbert transform is L2-isometric, skew-adjoint and

commutes with Dt1 /2 and V,
1/2
Re as(u, 1) > (= || Aloc0) | Vau[[3 + 81| D 2ull3 + [[ul3.
As
(Lu, (1 + dHy)v) = as(u,v), u,v € E,
and since (14 62)~1/2(14 §H,) is isometric on E as is seen using its symbol (1+62)~V/2(1 —ifsgn ),

it follows from the Lax-Milgram lemma that £ is invertible from E onto E*. U

In the following, we shall denote V}, := V N L (R™1) 1 < p < oo, which becomes a Banach space
for |lv]lv;, = max(||v]|v, [[v||p). Of course, we have Vo = V.

Lemma 3.5. Let 1 < p < oo and consider a function v € V), such that v € V7. Then v €
Co(R; LA(R™)) and t +— |lv(t, -)||3 is absolutely continuous on R with

sup [|v(, )3 < 2[lvllv, 10wy
teR

Proof. Since C3°(R™1) is dense in both V and LP(R"*!), the dual V, of V}, can be identified with
V* 4+ P (R = L2(R; W™ H2(R™)) + LP (R™1) via the sesquilinear duality given by

(f,v) = /<f1( dt+//n o(t, x) dedt,

where v € V,,, f1 € L2A(R; W 12(R")), fo € LY (R™* 1Y) and f = f1 + f2. Here, {-,-) is the sesquilinear
duality between W~1%(R") and W?(R") extending the L*(R") inner product. The norm on vy
is given by the infimum over || fi|v+ + || f2|y for all such fi, fo, see Theorem 2.7.1 in [5]. More-

over, Ji [(fu(t, -).ult, W dt < | fallv-llollv and ffper | fa(t, 2)o(t, 2)| dadt < [ folly 0], Hence, the

function

(3.1) h:tw (fi(t, ),v(t, -)) + e fo(t, x)v(t, x) dx

is integrable on R with

(32 L nolde <in)

It does not depend on the choice of the decomposition of f. We omit the straightforward argument.

Assume now that v € Vj, and dww € V. Using smooth convolution and truncation, we can
approximate v by the smooth function with compact support v. g := xr (v * @) in V). Here € > 0
tends to 0 and R > 0 tends to co. Next, take an arbitrary real-valued n € C3°(R). Integration by
parts shows that

// lve r(t, | o (t) dxdt = —2 Re// Orve (1 CL‘)UER(t x)n(t) dedt = —2Re(0Opve, R, Ve, RN)-
Rn+1

vel[vllv =+ 1 f2llp vl
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Write Ove r(t, ) = Oixr(t, ) (v 0 )(t, @) + Xr(E, ) (Opv * @) (¢, x). Clearly, dixr (v * @:) = 0 in
L*(R™), while v, gy — vn in L*(R™*1). Also xg (O;v * @) is bounded in V;* with weak* convergence
to Opv, while v, g — vn in V},. Hence at the limit, we obtain

// lu(t, z)|?0n(t) dedt = —2 Re(dyv, vn).
Rn+1

Setting f := Ov, this precisely means that the distributional derivative of ¢ ~ |jv(t, -)||3 is the
function 2 Re h with h defined in (3.1). As h is integrable, this shows that ¢ ~— ||v(t, - )||3 is absolutely
continuous on R, has limits /1., at +0co and satisfies

t “+o00
o(t, )2 = 2Re/ h(s)ds + 0_oo = —2 Re/ h(s)ds + lsoo,  tER.
—0o0 t

Now, t — ||v(t, - )||3 is integrable on R since v € L2(R™*!) and so the limits must be 0. Finally, the
sup-norm estimate follows from (3.2) and minimization over fi, fa. O

We can now give the

Proof of Proposition 5.1. Tt follows from Lemma 3.2 and density of C°(R"™!) in E (standard mol-
lification and truncation), that E embeds into LI(R™*!). Hence, LY (R"1) embeds into E*. Thus,
f+(k+1v+divF € E* and it follows from Lemma 3.4 that there exists ¥ € E such that
L0 = f+ (k+1)v+div F. By definition of the respective embeddings, this means that for all ¢ € E,

//R+1AW Vo + HDY?5- DM+ (k5 + )5 - §dadt = /]R L (ke 1)0)g — F - Vo dudt.

Restricting to ¢ € CP(R"™1), we can write 0;¢ = Dtl/QHtDtl/ng and see in particular that u :=
v — ¥ €V is a weak solution to dyu — div A(t, z)Vu + (k + 1)u = 0 in R"*1. We may now apply the
standard Caccioppoli inequality, see Remark 4.2 below for convenience,

(33) J] IV dude < [ 1uP (v + 0x) det

for any xy € CS°(R™*!). Choosing suitable test functions y that converge to 1 reveals Vu = 0 as
u € L2(R™1). Hence, u depends only on t. Again, as v € L*(R™1), « must be 0. It follows that
v =170 € E, hence (i) is proved and HDtl/Qng SLvlles < (k+1)|[vll2 + || fllg + || F|]2 by Lemma 3.4.
Applying Lemma 3.2 again and density yields (ii). Finally (iii) follows from Lemma 3.5 as v € Vj,
and Oyv € V;]*. O

We close with the

Proof of Theorem 1.3(i). Let x € C°(Q2). Set v := ux. Clearly, v € V is a weak solution to
O — div A(t,x)Vo = f + div F in R"! with
f=xf+8xu—AVu Vx~F -V,
F = —A(uVy) + Fx.
Here, we suggestively use the notation for the scalar case m = 1 also when m > 1 as we shall only
be interested in norm estimates. Using the assumption on f, F', the properties of u and ¢’ < 2, we

see that f e LY (R"1), F e L(R™). The conclusion follows from Proposition 3.1. In particular,
we get

(3.5) luxllg S 1Fllgr + IE N2 + lluxllz + 1V (@) - m

(3.4)

4. ELEMENTARY ESTIMATES

In this section, we will assume u € L1OC(-70;W110’Z(Q0)) is a weak solution of (1.1) in £ with
feLl C(Q) and F € L .(Q). The estimates provided here are quite standard but our unconventional
assumption on f requires to provide proofs, though. Throughout, we let I x Q C €) be a parabolic
cylinder with ¢ ~ 72, where ¢ := ((I), r :== 7(Q), and we let v > 1 be such that 72I x yQ C Q.

Let us begin with the Caccioppoli estimate.



Proposition 4.1. For u, f, F' as above, one has

/2 q 1/2 1/2 N1/
an  (fover) st () (L ER) e (ff, )
xQ r VIxyQ Y IxyQ Y IxQ

where the implicit constant depends only on ellipticity, dimensions, v and the constants controlling
the ratio r% /0.

Proof. By scaling we may assume that » = 1 as our hypotheses are invariant under dilations. We
pick x € CP(R™1), real-valued, with x = 1 on I x @ and support contained in v2I x vQ. Write the
equation satisfied by v := uy as 9 = f + div(AVv + F) with f, F given by (3.4). We have v € Vy
thanks to Proposition 3.1 and from (3.4) and the assumptions on f,F’ we can infer dyv € V. Thus,
we know from the proof of Lemma 3.5 that for almost every t € R,

(4.2) %Hv(t, 2 = —2Re/(AVU +F)-Vude + 2Re/fﬁd:c.
Integration with respect to ¢, together with Fubini’s theorem and limits 0 at oo, yields
(4.3) O:—2Re//(AVv—|—F)-Wd:cdt+2Re//f6dxdt.
Isolating the term AVwv - Vv and using Young’s inequality leads to

2Re//AVU Vo < //A|vu\2 + A2 + 2| ful.

We now apply Garding’s inequality (2.2) and hide one term with A\|Vv|? to obtain

(4.4) A//|Vv|2 < //)\_1|F|2 + 92| fol + K|of2.

Let now ¢ € C(R™*!) be another real-valued function, supported in v2I x vQ with ¢ = 1 on the
support of x. Unraveling the terms using the definitions of v, f and F' gives us

M 190 s [ 19 +100d + six) + [[ laxava- 9y
4 [[IFROX + 1950) + 1l T

where we wrote xfo = féux? and applied Holder’s inequality to obtain the final term on the right.
Now, we write xYAVu - Vyx = AV (uy) - Vx — A(uVx) - Vx on the right and use Young’s inequality
to hide again the contribution of V(ux) appearing on the right. The result is

@5 [[1I9@oR s [ P9+ 100 + wlxl) + [ 1FEOE + 190 + 158l llax?

Next, we invoke u € L{ () with the bound (3.5) as proved in Theorem 1.3(i),

loc
luxlly S N g+ I ll2 + llux®(l2 + 1V (ux?) 2.

Here, f', F' are defined as in (3.4) but with y replaced by x?. Again from the explicit form of
f!, F" we see that in the product || f¢| s ||ux?||q the only terms that are not welcome on the right-
hand side of (4.5) are || f¢|ly||V(ux?)|l2 and [|f¢[ly|AVu - V(x?)|]2. (For some of the other terms
we keep in mind that ¢ < 2 holds by definition.) For the first of these remaining terms we write
V(ux?) = xV(ux) + uxVy and for the second one AVu - V(x?) = 24V (uy) - Vx — 24(uVY) - Vx.
Hence, in both cases we can hide [ |V (uy)|? using Young’s inequality from (4.5) and we conclude
for (4.1) from the properties of x and ¢. O

Remark 4.2. Suppose we had the equation dyu — div A(t, z)Vu + (k + 1)u = 0 in © to start with.
Then v € Vg, 0w € V' (allowing us to use (4.2)) and in the argument above we would get the extra
negative term —(x + 1) [[ v - T on the right-hand side of (4.3). Hence, we can ignore the integral
[ klv|? in the upper bound (4.4) and all subsequent estimates. In particular, we obtain (4.5) with
f =0, F =0 and without |u|?s|x|?, which is exactly (3.3).
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In combination with (3.5), we can prove further local estimates. In particular, we obtain a reverse
Holder inequality for w.

Proposition 4.3. For u, f, F' as above, one has

/2 4 1/2 A
wo)  (ff val) s, wi (f, 1) e (ff, 1)
IxQ T JIy2IxHQ Y2 IxyQ Y2 IxyQ

and

1/q ) 1/2 ) N Vd
an () s e (ff, EE) e ()
IxQ Y2 IXYQ Y2IXYQ Y2 IxyQ

where the implicit constants depend only on ellipticity, dimensions, v and the constants controlling
the ratio r% /.

Proof. The equation (4.7) with (ff 27,0 |u|2)1/2 on the right-hand side follows from (3.5) and
Proposition 4.1 — at least when r = 1, which suffices since we can rescale as before. The improvement
to ff 2ryqq ul follows from a classical self-improvement feature of reverse Holder inequalities, see
Theorem 2 in [16]. A simple proof that applies in our situation can be found in Theorem B.1 of [6].
Thus, incorporating this in (4.1) gives us (4.6). O

5. A GEHRING TYPE LEMMA WITH TAIL

We provide here the main real analysis lemma to obtain our estimates. For a ball Q C R™ and an
interval I C R with \/4(I) = r(Q) := r we write B := I x Q. If (¢,z) is the center of B, we also use
the notation B = B((t,z),r) and r = r(B) for such a parabolic cylinder (that is, a cylinder which
is a ball in the parabolic (quasi-)metric d((¢, ), (s,y)) := max(y/2|t — s, |z — y|)). For v > 0 locally
integrable and v > 1 we let

(e e (e}

ay(B) = ZQ_j_l# wdzdt := ZQ_j_IJ[ wdp,

=0 49 TxvQ =0 43 IxyQ

where for this section x denotes the Lebesgue measure on R”*! and we use the single integral notation
for simplicity. The functional a,, is an approximate identity indexed over radii of parabolic cylinders
when u € LP(R™!) for some p € (1,00) in the sense that a,(B((t,z),r)) — u(t,z) as r — 0 for
almost every (¢, ). Indeed, introduce the maximal operators M, and M; on space and time variables
separately. For each 7 > 0 we have

][ udu’ < MyMyu(t, x)
49 IxyQ

and as M;M, is bounded on LP(R"*!), this average converges to u(t,z) for almost every point.
So, the claim follows from the dominated convergence theorem for series and Z?io 27771 =1, In
addition, we have a,(B((t,x),r)) — 0 when r — oo by Holder’s inequality. This last point also holds
when u € L}(R" 1),

Lemma 5.1. Let g, f, h be be non-negative functions with g2, f2,h* € L}(R"1), 1 < s <n+2, and
suppose that for some A > 1,

/
<]{3 g9 d,u)l 2 < Aag(B) + (a2(B))"/? +r(B)(an:(B))"/*

holds for all parabolic cylinders B. Let p > 2 and suppose there are o, B > 0 and qqo,qg > 1 (depending
on p) such that

1 1
(5.1) 20+ =s and ——azfz——é.
o p QB N
If |p — 2| is sufficiently small (depending on A and dimension), then
1/s

HQHLP(R”Jrl) S HfHLP(]R"*l) + HhSHL‘Za(R;LQB(Rn))'

The implicit constant depends on A, «, 3, qa, qs and dimension.



Proof. Let m > 0. Denote g¢,, := min(g, m). By the Cavalieri principle we have

Lo o dn= -2 [ g (g > A ax
where g%(A) := [, g? du. We define three functions
G(t,2,7) = ag(B((t,),1)),
F(t,z,r) = ap(B((t,x),r)"/?,
H(t,z,7) =1 aps(B((t,z),7))"/*
and for A > 0, we denote E) := {g > A\}. We have
lim G(t,z,r) = g(t,x)

r—0

for almost every (t,z) by the discussion before the statement of the lemma and we define Ej as the
subset of E where this holds. We also note

Jim. (G(t,z,r) + F(t,z,r)+ H(t,z,r)) =0

for all (¢, ), using the global assumptions on g, f,h and s <n + 2.
By definition, if (t,z) € E), then
lim G(t,z,7) > A,
r—0
and thus for (¢t,z) € E\ we can define the stopping time radius
reg =sup{r > 0: G(t,z,r)+ F(t,z,r) + H(t,z,r) > A}.

We readily see that SUP(; pyefiy Tt < OO Indeed, since G, F, H are continuous functions of » > 0
for fixed (t,z), we have at r = r, equality G(t,z,r) + F(t,z,r) + H(t,z,r) = X and thus either
G(t,x,r) > \/3 or F(t,x,r) > A/3 or H(t,x,r) > \/3. In the last case for example, we obtain

P T2s(0\/3)8 < / h?dp < 0o
Rn+l

and the other cases give us an upper bound on 7 in a similar manner. By the Vitali covering lemma,
there exists an absolute constant K and a countable collection of balls { B((t;, z;),7i)} = {B;} with
ri = T, 2; such that the %Bi are pairwise disjoint and Ey C U;B;. (A value of K can be computed
explicitly by following the usual proofs in this particular quasi-metric.)

Now, using the hypothesis for each B; and pairwise disjointness of the balls %Bi, we find

() < 3 0%(B) < 3B (Aag (B + (age (B 4 (ane (B))?)
< AQZM Bi)A\* < A°K™? ZN Bi)A\* < APK™H2\° <UBi).

Let M?P be the fractional maximal function with respect to the a-variable:

Mo(t.x) = supr(Q) £ Jult.y)] dy.
Q3z Q

Similarly, define M with respect to the ¢-variable. Since 2a + = s, the parabolic scaling r(B) =
r(Q) = /U(I) yields r(B)* = 7(Q)? x £(I)*. Thus, it follows from the definition of r; that

UBZ- C {M;M,g > \/3} U {MM,(f*) > (\/3)2} U {MFME(h®) > (A\/3)°} =: Sy.

We thus have established
G (Ey) = g*(By) < AZK™F202(Sy).
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Going back to the start of the proof, so far we have found
/ gh g’ du=(p—2) / N2 ({g > A}) dA
R7+1 0
(5.2) gfﬁkm+%p_2)%;,vfhﬂsgdA

< APK™PY(I 411+ I11),

where the integrals I, I1, I11 correspond to the decomposition of S above. By the Cavalieri principle,
we obtain for p > 2,

-2
<?=2 [ MM (2P < Lo [ fdu
p Rnt1 p— 2 Jrott
by iterating the two maximal function LP/? bounds, so that the implicit constant depends only on the
dimension n. Note that p > 2 and that p is determined by the other parameters in (5.1). Similarly,

—2
mr<?== M MP ()P .
p Rn+l

By hypothesis, we have exponents ¢, g > 1 such that
1 s 1 1]

—_——_—_ = - = — — —,
4o p g n

With a slight abuse in our notation, ignoring the other variable, these are precisely the conditions
guaranteeing that M : L9 (R) — LP/*(R) and MF : L% (R") — LP/*(R") are bounded, see Theo-
rem 3.1.4 in [1]. Now, using this and Minkowski’s inequality along with sq,/p =1 — agy < 1 in the
second step, we see that

p/(8qa)
) dx

ey dps [ ([ ey ar
Rn R

8 / 5qa /P p/(59a) /s
<([([ aaepiar) ) I gy

with implicit constant depending on «, f3, ¢a, g3 and dimension. The remaining term is

Rn+l

1:@_m/ N (M Mg > A/3}) dA.
0
To handle I, we first notice that

{MMag > A/3} C {MiMa(g1(g>0/6)) = A/6}.

3 3

From this estimate and the weak type (3, 5)-bound for the iterated maximal function (which follows

3.2)), we obtain

from the strong type (3, 5

c
M, M,q > \/3 <7/ 3/2 4
M({ t g = /})—)\3/2 {g>>\/6}g 19

for a dimensional constant C'. Using this bound in [ yields

I<C(p- 2)/ )\p_5/2/ 3% dp d
0 {g>)\/6}

min(m,6g)
=C(p—2) / g*? /0 NP5/ g dy

Rn+l
_ 32 P2 p—3/2 3/2
=C6 p—3/2 Rn+lgm/6 g du

-2
< or-3/2_P p—2 2
<C6 p—3/2 s Im 9 dp.
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Choosing p — 2 > 0 small enough, depending on A and dimension, we see from (5.2) that

2 s||P/s
Lo dnsy [ g dut C(U o, + 10170 gy

for some constant C' depending on «, 3, ¢, gg and dimension. This finishes the proof after hiding the
first term and taking the limit m — oo. O

Remark 5.2. The same estimate also holds with the mixed norm in different order as we are free
to interchange the fractional maximal functions. If we want g, = gg, then (5.1) reveals that o, § are
uniquely determined by s, p and n. Hence, for each p there is at most one such pair.

In the application to our parabolic PDE, we consider special values for the auxiliary parameters
in Lemma 5.1.

Corollary 5.3. Suppose the setup of Lemma 5.1 with s = ¢ = (2+ %)’ = %:if. Then for p > 2 with
p — 2 small enough depending on A and dimension,
gllLe@n+1y S I f I @ty + [[]lLes 1y,

p(n+2)
n+p+2°

where p, = The implicit constant depends on A, p and n.

Proof. We have s = ¢’ = (2+ 2) = 27?144. We want ¢, = gg in Lemma 5.1, and so we can solve in
(5.1) for

_ pn+2)
o =45 s(p+n+2)
corresponding to
1
wol_s g_m_ms
o P qp p

Indeed, we have o, 3 > 0 due to ¢ = gg < £ and g, = g3 > 1 follows from

~ 2(n+2) p(n+2) B
S=T0hd Snapga s =5

since we have p > 2. O

6. THE FIRST PROOF OF THEOREM 1.3(11)

Our key lemma is the following non-local reverse Holder inequality. A special case was proved in
[4] for the purpose of obtaining non-tangential maximal estimates for the half-order time derivative
of certain weak solutions.

Lemma 6.1. Let fe Pq/(R”“) and F € L2(R"). Consider v € V a weak solution to Oy —
divA(t,z)Vv = f+div EF in R"L. Let v > 1 and let I x Q be a parabolic cylinder with £(I) ~ r(Q)?.

Then for g := |Vv| + |D1/2v| + \HtDl/2 |
1/2 1 1 1/2
2 2
) <X a0 (f..o )
(]%xcz ,glﬂkl?’/z IixvQ ,glﬂkl?’/2 IkaQ‘ |
(6.1)
+7~<Q>Zl( # rf\q’)l/ql
kez 1+ [k[3/2 I xyQ .

Here, Ij, :== kl(I) + I are the disjoint translates of I covering the real line up to a countable set. The
implicit constant depends only on ellipticity, dimensions, v and the constants controlling the ratio

r(Q)?/(1).
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The proof follows the argument presented in Section 8 of [4] (for f = 0 and F = 0) with a few
differences that we point out along the way. Duplicated arguments with [4] are omitted. In this
reference, the order of variables was (z,t) and an additional spatial dimension was carried through
the argument, both for the purpose of treating boundary value problems. The latter plays no role
here and can be ignored. Next, u in [4] has become v here and the extra property Dt1 2y e L2(R™+1)
provided by Proposition 3.1 means that v is a reinforced weak solution in the terminology there.

Proof. We remark that g € L2(R™*!) due to Proposition 3.1 applied to ;v —div A(t, z)Vv = f+div F
and the fact that H; is isometric on L2(R**1).

It suffices to prove the claim for v = 16 since a posteriori a covering argument, which we leave to
the reader, gives us the inequality with any v > 1.

For simplicity, we are also going to assume 7(Q) ~ 1 and that I x @ is centered at (0,0) as scaling
and translating give us back the general estimate. Having normalized to scale 1, averages are integrals
(up to numerical constants) and we reserve the use of averages for when this is necessary.

For the time being it will be enough to work with v = 8, so that the parabolic enlargement is
641 x 8Q. We fix a smooth cut-off n : R**1 — [0,1] with support in 4 x 2Q that is 1 on an
enlargement %I X %Q. For a reason which will become clear later on, we choose 1 to have the product
form

n(s,y) =n1(s)ngy),

where 77 is symmetric about 0 (the midpoint of I). For the sake of notational simplicity, we give a

name to the translation sums
1
=Y s [l
Z ]%:Zl+’k‘3/2 I X8Q

Step 1: Caccioppoli and Poincaré. The estimate (4.6) with v — ¢ and ¢ := HIXQQ v yields

1/2 N\ 1/2 NV
(Lowel) s [ e ([ )T (i)
4Ix2Q 641 x8Q 641x8Q 641x8Q

Now, we can follow line by line the proof of Lemma 8.4 in [4], which relies only on Poincaré inequalities
and does not use the equation, to obtain with g as in the statement,

(62) J/ LR 3]

Thus,
</AIX2Q WU‘Q) " s Z(g) * (//64I><8Q ’FP)UQ * (//641st !f!q,>1/q
i 1/q
SY 9+ D) 1_‘_’1k:‘3/2 ((//IMQ!FP) + (//IkXSqu’) )

|k <64

(6.3)

It remains to estimate the L2(I x Q) integrals of HtDt1 /%y and Dt1 /2y, As the fractional derivatives
annihilate constants, we may replace v by v — ¢ and write v —c=n(v —¢) + (1 — n)(v — ¢).

Step 2: Local terms. For the local term w := n(v — ¢),

J| D up 0 < | Dl e+ 0w =2 [ Dl
IxQ RnA+1 Rn+1

using that H; is isometric on L%(R"*1). Since w solves an equation of the form dyw — div AVw =
f' +div F’, Proposition 3.1 implies

1/2
1D wlls < l[wllv + 1 g + I1F |12,
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where
f=nf+0m(v—c)— AVv-Vn—F.Vp,
F':i= —A((v—¢c)Vn) + Fn,

as we can read off from (3.4). Using the formula for f/, F” and ¢’ < 2 along with Holder’s inequality,
we easily find

1/2 1/2 1/2 1/q
1/2 2 2 =12 ~
100025 (g =)+ s ™) (g 7))
4Ix2Q 4Ix2Q 4Ix2Q 4Ix2Q

For the first and second terms, we use (4.6) and (4.7), respectively, and then (6.2). This yields

1/2 12 12 19 1/2 - o 1/2 _ ., 1/
([ 0l 4 10up) = s+ (f[ 1) (i)
IxQ 641 x8Q 641%8Q

and decomposing 641 into translates of I as before gives an estimate of the required type.

Step 3: Error terms. In fact, this is the most delicate step in [4] since the non-locality of the operators

Dt1 /2 and HtDt1 /? cannot be circumvented anymore (as in the previous step). As ng =1 on @, we
have

D ((1 = n)(v - ) = D> (1 —np) (v — )

on I x (). The same observation applies to HtDt1 /% in lieu of Dt1 /2. We split

v—c:v—][ v+ v—]§[ V.
2Q 2Q Ix2Q

For the terms involving w1 := (1 —nr)(v — £, v) we follow the proof of Lemma 8.6 in [4] verbatim
(using Poincaré inequalities), and obtain

1/2 1
H,D}*wy|? + |Dy*w 2) < (// Vv 2)
([], 1Dt 410} S T Mg ™

Inserting (6.3) for each 41; x 2@ instead of 41 x 2@Q) and using the convolution inequality

1 1 1

<
L TGP T E =P T+ IR

1/2

ke,

we obtain the desired bound by

o\ 1/2 N\
L0+ Z i (e ) S (o)

kEZ

The remaining average of \HtDtl/quQP + ]Dt1/2w2]2, where wy 1= (1 —n1)(fgv — Ffrxagv), is
basically treated independently of knowing that v is a solution. In fact, it only involves the function
h(t) == fov — Ffrxag v of one real variable. First, since 7y is symmetric about the midpoint of I

and identically 1 on %I , Lemma 8.7 in [4] is applicable and provides the bound

1
(6.4) \HDy*(1 =)k S

7/ \H,DY?h| + |DM?h|
i L+ RP2 I

/2

almost everywhere on I. Now, we take the L2(I x Q) average and use that HtDt1 commutes with

averages in the spatial variable to give

(] moiel) " £ 5 s [ i+ Dl
w a5 v v|.
Ix0 ¢ 2 Nkezl+|k’3/2 Ix20 ¢ t

We remark that at this stage the required bound for the L2(I x Q) average of |H;D; / *v]? has
been completed, taking v = 8 on the right-hand side. It only remains to consider the bound for the
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L%(I x Q) average of Dtl/zwg = Dt1/2((1 —nr)h). To this end, following the proof of Lemma 8.9 in
[4] line by line yields that (f; |Dtl/2(1 —nr)h)|?)"/2 is controlled by

1/2; 2 1/2 1/2 2\ /2 1/2 1/2
([ 1ivp ) ([ D@ = nan) "+ (D + D).

Here, 145 has the same properties as iy but for the interval 47 instead of 1. But the first two terms
have already been controlled. Indeed, for the first one we can use HtDt1 2 = f0 HtDt1 /%y and the
completed reverse Holder estimate for H,th1 /2y on the parabolic cylinder 41 x 2Q), which is results

in finally using v = 16 on the right-hand side. For the second one we can again rely on (6.4), the
change from 77 to 747 being only a technicality as is explained in the proof of Lemma 8.9 in [4]. O

Corollary 6.2. Let f € LY (R™HY), F e L2(R™1) and let v € V be a weak solution to Oyv —
div A(t,z)Vv = f + div F in R"L. Let g be as in Lemma 6.1. Then, there exists p > 2 such that

IgllLe@ar1y S NEILp@atry + | FllLee @y,

p(n+2)
n+p+2°

where p, = The implicit constant as well as p depends only on ellipticity and dimensions.

Proof. Rearranging unions of translates of an interval I into unions of its dilates, and vice versa,
reveals that for any positive function h on the real line we have

1 o .
N A )
é 1+ |k|3/2 g, jz_(:] 4T

with absolute implicit constants. Lemma 6.1 together with this observation and Hoélder’s inequality
yields

1/2 oo oo 1/2 oo 1/
2) < 2—j]§[ + ( 2—9']6[ F 2) + r( 2—3']§[ f Q’) :
(]%x@g ) sz:;) 4]‘1ng jz:% 4aij’ | JZ::‘) 4J'I><Q‘f‘
Thus, we have the setup of Lemma 5.1 with s = ¢ and we conclude by Corollary 5.3. O

Having this at hand, we can immediately give the

Proof of Theorem 1.3(ii). The function v := uy € V is a weak solution to dyv — div A(t, z)Vv = f +
div F on R™™! with the relations (3.1) and f € LY (R™), F e L2(R"*1). Notice that f € LP+(R™1),
F € LP(R™*!) from the hypothesis in Theorem 1.3(ii). Hence, Corollary 6.2 applies. O

7. THE SECOND PROOF OF THEOREM 1.3(1I)

Throughout, p* := Z (f;_Q; and p, = Z (f; f; denote the upper and lower Sobolev exponents of
p with respect to the parabolic scaling. Remark that ¢ = 2* and ¢/ = 2,. For 1 < p < oo, set

B, := LP(R; WHP(R™)) 0 HY2P(R; LP(R™)) with norm ||ul|g, == ([[ull? + |Vl + \|D3/2u||g;)l/p, S0

that in particular E = F5. These are Banach spaces with C{°(R"*1) as a common dense subspace
as is seen by approximation via smooth convolution and truncation.
We have the following extension of Lemma 3.4.

Lemma 7.1. The operator L = 0; —div A(t,x)V +k+1: Ea — E3 extends by density to a bounded
operator from E, to (Ey)* for 1 <p < oo. This extension is invertible for |p — 2| small enough and
its inverse agrees with the one calculated when p =2 on (E2)* N (Ey)*. The norm of the inverse and
the smallness of |p — 2| depend only on ellipticity and dimensions.

Proof. By definition, £ : E5 — E3 acts via
Lu,v) = AVu-W—l—HtDl/gu-Dlﬂv—&— Kk + 1u - vdxdt.
t t
RTH»I

Thus, E, — (E,)* boundedness of L follows from Hélder’s inequality and the norm depends only on
ellipticity and dimension. That (Ej)1<p<co and the dual scale (E;)1<p<co are complex interpolation
scales is a special case of Lemma 6.1 in [4]. As L is invertible when p = 2 by Lemma 3.4, the
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invertibility for |p — 2| small enough follows from Snetberg’s result, see [22] or Theorem 1.3.25 in [9)]
for a qualitative version revealing that the smallness of |[p — 2| and the bound for the inverse depend
only on ellipticity and dimensions. Finally, the compatibility of the inverses is an abstract feature of
complex interpolation, see Theorem 8.1 in [17]. O

A simple but important consequence is
Lemma 7.2. Let f € LP*(R"*!) and F € LP(R™Y). Then L7'(f + divF) € E, when |p — 2| is
sufficiently small (depending only on ellipticity and dimensions) and in this case
I£7H(f + div ), S 1w @neny + 1 F iy,
with an implicit constant depending only on ellipticity and dimensions.
Proof. From Lemma 3.2, E,y embeds into Lp/*(R”H) when 1 < p’ < n+ 2. As the dual exponent of

p'* is p., we obtain that LP*(R"*!) embeds into (E,/)*. Thus f + div F € (E,)* and the conclusion
follows from Lemma 7.1. O

With this at hand, we are ready to give another

Proof of Theorem 1.5(ii). Let x € C3°(2). As before, v := ux € V is a weak solution to dyv —
div A(t,z)Vv = f 4 div F on R"*! with f, F as in (3.4). By Proposition 3.1 we know that v € E
and Lv = (k4 1)v+ f +div F.

Let now p > 2 be such that we have Lemma 7.2 at our disposal. We may also suppose p < g,
which is equivalent to p, < ¢. = 2. If we assume f € LY* (Q) and F € L} (Q), then f + (k + 1)v €
LP+(R**1) and F € LP(R™*!), using also Theorem 1.3(i) to control wy in the formula for . Hence,
by compatibility of the inverses (Lemma 7.1) and Lemma 7.2, we obtain v € E,, with

(7.1) oz, S 1vlp. + 1 fllp. + [1Flp-
The left-hand side controls ||ux||, + ||V (ux)|lp + ||Dt1/2(ux)Hp and we are done. O
8. PROOF OF THEOREM 1.3(III) AND (1IV)
We next prove part (iii) of Theorem 1.3 in the following more precise result.

Proposition 8.1. Consider the setup of Theorem 1.5. There exists p > 2 depending only on ellip-
ticity and dimensions such that, with « =1/2 —1/p,

(] ge) " s (e ) o (0 )
1/2 *
S (o) + (Fee |F|P)1/p @ (4, )"

Here, v > 1 and I x Q is a parabolic cylinder with £(I) ~ 7(Q)? and v2I x vQ C Q. The implicit
constant depends on ellipticity, dimensions, v and the constants controlling the ratio v(Q)%/¢(I).

(8.1)

Proof. We assume again r(Q) = 1 as rescaling will give us the right powers of 7(Q).

Let x € C (), x = 1 on I x Q, with support in v2I x Q. Then v := ux € V is a weak solution to
Ay — div A(t,z)Vo = f 4 div F on R"*! with the relations (3.4) and f € LY (R"**!), F € L2(R™1).
By Corollary 6.2 we have if p — 2 > 0 is small enough,

1/2 = ;
(82) V0l + 10 2llp S Iy + 1 Flp.

Alternatively, we could have used (7.1) here at the expense of a term |v||,, < ||v||, on the right,
which turns out to be harmless. Indeed, we have from (4.7) if p < ¢, as we may assume,

(83) [vllp S ol + 1 E N2 + 11 Fllg < lluxllz + 1F]l,
We have used ¢’ < p, and 2 < p in the second step.

We have shown that v, Dtl /%y are controlled in LP (R™*1). Since p > 2, a Hélder norm estimate on v
will follow from classical embeddings. Indeed, if p € (1,00) and h : R — C satisfies ||h||2 + ||k, < oo
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and ||Dt1/2h||2 + ||Dt1/2h||p < o0, then for any interval J C R, and v = 1/2 — 1/p, we have the

fractional Poincaré inequality
p 1/p o 1/9
(£le- £a) " seneit®al,,

see for instance Lemma 8.3 in [4]. Moreover, if p > 2, then the Campanato characterization of Holder
regularity yields after redefining h on a Lebesgue null set,

h(t)—h
sup |h(t)| + sup 7| *) §8)|
teJ tses |t —s|

1/2
< Allp + 1D R,

where J C R is any interval and the implicit constant depends also on ¢(.J), see Theorem 2.9 in [12].
Both of these inequalities rely mainly on Hoélder’s inequality and Lebesgue differentiation. Their
proofs pass verbatim to LP(R™)-valued functions, replacing absolute values by L”(R"™)-norms.

Applying the vector-valued version to h = v on the particular interval I, we find that the left hand
side of (8.1) is bounded by [[v]l, + | Vo]l + | Di/*v|l,. (Recall the normalization r = 1 ~ £.) In view
of (8.2) and (8.3), we see that it remains to control |||, + || f]l,. from above by the right-hand side
of (8.1).

We begin with F. Let 1 < & <+ be such that the support of y is contained in 62 x 6Q. By (3.4),

- 1/p 1/p
1 (J,, 1ee) e (L, )
Y2 IxyQ 82I%6Q
1/p ) 1/2 1/p«
™)+ Lygt) ™+ ([ )™
Y2 IxyQ Y2 IxYQ Y2 IxyQ

where we used (4.7) in the second step along with p < ¢, which we have already assumed and which
implies ¢’ < p.. Next, for f, we note that p, < 2 is equivalent to p < ¢q. Then by (3.4),

1. < (., 00

and we are done as p, < 2 and since the term ff521X5Q |VulP* can be treated using Proposition 4.3. [

1/p«
Pl + [Tup o+ PP

We finally prove part (iv) of Theorem 1.3 in the following more precise result, which extends the
result of [11] to our more general assumption.

Proposition 8.2. Consider the setup of Theorem 1.3. There exists p > 2, depending only on
ellipticity and dimensions, such that
1/p«
p*> '

so (o ww) <, () @ (f,

Here, v > 1 and I x Q is a parabolic cylinder with £(I) ~ 7(Q)? and v2I x vQ C Q. The implicit
constant depends on ellipticity, dimensions, v and the constants controlling the ratio v(Q)?/¢(I).

1/2 on the

Proof. As in the proof of Proposition 4.3 it suffices to prove (8.4) with (ff27..0 |Vul?)
right-hand side, see again [6,16]. It is enough to assume as usual r(Q) = 1.

We use the weighted mean trick introduced by Struwe in [23]. We choose x in the proof of
Proposition 8.1 of the form x (¢, z) = n(t)¢(x) and define the weighted mean u(t) := a [ u(t, z)p(z) dz,
with a := ([ ¢)~1. Set w(t,x) := (u(t,z) — a(t))n(t)p(x). We remark that Vu = Vw on I x Q. It is
thus enough to estimate ( [[7,.o [Vw|?) P We proceed as follows.

It follows from the equation for u that @ is absolutely continuous on I with

(8.5) dyi(t) = a / (—(AVu+ F) - Vo + fo) da
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almost everywhere. Using (3.4) for u and i, we deduce dyw — div A(t, z)Vw = f + div F on R*!,
where, omitting the variables except for the integration,

f= (f—a/fgodx)npn—k (ago/F~chdx—F-V<p)n
+ (u — a)pdn + (ago/AVu-Vgoda: - AVu‘Vg0>77

and
F:=—nA(u—a)Ve + neF.

Inspecting the argument to prove (8.1) for the function w, we obtain

ral®) = () 5 i) 5 (L)

It remains to handle the middle term and to this end we need to introduce some further notation.
Recall that the functions 1 and ¢ are supported in 621 and §Q with 1 < § < v and equal to 1
on I and @, respectively. For clarity, let us then denote us := 4 this weighted mean and ws := w
accordingly. Likewise, let us write 4., w,, replacing 1,6 by 6,7. Thus, we have to estimate I, :=

(ff521X5Q lu — ﬂ5|p)1/p. Writing u — @5 = w- + @iy — @5 on 621 x 6Q, we get

1/p 1/p
p ~ P
(8.6) Ia,p§< //mmlwwl) +< /15 u5|) -

Now, w, solves a parabolic equation of the same structure as w, except for a different choice of the
cut-offs n and ¢. Thus, invoking (4.7) along with p < ¢, which we may assume, and the explicit
formulz for f and F above, we see that the first integral is controlled by I, 2 and integrals of |Vu/|?,
|F|2 and | f|? on 42 x Q. Since the support of ¢ is contained in 4Q, a variant of the L Poincaré’s
inequality in the z-variable yields

1/2

1/2
ha= ([, o) 2 (L, 100)
o= (L, = oV

see for instance Lemma 8.3.1 in [1] and keep in mind r(Q) = 1. For the second integral on the right
of (8.6), we apply the classical Sobolev embedding W7 (621) C L7(6%1), 1 < o < 7 < 00, t0 1y — i
with 0 = p, and 7 = p. As (I) ~ 1, we obtain with an implicit constant depending on ¢,

~ =D < ~ = D« ~ o .~ |Ds
(/Wm uzs\) N(/Wm | ) +(/521|atu7 Oy ) .

Thanks to px < g« = 2, the first integral on the right can be controlled by I, 2 and we can conclude
again using the variant of the L? Poincaré inequality in the z-variable. For the second one, we use
the explicit calculation of 9@ = d,iis in (8.5) and the analog for 9, to obtain integrals on v2I x vQ
of |Vu|P+, |F|P+ and | f|P*. Hence we obtain the desired right-hand side. O

Remark 8.3. Once Theorem 1.3(i) is established, it is also possible to prove directly (8.4) under our
assumptions by adapting appropriately the original argument in [11] and invoking the usual Gehring
lemma.

APPENDIX A. EXTENSION OF WEAKLY ELLIPTIC COEFFICIENTS

We provide here a simple lemma justifying the use of the global Géarding inequality in the context
of local weak solutions.

Lemma A.1. Let Qo C R™ be an open set. Let A € L>(Qo; L(C™)) and suppose that there exist
A >0 and k > 0 such that

Re/ AVu - Vu > )\/ Vul? —m/ W2, we WEA(QuCm).
o Qo Qo
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Let Q be compact subset of Qo. If o > 0 is sufficiently large, depending only on A, ||Alle, n, m and
the distance dist(Q,R™ \ Qo), then A :=1gA + olgn\q satisfies for some constant K depending on
the same parameters,
~ — _ A
Re [ AVu-Vu > 7/ |Vul|? — K/ ul?, u e WHE(R™, C™).

Proof. Let ¢ : R™ — [0, 1] a smooth cut-off that is 1 on @, has support in Qo and satisfies ||V¢||e <
m for some dimensional constant c¢. Let u € W1’2(]R”; C™) and split u = u; + ug, where
U i= QU € W(l]’z(Qo; C™) and ug := (1 — x)u. Accordingly, we split

/AVU-W:/AWI-vu1+/AvU2-vu2+/(AvU1-vu2+21w2-vu1) = I +II+1II

Firstly, by assumption on A and since o > 0, we have Rel > \||Vu1||3 — /<a||u~1H%. Secondly, since
ug vanishes on @), we get Re Il > (o — |Alloo)||Vuz||3 from the definition of A. Thirdly, again by
definition of A, we have

Re ITT > —2|| Al ooVt o] Vuiz |2 + 20Re/Vu1 V.

Expanding

Vuy - Vug = (¢Vu +uVe) - ((1 — ¢)Vu —uVy)

and making the key observation that Re(¢Vu - (1 — ¢)Vu) = p(1 — ¢)|Vu|? is non-negative almost
everywhere by the choice of ¢, we see that for some constant C' > 0 depending only on n, m and

dist(Q R\ Qo),
Re [ Vuy - Vg > ~Clulls|[Valz - Clul.
Summing up, we discover
[ AVu- T = AGur} + (0 = [ Alloe) [V} ~ 201 A4] el Tt 2] T
— 200 Julls||Vullz — (20C + #)ul3.

Note that ||[Vul|3 < 2||Vui |3 + 2||Vuza||3 as a consequence of u = uj + ug. Hence, we can fix o large
enough depending on A and || A/« and apply Young’s inequality to deduce

~ = _ A
[ AVu-Fu > S0Vl + [Vul) - Kilal,

where K depends on all the other (by now fixed) parameters. The same estimate on the gradients
as before yields the claim. O
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