FINITELY RANDOMIZED DYADIC SYSTEMS AND BMO
ON METRIC MEASURE SPACES
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ABSTRACT. We study the connection between BMO and dyadic BMO in
metric measure spaces using finitely randomized dyadic systems, and give
a Garnett—Jones type proof for a theorem of Uchiyama on a construction
of certain BMO functions. We obtain a relation between the BMO norm
of a suitable expectation over dyadic systems and the dyadic BMO norms
of the original functions in different systems. The expectation is taken over
only finitely randomized dyadic systems to overcome certain measurability
questions. Applying our result, we derive Uchiyama’s theorem from its
dyadic counterpart, which we also prove.
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1. INTRODUCTION

Random dyadic systems have played an important role in several recent
advances in harmonic analysis both in Euclidean and more abstract setting,
see e.g. [16], [17], [21], [7], [12], [15]. In metric spaces, these systems were
first constructed by Hyténen and Martikainen in [9]. The construction was
elaborated and simplified in [8], [2] and [10]. A random dyadic system consists
of a probability space (€2, P) and dyadic systems D(w), w € €, each having the
same properties as the classical dyadic system of M. Christ [4]. Moreover, the
probability of a point to end up near the boundary of a random dyadic cube
is small. For an elementary construction of a dyadic system, see also [20].

In [3], Chen, Li and Ward studied the connection between BMO and dyadic
BMO in metric measure spaces using random dyadic systems from [8]. They
showed that if there is a family {f“},cq of functions with uniformly bounded
dyadic BMO norms in w such that the mapping w — f“ is measurable, then
the expectation f = E[f“] over w € Q belongs to BMO and its BMO norm
is controlled by the dyadic BMO norms of the original functions f<; see |3,
Theorem 3.1].

In this paper, we study the connection between BMO and dyadic BMO using
finitely randomized dyadic systems. These systems are constructed as in [10]
except that the randomization is applied only in finite number of generations.
An advantage of this approach is that the underlying probability space is finite
and so, for example, measurability with respect to the probability parameter
w is automatically satisfied. For finitely randomized systems, we get an essen-

tially similar result as Chen, Li and Ward except that there occurs an extra
1
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term, which vanishes as the number of generations used in the randomization
goes to infinity.

As an application of our result, we give a proof for a theorem of Uchiyama
on a construction of certain BMO functions, see [23] and [6] for the Euclidean
setting. First we prove a dyadic version of the theorem and then apply finitely
randomized dyadic systems to obtain the general version. In this situation, the
method of Chen, Li and Ward cannot be easily applied since the dependence
of the appearing functions on the probability parameter is so implicit that
measurability is not obvious. We hope that our method can be useful also in
other questions. For a different proof of Uchiyama’s theorem, which does not
utilize dyadic structures, see [11].

The connection between BMO and dyadic BMO was widely studied first in
[6], in which Garnett and Jones gave new proofs for four theorems concerning
BMO functions, including Uchiyama’s theorem. Their idea was to first prove
the easier dyadic version of each theorem and then obtain the general version
by averaging over the dyadic results over translations in R™. A crucial part of
their proofs is that the translation average of a suitable family of dyadic BMO
functions belongs to BMO. Similar results were shown to hold for other BMO
related spaces in [18] and [19]. For related results concerning the connection
between BMO and dyadic BMO via finitely many translations, see [14], [5]
and [13]. In [22], Treil gave a different way to get BMO from dyadic BMO by
showing that the BMO norm is comparable to the expectation of dyadic BMO
norms over suitable randomized dyadic systems. This approach showed that
the translation structure of R™ is not necessarily essential for the connection
between BMO and dyadic BMO.

The paper is organized as follows. In Section 2, we recall basic properties
of dyadic systems in doubling metric measure spaces. In Section 3, we prove
the dyadic version of Uchiyama’s theorem. In Section 4, we prove a version of
Chen-Li-Ward theorem for finitely randomized dyadic systems and apply it
to deduce the general Uchiyama’s theorem from the dyadic one.

2. NOTATION AND PRELIMINARIES

Throughout the paper, (X, d, 1) is a metric measure space, where the mea-
sure  is Borel regular and satisfies 0 < p(U) < oo whenever U is non-empty,
open and bounded. Moreover, we assume that p is doubling, which means
that there exists a constant ', such that

(2.1) p(B(x,2r)) < Gy p(B(x,7))

for every ball B(z,r) ={y € X : d(x,y) <r} C X.

As usual, the characteristic function of a set A C X is denoted by x4. The
integral average of a locally integrable function f over a bounded measurable
set A C X is denoted by each of the following:

fAzquduzﬁ/Afdﬂ-
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In general, C' is a positive constant whose value is not necessarily the same at
each occurrence.

Under the assumptions above, there exist a set of points {z* } , and a family
of sets {QF}r.a, k € Z, o € 4, in X satisfying the following properties:

(2.2) if [ <k, then either Q% C Qg or Q8 N Qlﬁ =0,
(2.3) for every QF and | < k, there exists a unique Qlﬁ > Q"
(2.4) for every k € Z and a # 3, Q% N Q’é =0,
(2.5) for every k € Z, X = U Qr,
aEdy
(2.6) for every Q% B(2F, cod*) € QF c B(2E, Cyé¥),

2.6
(2.7) if | <k and QF C Qf, then B(z}, Coé") C B(zh, Cod"),
2.8) for every QF, #{QZJrl C QB ey} <Ny,

where the constants ¢g > 0, Cp > 0,0 < 0 < 1 and Ny € N depend only on
the doubling constant C),, and 27, is a countable index set for each k. The set
Q* is called a dyadic cube and z* the center of the cube. The family of dyadic
cubes of generation k and the family of all dyadic cubes are

Dk:{QQ:aE%} and D:UDk,

kEZ

respectively. For z € X, we denote by QF(z) the unique dyadic cube of
generation k containing z. If Qgﬂ C QF, then Qg*l is called a child of Q*
and QF the parent of Qg“. Every dyadic cube has exactly one parent by (2.3)
and at most Ny children by (2.8).

By (2.1), (2.6) and (2.7) we have the following dyadic doubling property.

For every dyadic cube ) and its parent Q* D @,
(2.9) w@Q") < C*u(Q),

where C* depends only on the doubling constant C),. Also, a dyadic version
of Lebesgue’s theorem holds.

Theorem 2.1 (Dyadic Lebesgue’s theorem). Let f be a locally integrable func-
tion in (X,d,n). Then

lim{  fdu= f(a)

17 Qi (a)
for almost every x € X.
The ancestor space (called quadrant in [1]) of a dyadic cube Q is
xX@=U @,

Q'DOQ
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where the union is taken over all dyadic cubes @' containing (). The construc-
tion of dyadic cubes can be done such that X (Q) = X for every dyadic cube
Q. Otherwise, X is a disjoint union of finitely many different ancestor spaces.

A locally integrable function f has bounded mean oscillation in (X, d, u),
denoted by f € BMO, if

(2.10) 1 llsnio = sup/ f — fal du < oo,
B JB

where the supremum is taken over all balls B C X. Similarly, f has bounded
dyadic mean oscillation, denoted by f € BMOy, if

(2.11) 1 lenio, == sgp/ 1 — fol du < oo,
Q

where the supremum is taken over all dyadic cubes () C X. When the suprema
above are taken only over balls and dyadic cubes contained in a measurable
subset A C X, we denote f € BMO(A) and f € BMO4(A), respectively, and
the corresponding local BMO norms by || f||smoa) and || f||smo,a)- It is easy
to see that BMO C BMOy by (2.6) and (2.1), but the converse is not true.
BMO norms can be estimated applying the following lemma. For the proof,

see e.g. [11].
/fgdu
X

Lemma 2.2. Let f € BMO. Then
where the supremum is taken over all functions g € L*(X) for which there
exists a ball B C X such that

< ||fllBmo,

1
§||f||BMo < sup

1
2.12 suppg C B,  ||gllpex) < ——= and / gdu = 0.
( ) gl (X) 1(B) .

We have an analogous version for the dyadic BMO.

Lemma 2.3. Let f € BMOgq4. Then
/ fgdp
X

where the supremum is taken over all functions g € L*(X) for which there
exists a dyadic cube ) C X such that

< [IfllByoa;

1
S fllmsio, < sup

1
2.13 suppg C Q,  ||gllrex) < — and / gdu = 0.
( ) lgllz (X) 1(Q) .

Proof. For any g satisfying (2.13), we have

d — d — d
[ seas] =| [ = s u\ s]{2|f fol di < || fllssion.

giving the upper bound.
To obtain the lower bound, let ¢ > 0 and let () be a dyadic cube such that
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(2.14) /Q 1 = foldp > || fllsso, — <.

Denoting h := sgn(f — fg), we have

(2.15) /Q|f—fQ|dM=/Q(f—fQ)hdM=/Q(f—fcz)(h—hcz)dﬂ-

Define

(h—hqg)xq
21(Q)

Then ¢ satisfies (2.13) with ). Moreover,

9=

[ sodn =54 50— na) du——/(f fo)lh — ha) dy
= 5,1 faldu= 50 llvio, ~ 2

by (2.15) and (2.14). The claim follows by estimating by the supremum on
the left and letting ¢ — 0. O

3. Dyapic UCHIYAMA’S THEOREM

In this section, we prove a metric space version of dyadic Uchiyama’s theo-
rem. The proof mainly follows the steps of the proof of its Euclidean counter-
part in [6]. We start by proving the following lemma.

Lemma 3.1. Let N € N and A > Ky :=log¢, (2N). Let Qo C X be a dyadic

cube and let Ey, ..., Ex be measurable subsets of Qo such that
N E;
(3.1) min MEOE) _ oo
1isN (@) 8

for all dyadic Q C Qo, where C,, is the doubling constant in (2.1). Then there
exist families G, of dyadic cubes and functions ¢}, 1=1,...,N,n=0,1,...,
such that

(3.2) T =0 —FZCLZQXQ, i=1,...,N,
QEGn

for everyn =1,2,...,

(3.3) deb=A 0<er<A i=1...N,
=1

for everyn =0,1,..., the coefficients a;q satisfy
(34) ‘ai,Q| SAN = N(KN—i-lOgCHC*), izl,...,N,
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for everyn=1,2,... and Q € G,,, and
nQ) :
3.5 Mo < 0,—Ky+1 — =1,...,N
( ) (902 )Q _max{ ’ N+ Ogc’u (N(QQE1)>}7 ? ’ PR
for everyn =0,1,... and Q € G,, where C* is the constant in (2.9).

Proof. We proceed by induction. Let i(Q)) be a minimizing index in (3.1) for
@ C Qp, which in particular implies

#Q)
(3.6) 2A <logg, (m>

for any dyadic Q C Q. Set Gop = {Qo} and ¢? = a; g,, where

RO i=i0(Q)
Then (3.3) holds trivially for n = 0. Tf i # i(Qy), then (¢))g, = 0. If i = i(Qy),
then by (3.6)
1(Qo) 1(Qo) )

s = A < —A + log <7) < _Ky +log <7
(eide N G\u(@QnE)) = " G\ Qo N E;)

and (3.5) holds for n = 0.
For n > 1, define G, as the set of maximal dyadic cubes Q C Q" € G, _1
such that for some 7, 1 <7 < N,

(37) (6170 > ok, (59,

Notice that by (3.5) the condition (3.7) cannot hold for any Q" € G,,_;. Define
o by (3.2) with

[ —min{Ky +1logg, C*, (¢} Va}, i #i(Q)
(38) ai,Q — . Z ) L (Q) .
i#i(Q) Y. =1
Then
Pr=0i T+ Y awexet Y, aigXe
Q€Gn,i(Q)=i QEGn,i(Q)#i
>er ™ = Y (@ Dexe
QEGni(Q)#i

> o = xg, > 0

since a;(@),qg = 0, G, is disjoint by maximality and ¢! > 0 is constant in each
Q € G,. In addition, by (3.2) and (3.8)

N N N
D= e+ > (Z%@)X@ =A+0=),
=1 =1

Qegn =1
and (3.3) has been proven.
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For Q € G,, and i # i(Q),
laiql < Kn +loge, C < Ay

and
a@al < Y lajel < (N = 1)(Ky +logg, C) < Ay
J#1(Q)
by (3.8) verifying (3.4). To establish (3.5), fix @ € G,. For i = i(Q), we
estimate

(pi)e <A< —A+logg, <%) < —Ky +logg, (M(g(g)&))

by (3.3) and (3.6). For i # i(Q), let Q* be the parent of Q. Then (¢! ')g- =
(¢ 1) g since the accuracy of ) appears not until the level n. In addition, by

(2.9)
Q) . Q)
w(Q* N E;) =¢ QN E;)’

and consequently

Further, (3.7) fails for Q* since @) is maximal, and
;7/—1 — ;7/—1 . <1lo ( M(Q*) )
(P Do = (#i ar = loee, { rarmEy

< logg, C* +logg, (%)

If a;0 = —(¢] o, then o = 1 — (1) in Q by (3.2), which implies
(¢7)@ = 0 and (3.5) holds. If a; o = —(Ky + logg, C*), then

or =it = (Ky +logg, C)

(3.9)

in ) implying
(¢)o = (¥} o — (Ky +1logg, C7) < logg, (ﬂ) — Ky
g " A\n(@Q@NE)
by (3.9). Thus, (3.5) holds in this case, as well, and the induction is complete.
U

Theorem 3.2 (Dyadic Uchiyama’s theorem). Let A > 0, let Qo C X be a
dyadic cube and let Ey, ..., En be measurable subsets of Qo such that
N E;
(3.10) e L CARE))
1isN (@)
for all dyadic QQ C Qq. Then there exist functions fi, ..., fx satisfying

—2A
S Cﬂ

N
(3.11)  fi=1, 0<fi<1, i=1,...N,
i=1
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(3.12) fi =0 almost everywhere in Ej;, i=1,...,N,
and

Cn .
(3.13) | fillBMO,(Qo) < B i=1,...,N,

where the constant Cy depends only on N and the doubling constant C,,.

Proof. Denote Ky :=logg, (2N). If A < Ky, we can set

1 —xg, .
fi= : € [0,1], i=1,...,N,
and Cy = Ky > A. Then
C
sup][|fZ fZQ\du<1<—N
QCQo A

and (3.11), (3.12) and (3.13) hold. These functions f; are well-defined almost
everywhere since

which follows by applying dyadic Lebesgue’s theorem 2.1 to the inequality

N
/XQN o du:f“(Qm(ﬂi:lEl)) <O 1
@ T

1(Q) - A

implied by (3.10); For almost every x € ﬂfvl E;, the left-hand side goes to
XAy, El(x) s @ shrinks to z, and thus XAN B, = = (0 almost everywhere.

Then assume A > K. Lemma 3.1 gives us families G,, of dyadic cubes and
functions ', i = 1,...,N, n = 0,1,..., satisfying (3.2)-(3.5). Let n > 1
and for Q' € G,_1, estimate 5 o 1(Q) when it is different from 0, where

Gn(Q) ={Q€G,:QCQ}. Denote
G::={Q € G, : (3.7) holds for i and Q}.

For Q € G!, we then have (0! 1)g = (¢ 1)g > 0. (3.7) also implies

w(@Q) < QN By,
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and thus
N
PN(OESY Q)
QEGR(Q") i=1 Qegi(Q)
a (!
< Z Cu% Q#(Q N EZ)
(3.14) i=1 Qegi (Q)

In the third inequality, we have used disjointness of G, and the fourth inequal-
ity follows from (3.5) for (¢! ')g > 0.
For @' € G,,, m >0, (3.14) implies by induction

(3.15) > Q)€ Gnl@), m=mom L

QEGn(Q’)
Then, by (3.2), (3.4) and (3.15)

<Ay 3 ul@) < 2 (@)

L1(x) et A

H% — %0 1HL1(X H Z @i,QXQ
QEGn

for n > 1. Thus, each {¢!}, is a Cauchy sequence in L'(Q) and the limit
function ; € L'(Qy) exists. Moreover, using (3.2) recursively, we see that ¢;
can be written almost everywhere as

(316) @i = A4,Qq + Z Z ;. QXQ>
n=1 Qeg,
and the average of ; over a dyadic cube Q' is

(3.17) ) Q/—a@QﬁZZ%QﬂLZ Z )

n=1 QegG, n=1 QG (
Q'

Let Q" C Qo be a dyadic cube. If G,(Q’) = 0 for every n, then ¢; = (p;)o
in (', and thus

/ o — (91)r| du = 0.
Q/
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If, in turn, m is the smallest index such that G,,(Q’) # ), then

/m %Q/Idu</z > I 2C)

gy me@)

f, > Z'w( i)

n= max{m 1} Qegn(Q)

<2ANZ Z ’LLQ/

n= erg
= 1
S 2AN Z on—m = CN
by (3.16), (3.17), (3.4) and (3.15). Hence
(3.13) ledimionan < Cxi i=1o.... N,

Set fi = @i/A for i = 1,...,N. Then (3.11) follows from (3.3) and (3.13)
follows from (3.18). To conclude the proof, we establish (3.12). By (2.4) and
(2.5) every © € @y lies in a unique dyadic cube Qx(x) in each generation
k=0,1,..., where Qo(z) = Qo. For almost every such z, Qx(z) € U,—,Gn
for only finitely many k. To show this, denote

G = {x € Qo : Qr(x U G, for infinitely many l{;}

n=0

Then by construction of G, for every x € G and n € N, there exists k such
that Qx(z) € G,. In particular, since z € Q(x), we have G C g, @ for
every n, and consequently by (3.15)

p(G) < 32 ul@) < 5(@Q) 0

QEGn

as n — 0o. Hence for almost every = € () there exist indices k, and n, such
that for every k > k, and n > n,, we have Q(z) € G, and each ¢; = ¢ ! is
constant in Qg (z). Thus, (3.7) fails for Qx(z) and

pi(z) = (¢ xglog(—
(z) = ( )Qi() G w(Qr(z) N Ey)
for £ > k, and n > n,. On the other hand, by dyadic Lebesgue’s theorem 2.1,

WQu@) N E)
1(Qr(x)) ‘J{M) Xe = 1

for almost every x € E; as k — oo, and consequently

p1(Qr(x))
‘oga, <M<Qk<x> n E») -0
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for almost every x € E; as k — oo. Hence f; = ¢; = 0 almost everywhere in
FE;, which completes the proof. O

We also give a proof for the global version of Theorem 3.2.

Corollary 3.3 (Global version of dyadic Uchiyama’s theorem). Let A > 0 and
let £y, ..., En be measurable subsets of X such that

E;
(3.19) min MEOE) _ o
1isN - (@)
for all dyadic Q) C X. Then there exist functions fi,..., fn satisfying
N
(3.20)  fi=1, 0<fi<1l,  i=1...N,
i=1
(3.21) fi =0 almost everywhere in E;, i=1,...,N,
and
C .
(3.22) I f:llBao, < TN i=1,...,N,

where the constant Cy depends only on N and the doubling constant C,,.

Proof. For simplicity, we assume that X contains only one ancestor space. If
this is not the case, we can make our deductions individually in each ances-
tor space and finally combine the resulting functions to obtain the desired
properties in the whole X.

Let Q1 C Q2 C ... be a sequence of dyadic cubes of decreasing generations
in X and let E;;, = E; N Q) for every ¢ and k. Then

(@M Ei) o p(QN Ey)
min —— = < min ———=
1isN (@) 1sisN (@)

for every dyadic Q C @, and thus Theorem 3.2 gives us functions f;, i =
1,...,N, k=1,2,..., satistying (3.20) with f; , = 0 almost everywhere in E;

and o
N
| fikllBMOG(Qp) < B

—2X
<c,

Since the functions f;; are uniformly bounded, we can pick subsequences
{fir;}j i =1,..., N, converging weak® in L>*(X). Setting f;, i = 1,..., N,
to be the corresponding weak™ limits, they satisfy (3.20) and (3.21) by the
definition of weak® convergence. To prove (3.22), let g satisfy (2.13) with a
dyadic cube @ C X. Then g € L'(X) and

X I x

. —CN
< lim sup ||fi7k‘j||BMOd(ij) < \
j—o0

by the definition of weak™ convergence, (2.13) and the fact that @ C Q, when
j is large enough. Thus, (3.22) with constant 2Cy follows from Lemma 2.3. [
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4. UCHIYAMA’S THEOREM FROM DYADIC UCHIYAMA’S THEOREM

In this section, we prove Uchiyama’s theorem from its dyadic counterpart
using finitely randomized dyadic systems. For simplicity, we assume that all
dyadic cubes used in the section are constructed such that there is zyp € X
which is a center point of some cube in each generation k, which is possible
according to [8].

In [10], Hyténen and Tapiola constructed a probability space (€2, P) defining
a system of dyadic cubes D(w) = {QF(w)}r.o With the properties (2.2)—(2.8)
for each w € (), satistying also the following property. There exist constants
C > 0 and 1 > 0 such that

(4.1) P({wesze U 8€Q2(w)}> SC(%)W

aE,

for every x € X, k € Z and € > 0. Here 0-A denotes the e-boundary of a set
A C X defined by

O A={recA:dx,X\A) <e}U{r e X\ A:d(x,A) <e}.

In the construction, they use the sample space

o-for 1

and independent uniform distributions in all generations k£ € Z. The proof of
(4.1) in [10, Theorem 5.2] needs randomization only in finitely many genera-
tions k, ...,k + L, where L is determined by

SHHIAT o < gL,

In particular, the randomization is needed only up to the generation
loge

4.2 =k+L=|——|.

(42) menT Log 0 J

We define a finite version of the probability space (€2, P) for every m € N as
(Qn, Pr), where the sample space is given by

0= I1 {O}Xmg<m{0,1,..., H} « [T {0}

k<—m k>m

and P, has a uniform distribution in €2,,. From (4.2) we see that the following
weaker version of (4.1) holds in (€2, P,). There exist constants C' > 0 and
1 > 0 such that

(4.3) P,, ({w €EQy € U ae@i(“)}) <C (%)”

aE,

for every m € N, 2z € X, k € {—m,...,m} and ¢ > §™. In addition, the
properties (2.2)—(2.8) hold for D(w) for every w € €, since €2, C .
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The unique dyadic cube of generation k in D(w) containing x € X is denoted
by Q*(x). The averaging function of a locally integrable function f is defined

by
ELf(@)i={  fdu
QL (x)
and the difference function by

AL f(x) = E5T f(2) — Ejf (o).
When we consider dyadic BMO in a specified dyadic system D(w) for w € €,

more precisely take the supremum in (2.11) over all @ € D(w), we denote
BMO,, instead of BMOg.
The following is a finitely randomized version of [3, Theorem 3.1].

Theorem 4.1. Let m € N and let (2, P,) be the probability space defined
above. Denote B, = B(2p,c00™ ™) and Q. = Q" (20). Let {f“}ueq,, be a
family of functions with f € BMO,(Qm.) satisfying

(4.4) 1/ lIBMOL (@) < My and || f¥][ (@) < Mo

for every w € €, with My and M,y independent of w. Then the function f,,
defined by the expectation

fnl2) = Bl f*(2)] = / F4(2) AP ()

satisfies

(4.5) / o — (fu)sl dp < CM, +:‘(—A§)u< (20, 6™\ {z0})

for every B = B(xg, 1) C By, with r > 0™, where the constant C' depends only
on the doubling constant C,,.

Proof. Fix aball B = B(xg,r) C B,, such that r > 6™, and let n be the unique
integer satisfying
ot < < 5

Then, in particular, —m < n < m. Decompose f,,(x) into two parts

fm(x) = g(x) + h(z)

with
g(x) = Ep [f*(x) — ELf*(x)]
and
h(z) = B [ELf*(2)] = > Abfa) + B )]
—m<k<n
We have

/B|f ()5l u</B|g os u+/B| sl dy

<2f Jgldu+2f b ba)|dn
B B
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and to prove the claim (4.5), it suffices to show that

1
(4.6) @ /B; Ig\ d,u < CMI;
1
(4.7) (B /B\B(xo,ém) |h — h(x)| dp < CM;
and
1 IM, N
4y e < B, )\ o))

We begin with inequality (4.6). Since

1 w n fw
@L\mdug@m []Qf B \du],

it is sufficient to prove that for each w € Q,,,
f 18 Eppelan < oo
B

There is a finite index set & C &, such that B C (Jze, Qf(w) with BN
Qi(w) # (). Moreover, the number of elements in 9B, #%, is bounded by a
constant depending only on the doubling constant since » < §" and the centers
2 are cod" separated by (2.4) and (2.6). Also, by the doubling property (2.1)
we have ;1(Q5(w)) < Cu(B) for each € #. Thus,

1
fur s o | 7~ L) du
B 'u( ) Uﬁe@Qg(W)

= %JQ"(@ 1< = () ane | du

BER
< C#’@waHBMOW(Qm,W)
< CM,;

by (4.4). Notice that Qj(w) C Q. since Q3(w)NB # B and B C By C Q-
Next we consider inequality (4.7). For fixed = € B\ B(xg, ™), denote

Ay = {w € Q,, : there exists Q € Dy41(w) with x,x¢ € Q}.

Then P,,(A;) = 1 for every k < —m since z,29 € B C B,;, C Qp,,, for every
w € ,,. On the other hand, when —m < k < m,

P(@n \A) <P [ (0 € Qi€ | O @)

CMEJZ(]@+1

<C (d($7$0))n < Ca(nfk)n

Ok+1
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by (4.3) and the fact that d(z,z¢) < r < ™. Since E ;" f“(x) = E;™ f“(z0)
for each w € Q,, and AF f@(x) = AF f¥(x) when w € Ay, we obtain

> (k) - Aff,f”(l“o))]

—m<k<n

< ¥ /Q AL f(2) — A f(20)]| dPp(w)

—m<k<n m\Ag

|h(x) = h(zo)| = |Ep

< > sup (JALF(@)] + AL (o)) Prn(2 \ Ar)

—m<k<nweﬂm
<C Y sup (|AESC ()] + AL (wo)]) 870,
fm<l<:<nwe m

Now for each w € €, and —m < k < n, we have

BEP@I= 1)~ (o duly)
QL™ (@)

1(Qh () wiN
< 7M<Qﬁﬂ<x))]gﬁ(x) /() = (F)axw]| duly)

< O lBMOw Qo) < CMy

by (2.9) and (4.4) since QF(z) C Qum., and the same estimate holds also for
xg. Consequently,

— \h — h(xo)|dp < 20M, Y 5P < OM,.
1(B) Jp\B(ao,5m) ;

Finally, inequality (4.8) is obvious since we have
() = h(wo)| < By [|ELS“(2) = ELf*(20)[] < 2M,
by the definition of h and (4.4). This finishes the proof. O

Notice that the last term in (4.5) goes to 0 as m — oo when M, is indepen-
dent of m. Finally, we apply our Theorem 4.1 to obtain a non-dyadic version
of Uchiyama’s theorem, which also occurs in [11].

Theorem 4.2 (Uchiyama’s theorem). Let A > 0 and let Fy, ..., Ey be mea-
surable subsets of X such that
BNE;
(4.9) min MBOE) oo
1<isN pu(B) 8
for all balls B C X. Then there exist functions fi,..., fx satisfying

N
(4.10)  fi=1, 0<fi<1l,  i=1,...N,

(4.11) fi =0 almost everywhere in Ej;, i=1,...,N,
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and

C :
(4.12) | fillBmo < TN i=1,...,N,
where the constant Cy depends only on N and the doubling constant C,,.

Proof. Let m € N and let (€,,,P,,) be the probability space defined in the
beginning of the section. Denote B,, := B(zy,c00™ ™), E;m = E; N By, and
Qme = Q,™(2) for w € Q. For any Q = Q¥ (w) € D(w), w € Q, we have
Bl € Q C B? with B! := B(2*,¢y0%) and B? := B(z¥,Cy6*) by (2.6). Thus
by the doubling condition (2.1) and (4.9),
WQNE,) . wBNE)

in Y em) P2 < in A2
S0 e S8R ey OB um

=2\ __ 2N
< 00 =0,

where \' = \ — %logcH C7 and Cy depends only on the doubling constant. If
A < loge, C1, the claim follows as in the beginning of the proof of Theorem
3.2. Hence we can assume A > logcH C1, which in particular implies X' >
%logcH C, > 0.

By dyadic Uchiyama’s theorem 3.2 applied individually in each dyadic sys-
tem D(w), there are families of functions {f}ueq,,, @ = 1,..., N, satisfying
(4.10), (4.11) on E; ,,, and

w C,
(4.13) 177 IBm0u @) < =5

where the constant C'y depends only on N and the doubling constant C),. For
each i, denote f; () := Ep,[f(x)]. Then the functions f;,, satisfy (4.10) and
(4.11) on E;,, by the linearity of expectation, and moreover by Theorem 4.1

419 f i = Gl < €Y+ u(Blan, ™)\ fao))

for every B = B(xq,r) C By, with r > §™, where the constant C' depends only
on the doubling constant.

Since the functions f; ,, are uniformly bounded with respect to m, we can
pick subsequences { fim,};, i =1,..., N, converging weak® in L>°(X). Setting
fi to be the corresponding weak™ limits as j — oo, they satisfy (4.10) and
(4.11) by the definition of weak* convergence. To prove (4.12), let g satisfy
(2.12) with a ball B C X. Then g € L'(X) and

/fzgdﬂ‘ hm/fmj (Fimy)5 9 i

by the definition of weak™ convergence, (2.12), (4.14) and the fact that B C
B,,; with a radius r > 6™ when j is large enough. Consequently, by Lemma

| o
< timsup{ |fim, = (fum, ol dn < OS5
B

j—o0
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2.2 we obtain

!

Hﬂmwmf§203§-

Finally, since

XN+ Llog, C
)\_ 2 gCH 1<2

N N =7
the claim (4.12) follows with Cy = 4C'C;, and the proof is complete. O
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