Appendix E

Inter polation Theorems

Mathematiciandaveannouncedhe existenceof a nev wholenum-
ber which lies betweer27 and 28. "We don't knowwhy it’ s there or
whatit does,"saysCambridge mathematicianDr. Hilliar d Haliard,
"we only knowthat it doesnt behaveproperly whenput into equa-
tions,andthatit is divisible by six, thoughonly once"

— OnTheHour

Here we presentthe Riesz—ThorinlInterpolation Theorem,the Hausdorf-
YoungTheoremandsimilar results.In theseresultsa functionmappingX; — Y1
andX; — Ya, continuouslyis shovn to map“X, — Y, whenl < r < 2” whenX;,
Y, aresuitablespacegof vectorvaluedfunctions).

We usethe assumption®f ChapterB in this chapter;in particular the scalar
field K maybeeitherC or R.

E.1 Inter polation theorems(LP: + LP2 — L% 4 %)

We startby a few auxiliary lemmasanddefinitions.

LemmaE.1.1(LP+LY) Let p € [1,0]. The spacelL!(Q;B) +L*(Q;B) is a
Banad space For all measuable f : Q — B, wehave

1
sl fllince < [fllp < I flla+[flle- (E.1)

Finally, L9NL" CCL'DCCL“'—l-Lr,whenlgqg p<r<oo,

Thus,L9 andL" aresum-compatibleSeeLemmasA.3.17 andA.3.18for the
normsof X +Y andXnNY.

Proof: 1° L1(Q;B) 4+ L*(Q;B) is a Banad space:Let 0# f € L1 4 L.
Finde > 0s.t.yu(E¢) > 0, whereE; := {q € Q| ||f(q)|| > €}. If f =g+hand
[hlleo <€, thenl|g||1> Jg, € > eu(Ee). Thereford| f|| 1, > min{e, u(Ee)e} >
0. Thus,f #0=||f|| > 0.
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For sumswe have

gl < ot (et Gt o+ Gale) €2
it (et g+l ol + I Golle) < 1l + gl

T f=fitfe, 9=01 10w
(E.3)

Obviously, ||a f||+ = |a]|| f||+ for a € K. Thus,we canapplyby LemmaA.3.17
(setZ := L1+ L>), anddeducehatL!+ L is complete.

2° || fll gL < 2| f]|p: W.l.0.g.,we assumehatl < p < o« and||f|[p = 1.
Setg:= fXg,, h:= f —g. Then||h||s < 1and

WED) < [ IfIBdu<fp=1 E4)
1

hence gllx < || fllpllXe,lla < 1-1 = [|f[lp, where p~t+ g% = 1. Thus,
1l < llglla+ M2 < 2.

3 |1 fllp < || fll1+ || f|lw: Thisfollowsfrom LemmaB.3.14.

4° EmbeddingsBYy (E.1),theembeddingsrecontinuoudor g=1,r = co.
Thus,we canapply LemmasA.3.17 and A.3.18 to obtainthoseclaimsin the
generakase. O

Given p € [1,0] and a measurablef : Q — [0,+») s.t. f > 0 a.e., we
defineLP:f (Q; B) to bethe spaceof (equivalenceclasse®f) measurabléunctions
g:Q—Bs.t

9llp,f == [Ifgllp < co. (E.5)
Obviously, g — fg is anisometricisomorphismof LP' onto LP; in particular
LPT is a Banachspace.Note alsothat the zero elementsof all suchspacesare

equal. Of thesespacesye are mainly interestedn spaced.P ;= LP€ . Such
spacesaresum-compatibléor all p'sandr’s:

LemmaE.12(LP+L}) Letl < p; < pp < p3 < o, andlet fy : Q — [0, +) be
st.fy>0a.e(k=1,23). Then
ThenLPxf andLPs s are sum-compatibleMoreover,

(a) LPu1 andLP= s are sum-compatible
(bl)if f, > fo (k=1,3), thenLPrfinLPsfs C LP2f2,
(b2)if f < fo (k= 1,3), thenLP2f2 C LPufi | Pafs,

In particular, if J C R is anintervaland o € R (k= 1,3), thenL§: and L&
are sum-compatible

Analogouslyﬂrpll andérps3 aresum-compatibléor r1,r3 > 0 (see(13.2)).
Proof: (a) 1° If f, > f1, thenL P2 C LPf1: Obwiously, || - [|p,f, < II- [[p.1,-
2° Casep; = p3: By 1°, we have LPufe c LPuT (k= 1,3), where f :=

max{ fy, fa}. Thus,LP: "1 andL P s aresum-compatible.



3° Casef, = f3: UseLemmaE.1l.1andthe isometricisomorphismf;- :
LPf — LP to seethat || - || py.ty.( psry iS @NOrm. Thus, LPuf+ LM is a
Banachspacehencel Pxf1 andLPu 3 aresum-compatible.

4° Genenl case: Set f := max{fy, f3}. By 3°, Z:=LPuT Pl jsa
Banachspace. By 1°, LP" c Z (k= 1,3), henceLP-" andLP>" are sum-
compatible.

(bl)Let f > o (k=1,3). ThenLPek C LPof2 (k=1,3),by 1°. Therefore,
ML Pl C N LPef2 (k= 1,3), by LemmaA.3.19(c1)&(c2). But NiLPe'2 ¢
LP2f2 by LemmaE.1.1(andtheisomorphismgf. 3°), hence(b1) holds.

(b2) Theproof of (b2) is analogoudo thatof (b1) andhenceomitted.

Thefinal claim: Now L := LPe€™ cLPul4LPel (k=1,3), by (b2),
wheref := mine13e"%". O

Thefollowing concepts requiredfor someinterpolationresults:

Definition E.1.3(B(X1,Y1) N B(X2,Y2)) Let (X1,X2) and (Y1,Y2) be sum-
compatiblepairs of normedspaces. Thenwe write T € B(X1,Y1) N B(X2,Y2)
if T € Hom(Xy+ X2, Y1+ Y2) iss.t. T € B(X1,Y1), T € B(X2,Y2). We set

I Tl B(x0,Y0)NB(X,Y2) = M T [l v2)s 1Tl (%0, v2) }- (E.6)

Here we do not distinguish betweenT and its restrictions. The above
requirementsforce T to be continuous X; + X2 — Y1 + Y2 (with norm<
maX-=12 || T |laxve), Py 1° of the proofof LemmaE.1.4.

Note that LemmaA.3.18 provides an alternatve definition for B(Xy, Y1) N
B(X2,Y2); obviously, this coincideswith the one above, up to the norm (we
do not consider B(X,Yx) being a vector subspaceof some vector spaceZ
(k=1,2)if T € B(X1,Y1) N B(X2,Y2) doesnotimply T(x1 + x2) beingdefined
andequalto Txg + Txo for xx € X (k= 1,2); the latter conditionimplies that
Te Hom(X1+X2,Y1+Y2)).

We obviously have B(X, Y1) N B(X,Y2) = B(X,Y1NY2), isometrically

We now give four equivalentdefinitionsof B(X1,Y1) N B(Xz,Y2) (the fourth
on Xo):

LemmaE.1.4 Let (X1,X2) bea sum-compatiblgair of normedspacesand let
(Y1,Y2) a sum-compatibl@air of Banad spacesThen(i)< (i) < (i), whee
(i) T € B(X1,Y1) N B(X2, Y2)
(i) T e B(X1+X2,Y1+Y2), T € B(X1,Y1) andT € B(X2,Y2);
(i) T € B(X1+X2,Y1+Y2), T[X1] C Yy andT[Xp] C Ya.
Let Xo be a densesubspacef X;, X and X3 N X,. If To € Hom(Xo, Y1 + Y2)
andtheris M < « s.t.
IToX|[v, < M||X]|x, (x€ Xo, k=1,2), (E.7)

then Tp = T\xo for a unique T € B(X1,Y1) N B(X2,Y2). Moreover, To has
unique continuousextensionsin B(X; N X2,Y1NY2), B(X1,Y1), B(X2,Y2) and



B(X1+ X2,Y1+Y2), and theseare of norm < M and coincidewith T on their
domains.
Corversely if T satisfiesaany(henceall) of (i)—(iii), thenTo:=T % isasabove

If X; = L&(J;B) and X = LY, (J;B) for somep,q € [1,2), w,f € R (see
Definition D.1.3), thenwe may take Xp := X1 N Xy, or Xp := (¢’ or let X bethe
setof simpleL! functions(or ary setbetweerthese)by TheoremB.3.11.

Proof: 1° (i)—(iii): Trivially, (ii)=-()&(iii). By LemmaA.3.6, we have
(iii) =(ii). Obviously, [IT|lpx,+%,vi+Y,) < M%=12||Tl5(x.vc), SO that (i)
implies(ii).

2° To + T: If T satisfies(ii), thenTp := T|x0 satisfies(E.7) for M :=
MaX=12 || T [l 3(xvo)-

For thecorverse et To beasin thelemma.By LemmaA.3.10and(E.7), To
hasuniquecontinuousextensionsTj € B(X1 N X2,Y1NY2) and Ty € B(Xy, Yi)
(k = 1,2), with norm < |[M||. If {X} C Xo and x, — x € X1 N Xo, then
ToXn — Tgx in Xy N Xz, hencein X; andin X; too, so that T)x, Tix and Tox
mustall beequalto this limit. Thus,T;, T; andT, coincideon X; N Xs.

By LemmaA.3.19, Xy is densein X; + Xp. One easily verifies that
IToX|[vy+v, < M||X||x,4%,, SO that there is a unique continuous extension
T € B(X1+ X2,Y1+ Y2) too, againwith norm < M, by 1°. If Xg 3 X3 — X in
Xk, thenTxp — TX in Y and Txp, — TX in Yy N Yz, henceTyx = TX (X € X,
k=1,2). ThusT coincideswith Tj, T1 and T. In particular (iii) (hence
()—(iii)) is satisfied. O

Next we give equivalentconditionsfor T € B(X,Y):

LemmaE.1.5(T € B(X1,Y1)NB(X2,Y2) & T[X]CY = T € B(X,Y)) Let
X1,X2,Y1,Y2 be normed spaces. Let X and Y be Banad spaces. Let
(X1,X2) and (Y1,Y2) be sum-compatiblepairs. Let X C X1+ X and Y C
Y1+ VY. LetT € B(Xg, Y1) N B(X2, Ya).

Thenthefollowing are equivalent:

(i) T|x € BOX,Y);
(i) TIX]CY;
(iii) thereare M < « anda densesubspace& C X s.t.
I¥lx =1=ITXly <M (Xe X). (E.8)

Moreover, if (iii) holds,then||T||zxy) <M.

Recallthat||y|ly = fory &Y.
Proof: (As theproof showns, we canallow X to beincompletef we give up
theimplication (ii) =-(i).)
RecallfirstthatT € B(X1 + X2,Y1+ Y2), henceT € B(X,Y1+Yz) (because
X C X1+ X2).
1° (i)=(ii): Thisis obvious.



2° (ii))=-(i): Now (ii) implies (i), by LemmaA.3.6,becausd € B(X,Y1 +
Y2).

3° (i)=(iii): TakeX =X, M =T ]l
4 (iii) =(i): LetTp € B(X,Y) betheuniquecontinuousextensionof To. If
X3 Xy — Xin X, thenTx, — TXxin Y.+ Y2 andTx, = Toxn — Tox Iin'Y, hence
in Y1+ Y2 too, sothatTox = Tx. Thisholdsfor all x € X, hencelg = T\x- O

Now thatthe preparationsiredone,we cangive four interpolationresults.We
startwith thevectorvaluedformsof two celebratedheorems:

Theorem E.1.6 (Riesz—Thorin Inter polation Theorem) Let py, gk € [1, ] (k=
0,1). Letpandp be completepositivemeasueson setsQ and @', respectively
LetB and B’ becomple Banad spaces.

If T € Nk=01B(LP(Q;B),L%(Q';B')), thenT € B(LP(Q;B),LYQ; B')) with
norm

Mg < M3~OMS < max{Mo, M1}, (E.9)
providedthat0 < 6 <1, My := || T||gLr@B) L%(@;p)) (K=0,1),

}:1;9+E and }:1;9+E. (E.10)
p Po P1 q Qo Q1
Thus,logMg is corvex.

Proof: (This is an extendedand rigorous version of the (scalar case)
proof of Theorem1.1.1 of [BL]. The theoremalso holds for real B with
ZMé 9M1 in place of Ml 9M9 (note that ||T||’B(Lp(Q;B+iB),Lq(Q’;B’+iB’)) <
2|| Tl gLp(B),Lo(Q;B))» Where B+ iB is the compleification of B (allow
complex scalarswith natural operationsand, e.g., [|x+ iy||s+ig := (|IX/|3 +
IVI8)Y%).)

1° Only UQ gTfdy| < M needsto be shown: W.l.o.g., we assumethat
0<8<1,1<py<pi<wandgo#q. Letql+q t=1,ql+q 1=1
(k=1,2). By LemmaE.1.5andTheoremB.3.11,we only have to shav that
(E.8)is satisfiedoy the numberMg andthe set

n
X:=SMFHRQ;B) = {5 XXg, |neN, W(E) <o, %€ B(k=1,...,n)}.
k=1

E.11
By TheorenB.4.12,it sufficesthatgivenf € SMFHQ;B),g € SMFF(Q;(B) s.t?
Ifllp=1=]9lq,we ha\/e\fQ gTfdy/| <M (notethatT f € L% andg € L%,
hencegT f € L1, by the Hlder Inequality).
2° We showit: Setl/p(z) := pgl + z(pI1 — pal), 1/q( 2) = qo’1
2(o, "t — g, 1), asin (E.10),sothatp,q € H(C), andRep(2)~* € (pr2, py L),
Red/(2) € (¢, 0, ") whenReze (0,1). Set

ozt) = [ FOIFPP TR/ Ols wzt) = g3 Pat)/llgt)lle
(E.12)



forze Q,teQ, t' e Q (wesetg(zt)=0if f(t) =0, andy(zt’) =0 if
g(t') =0).

Obviously, @(-,0),(-,0) € H(Q;B) and Rep/p(2) € (p/p1,p/Po) C
(0,p/po) (Reze (0,1)) (analogouslyfor ). It follows that, W, @, W, (which
arein SMFF have amajorantin g € SMFF, independentf ze Q.

Therefore,@ € C(Q;LP) N H(Q;LM), by LemmaB.5.8. Analogously
W e C(Q;L%) NH(Q;L%) (if g = , just note that Y, Y, € C(Q;L*), and
use(d)&(e) of LemmaB.5.8). _

By LemmaD.1.2(b1)&(b3)andthe HolderInequality wehave F € C(Q)N
H(Q), whereF (2) := [oW(2) To(z)dp. Forary t € R, we have

@Gt 1y = 111117/l = 1115 = 2, (E.13)
and, similarly, [|o(1+it)|[p, = 1 = [[Y(it)[|q = [[W(it)|lq.  Therefore,
(1-6)

[F(it)] < Mg and |[F(1+it)| < M; for t € R, hence|F(8)| < My M,
by LemmaD.1.5.But ¢(8) = f andy(6) = g, henceF (6) = [ogT f dy, sowe
have reacheduraim. 0

We alreadyknow that the Fourier transformmapsL*(R;H) — Go(iR;H) C
L®(iR;H) and L?(R;H) — L2(iR;H). From the above theoremwe obtain
correspondingnterpolationresultsfor LP(R;H), 1 < p < 2:

Theorem E.1.7 (Hausdorff—=Young) LetH be a comple Hilbert space w € R,
pe[1,2] and p~t+qg! = 1. Thenthe Fourier transform¥ mapsLB)(R; H) to
L9w+iR;H) andL{(R,;H) to HI(Cf; H) with

1F fllg < @Y fllLp  (f € LERH)) (E.14)

(with equalityfor p = 2).

Moreover if f € LB(R,;H), thenf € LY (w+iR;H) is theboundaryfunction
of f € HI(CS;H), and fxg= fgonCJ anda.e onw+iR for all g€ L' (w+
iR;H), wheer—te[3/2—p~11].

This meansghattherestrictionof # to L1 N LP satisfie{E.14)andhashence
aunigueextensionontoLP. (By Lemmak.1.4this coincideswith the Plancherel
TransformonL§NL32.)

Unfortunately if H is a generalBanachspace thenwe know this for p=1
only; in particular we cannotinterpolate E.g., ¥ is notbounded;(R"; cp) — L
w.r.t. the LP norm, wherep € (1,2] andcp := (p(N) is the spaceof sequences
N — C convergingto zerowith thesup-norm(let0# @ € S(iR), 9= T 1)@, N €
N, sothaty := F ~lpe S(R) C LP, andset f, := &€ @ sothat fi(ir) = ¢(ir —ik)
for k < N; it follows that||gl|p = N||@||p).

Proof of TheoremE.1.7: (Wetake w=0w.l.0.g.)
1° fe L We alreadyknow thisfor p= 1 andfor p= 2. By LemmakE.1.4,
¥ |12 hascontinuousextensiongo B(LL, L") andB(L? L?) (by uniqueness

theseextensionsareequalto 7) and ¥ extendsto B(L1+ L2, L® +L?), hence
F € B(LL,L®)NB(L2,L?). Thus,wecanapply TheorenE.1.6to obtain(E.14)
by adirectcomputation.



2 feHa: Let f € LP(Ry;B). Wehave || f||_p <||f][p foralla > 0, hence
1Fllha < (11l

Seth:= fxg, sothat|h|ly < || f||pllgllr, wherev 1 =p14+r 11, by
LemmaD.1.7. Becausey € [p,2], we have ||ﬁ||\,/ < (211)1/"'||f||p||g||r, where
vigv =1

If f,ge ¢, thenh= fgonCTu {e}, by LemmaD.1. 11(c) In general,
if fn,on € G and fn — f in LP, gh — gin L', then hn —~hin LY, hence
a.e.,andh, = fugn — fg a.e. (herewe have replace{(fn,gn)} by a suitable
subsequence}o thath = fg a.e. By LemmaD.1.11(c)), h= fg on C{ for
eacha > 0 (because,g € LY), henceonC™.

Letg:=X[o,1), SOthath:= fxge LPn L2(R;H). By Theorem3.3.1(a2)
(or by the correspondingscalarresult),ﬁ is the boundaryfunction of itself a.e.
(in the senseof condition(1.) of Theorem3.3.1(al)),hencesois f, because
g(s) = (1—e 5)/sisinvertiblea.e.oniR. O

By the Riesz—Thorintheorem we caninterpolatebetweenL andLy. Next
we shav thatwe canaIsointerpoIatebetweerLP and Lﬁ:

Proposition E.1.8(LP interpolation w.r.t.r) Letp,qe [1,00), —0 < @< b< co.
LetJ C R bean openinterval. Let ¥ bethe setof simplefunctionsJ — B, or
F =LE(3;B)NLL(J;B) or F = CZ(J;B).

LetE: ¥ — Lq(J B) NL{(J;B) belinear ands.t. Ma, Mp < o, whee M :=
SUEf 3| T € 7, [|llp < 1} (r € [a,b).

Thenthere is a uniqueextensionE of E to Uy¢[aLP(J;B) s.t.E € B(LP, L)
for all r € [a,b]. Moreover,

Bl g p 9 = Mr < MZ™¥ME < max{Ma, My} (1 € [a,b]), (E.15)
whee 6, :=(r—a)/(b—a).

Note that, underthe above conditions E: ¥ — Ld(J;B)NLJ(JI;B) hasa
uniquecontinuousextensionto E, € B(LP, L), because® C ¥ is densdn L},
forany r € [a,b)].

Proof: (Thisproofis basednthatof Riesz—ThoririnterpolationTheorem.)

1° We cantake ¥ = LEN Lb w.l.0.g.: By densﬂy(seeLemmaA 3.10and
TheorenmB.3.11),E hasauniqueextensiorE, € B(LP, L) with ||E || < M; for
r=aandr=b. Let f € LENL. Then,by TheorenB.3.11 thereare{ f,} C F
s.t. f, — f in bothL} ande ConsequentlyE, f = Ilmn]Efn =Epf a.e.,by
TheorenB.3.2. Thereforewe mayassumehat ¥ = LEN Lp

2 f,0,0, W5, q: Let f € C(J;B) bes.t.|[f||Lr = 1. Letg € C(J;B*) be
s.t.|lgll ¢ = 1, wherel/q+1/d = 1. Setg, =€ f, Y, := e ?g. If follows
that

el p, =1=IWzll ¢ (z€C). (E.16)

Rez

3 Qu,FeCnH: SetJ := (supi f) Usuprg))°. Note thatthe spaces
LP(J;B) (t € R) areequalwith equialentnorms,hencer;Er; € B(LP,LY9).



Using the Mean Value Theorem, one easily verifies that (z — €*) €
H(C;LY(J)) for v = oo, hencefor ary v € [1,00] (becauseL*(J) C LP(J),
continuously).

Consequentlyp e H(C;LP(J)) andy € H(C; LY (J)). Therefore,

F (@)= Foul@) = [ balt) Bou) (1) ot (E17)

satisfied= € H(C), by LemmaD.1.2(b3).
4° |F(r)| < M/: We have

F(r+it)] < [[Wr+itll o 1Bl g <1-Mr (refabl,teR),  (E.18)

hencelF (r +it)| < M{ := MM (r € [a,b], t € R), by LemmaD.1.5.
5° ExtendingE: For all r,r’ € [a,b], thefollowing factshold: By Theorem
B.4.12,

[E@llg =l Balg=  sup  [geEa,  (E19)
gece, [1ally=1

i.e., [|E@ || a is the supremumof functions [Fyy(r)|, wherey is as above.
Therefore |[Eq || a < M{.

But each (¢’ (J; B) functionis a scalarmultiple of some¢, of the above
form, henceE extendsto an operator, € B(LP,L{) with norm ||E || < M.
Asin 1°, we seethatE, = E onLPNLE. 0

Also acorverseholds:if E € B(LP,L7) for all r € (a,b) with ||E|| having an
uniform upperbound thenE € B(LP,L7) for all r € [a,b]:

LemmaE.1.9 Let p,q,a,b,J, ¥,M, be as in Proposition E.1.8 (we may also
allow F = LPULY for somer,s < [a,b]). LetE: F — L(J;B) belinear, and
letD C [a,b] bedense

ThenM := supcp Mr = SUR ¢ Mr = MaX{Ma, Mp}; in particular, E hasa
(unique)continuousextensiorto B(LP, L) for eadhr € [a,b] iff M < oo,

Proof: (In fact,D neednotbedenseijt suficesthata andb arein theclosure
of D.)

Part “only if” and the moreoer-claim follow from PropositionE.1.8.
Therefore we assumehatE € B(LP, L) for all r € D, hencefor all r € (a,b)
(by thepropositionwe canusecontinuousextensiondor r’'s betweerelements
of D).

Let @ beasimplemeasurabléunctionwith ||@|| » = 1. Then||¢[|_p — 1 as
r — a+, by LemmabD.1.10(a3)and

MI@ll e < Mllll_p > [[E@ll o — [IEQ]| g- (E.20)

Becausep wasarbitrary we have E € B(LE,LY) with norm < M. The same
holdswith b in placeof a. O



Notes

It seemsthat PropositionE.1.8 and Lemma E.1.9 cannotbe obtainedas
corollariesto standardnterpolationtheoremgsee e.g.,[BL]) unlessveintroduce
additionalconstants.

The Riesz—Thorinand HausdorF-Youngtheoremsandtheir proofsarefrom
[BL], exceptthatwe have madethe conceptsandthe proofsmorerigorousand
moregeneral. See[BL] for an extensve interpolationtheory further references
andhistoricalremarks.






