
Appendix E

Inter polation Theorems

Mathematicianshaveannouncedtheexistenceof a new wholenum-
ber which lies between27 and28. "We don’t knowwhy it’ s there or
what it does,"saysCambridge mathematician,Dr. Hilliar d Haliard,
"we only knowthat it doesn’t behaveproperly whenput into equa-
tions,andthat it is divisiblebysix, thoughonly once."

— OnTheHour

Here we presentthe Riesz–ThorinInterpolationTheorem,the Hausdorff–
YoungTheoremandsimilar results.In theseresultsa functionmappingX1

� Y1

andX2
� Y2, continuously, is shown to map“Xr

� Yr when1 � r � 2” whenXr ,
Yr aresuitablespaces(of vector-valuedfunctions).

We usetheassumptionsof ChapterB in this chapter;in particular, thescalar
field K maybeeitherC or R.

E.1 Inter polation theorems(Lp1 � Lp2 � Lq1 � Lq2)

Westartby a few auxiliary lemmasanddefinitions.

Lemma E.1.1(Lp � LqLp � LqLp � Lq) Let p ��� 1 � ∞ 	 . The spaceL1 
 Q;B� � L∞ 
 Q;B� is a
Banach space. For all measurable f : Q � B, wehave

1
2

�
f
�
L1 
 L∞ � �

f
�

p � � f
�
1
� � f

�
∞ � (E.1)

Finally, Lq � Lr �
c

Lp �
c

Lq � Lr , when1 � q � p � r � ∞.

Thus,Lq andLr aresum-compatible.SeeLemmasA.3.17andA.3.18for the
normsof X � Y andX � Y.

Proof: 1� L1 
 Q;B� � L∞ 
 Q;B� is a Banach space:Let 0 �� f � L1 � L∞.
Find ε � 0 s.t.µ 
 Eε ��� 0, whereEε : ��� q � Q ��

�
f 
 q� � � ε � . If f � g � h and�

h
�

∞ � ε, then
�
g
�
1 ��� Eε

ε � εµ 
 Eε � . Therefore
�
f
�
L1 � L∞ � min � ε � µ 
 Eε � ε ���

0. Thus, f �� 0  �
f
� � 0.
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For sumswehave�
f � g

� � � inf
f ! f1 � f∞ " g! g1

� g∞


 � f1 � g1
�
1
� � f∞ � g∞

�
∞ � (E.2)

� inf
f ! f1 � f∞ " g! g1

� g∞


 � f1
�
1
� � g1

�
1
� � f∞

�
∞
� � g∞

�
∞ � � �

f
� � � � g � � �

(E.3)

Obviously,
�
α f
� � ��#α # � f

� � for α � K . Thus,wecanapplyby LemmaA.3.17
(setZ : � L1 � L∞), anddeducethatL1 � L∞ is complete.

2� � f
�
L1 � L∞ � 2

�
f
�

p: W.l.o.g.,we assumethat1 � p � ∞ and
�
f
�

p
� 1.

Setg : � f χE1
, h : � f $ g. Then

�
h
�

∞ � 1 and

µ 
 E1 � �
%

E1

�
f
� p
Bdµ � � f

� p
p
� 1 � (E.4)

hence
�
g
�
1 � �

f
�

p
�
χE1

�
q � 1 & 1 � �

f
�

p, where p ' 1 � q ' 1 � 1. Thus,�
f
� � �

g
�
1
� � h � 1 � 2.

3� � f
�

p � � f
�
1
� � f

�
∞: This follows from LemmaB.3.14.

4� Embeddings:By (E.1),theembeddingsarecontinuousfor q � 1, r � ∞.
Thus,we canapply LemmasA.3.17 andA.3.18 to obtainthoseclaimsin the
generalcase. (
Given p �)� 1 � ∞ 	 and a measurablef : Q � � 0 � � ∞ � s.t. f � 0 a.e., we

defineLp " f 
 Q;B� to bethespaceof (equivalenceclassesof) measurablefunctions
g : Q � B s.t. �

g
�

p " f : � �
f g
�

p � ∞ � (E.5)

Obviously, g *� f g is an isometricisomorphismof Lp " f onto Lp; in particular,
Lp " f is a Banachspace.Note alsothat the zeroelementsof all suchspacesare
equal. Of thesespaces,we aremainly interestedin spacesLp

r : � Lp " e+ r ,
. Such

spacesaresum-compatiblefor all p’s andr ’s:

Lemma E.1.2(Lp
r
� Lq

r -Lp
r
� Lq

r -Lp
r
� Lq

r - ) Let1 � p1 � p2 � p3 � ∞, andlet fk : Q � � 0 � � ∞ � be
s.t. fk � 0 a.e. (k � 1 � 2 � 3). Then

ThenLp1 " f1 andLp3 " f3 aresum-compatible. Moreover,

(a) Lp1 " f1 andLp3 " f3 aresum-compatible.

(b1) if fk � f2 (k � 1 � 3), thenLp1 " f1 � Lp3 " f3 �
c

Lp2 " f2.
(b2) if fk � f2 (k � 1 � 3), thenLp2 " f2 �

c
Lp1 " f1 � Lp3 " f3.

In particular, if J � R is an interval andωk � R (k � 1 � 3), thenLp1
ω1 andLp3

ω3

aresum-compatible.

Analogously, . p1
r1 and . p3

r3 aresum-compatiblefor r1 � r3 � 0 (see(13.2)).
Proof: (a)1� If f2 � f1, thenLp " f2 �

c
Lp " f1: Obviously,

� & � p " f1 � � & � p " f2.
2� Casep1

� p3: By 1� , we have Lp1 " fk �
c

Lp1 " f (k � 1 � 3), where f : �
max� f1 � f3 � . Thus,Lp1 " f1 andLp1 " f3 aresum-compatible.
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3� Case f1 � f3: UseLemmaE.1.1and the isometricisomorphismf1 & :
Lp " f1 � Lp to seethat

� & � Lp1 / f1 � Lp3 / f1 is a norm. Thus, Lp1 " f1 � Lp3 " f1 is a
Banachspace,henceLp1 " f1 andLp1 " f3 aresum-compatible.

4� General case: Set f : � max� f1 � f3 � . By 3� , Z : � Lp1 " f � Lp3 " f is a
Banachspace. By 1� , Lpk " f �

c
Z (k � 1 � 3), henceLp1 " f and Lp3 " f are sum-

compatible.
(b1)Let fk � f2 (k � 1 � 3). ThenLpk " fk �

c
Lpk " f2 (k � 1 � 3), by 1� . Therefore,�

kLpk " fk �
c

�
k Lpk " f2 (k � 1 � 3), by LemmaA.3.19(c1)&(c2). But � kLpk " f2 �

c

Lp2 " f2, by LemmaE.1.1(andtheisomorphism,cf. 3� ), hence(b1)holds.
(b2)Theproof of (b2) is analogousto thatof (b1)andhenceomitted.
Thefinal claim: Now Lpk

ωk : � Lpk " e+ ωk , �
c

Lp1 " f � Lp3 " f (k � 1 � 3), by (b2),
where f : � mink! 1 " 3e' ωk 0 . (
Thefollowing conceptis requiredfor someinterpolationresults:

Definition E.1.3(1 
 X1 � Y1 � � 1 
 X2 � Y2 �1 
 X1 � Y1 � � 1 
 X2 � Y2 �1 
 X1 � Y1 � � 1 
 X2 � Y2 � ) Let 
 X1 � X2 � and 
 Y1 � Y2 � be sum-
compatiblepairs of normedspaces. Thenwe write T �21 
 X1 � Y1 � � 1 
 X2 � Y2 �
if T � Hom
 X1

� X2 � Y1
� Y2 � is s.t.T �31 
 X1 � Y1 � , T �41 
 X2 � Y2 � . Weset�

T
�6587

X1 "Y1 9 
 5:7 X2 "Y2 9 : � max� � T �6587 X1 "Y1 9 � � T �6587 X1 "Y1 9 � � (E.6)

Here we do not distinguish betweenT and its restrictions. The above
requirementsforce T to be continuous X1

� X2
� Y1

� Y2 (with norm�
maxk! 1 " 2 � T �6587 Xk "Yk 9 ), by 1� of theproof of LemmaE.1.4.

Note that LemmaA.3.18 provides an alternative definition for 1 
 X1 � Y1 � �1 
 X2 � Y2 � ; obviously, this coincideswith the one above, up to the norm (we
do not consider 1 
 Xk � Yk � being a vector subspaceof some vector spaceZ
(k � 1 � 2) if T �;1 
 X1 � Y1 � � 1 
 X2 � Y2 � doesnot imply T 
 x1

� x2 � beingdefined
andequalto Tx1

� Tx2 for xk � Xk (k � 1 � 2); the latter condition implies that
T � Hom
 X1

� X2 � Y1
� Y2 � ).

Weobviouslyhave 1 
 X � Y1 � � 1 
 X � Y2 � � 1 
 X � Y1
� Y2 � , isometrically.

We now give four equivalentdefinitionsof 1 
 X1 � Y1 � � 1 
 X2 � Y2 � (the fourth
on X0):

Lemma E.1.4 Let 
 X1 � X2 � be a sum-compatiblepair of normedspaces,and let
 Y1 � Y2 � a sum-compatiblepair of Banach spaces.Then(i) < (ii) < (iii), where

(i) T �41 
 X1 � Y1 � � 1 
 X2 � Y2 �
(ii) T �=1 
 X1

� X2 � Y1
� Y2 � , T �=1 
 X1 � Y1 � andT �=1 
 X2 � Y2 � ;

(iii) T �=1 
 X1
� X2 � Y1

� Y2 � , T �X1 	 � Y1 andT �X2 	 � Y2.

Let X0 be a densesubspaceof X1, X2 andX1
� X2. If T0 � Hom
 X0 � Y1

� Y2 �
andthere is M � ∞ s.t.�

T0x
�
Yk � M

�
x
�
Xk


 x � X0 � k � 1 � 2�>� (E.7)

then T0
� T # X0

for a unique T ��1 
 X1 � Y1 � � 1 
 X2 � Y2 � . Moreover, T0 has
unique continuousextensionsin 1 
 X1

� X2 � Y1
� Y2 � , 1 
 X1 � Y1 � , 1 
 X2 � Y2 � and
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1 
 X1
� X2 � Y1

� Y2 � , and theseare of norm � M and coincidewith T on their
domains.

Conversely, if T satisfiesany(henceall) of (i)–(iii), thenT0 : � T # X0
is asabove.

If X1
� Lp

ω

 J;B� and X2

� Lq
ω - 
 J;B� for somep � q �?� 1 � ∞ � , ω � ω @8� R (see

Definition D.1.3), thenwe may take X0 : � X1
� X2, or X0 : �BA ∞

c or let X0 be the
setof simpleL1 functions(or any setbetweenthese),by TheoremB.3.11.

Proof: 1� (i)–(iii): Trivially, (ii)  (i)&(iii). By LemmaA.3.6, we have
(iii)  (ii). Obviously,

�
T
�6587

X1
� X2 "Y1

� Y2 9 � maxk! 1 " 2 � T �6587 Xk "YK 9 , so that (i)
implies(ii).

2� T0 C T: If T satisfies(ii), then T0 : � T # X0
satisfies(E.7) for M : �

maxk ! 1 " 2 � T �6587 Xk "Yk 9 .
For theconverse,let T0 beasin thelemma.By LemmaA.3.10and(E.7),T0

hasuniquecontinuousextensionsT @0 �D1 
 X1
� X2 � Y1

� Y2 � andTk �E1 
 Xk � Yk �
(k � 1 � 2), with norm � �

M
�
. If � xn � � X0 and xn

� x � X1
� X2, then

T @0xn
� T @0x in X1

� X2, hencein X1 and in X2 too, so that T @0x, T1x and T2x
mustall beequalto this limit. Thus,T @0, T1 andT2 coincideonX1

� X2.
By Lemma A.3.19, X0 is densein X1

� X2. One easily verifies that�
T0x

�
Y1
� Y2 � M

�
x
�
X1
� X2, so that there is a unique continuousextension

T �E1 
 X1
� X2 � Y1

� Y2 � too, againwith norm � M, by 1� . If X0 F xn
� x in

Xk, thenTxn
� Tkx in Yk andTxn

� Tx in Y1
� Y2, henceTkx � Tx (x � Xk,

k � 1 � 2). Thus T coincideswith T @0, T1 and T2. In particular, (iii) (hence
(i)–(iii)) is satisfied. (
Next wegiveequivalentconditionsfor T �31 
 X � Y � :

Lemma E.1.5(T �=1 
 X1 � Y1 � � 1 
 X2 � Y2 � & T �X 	 � Y  T �31 
 X � Y �T �31 
 X1 � Y1 � � 1 
 X2 � Y2 � & T �X 	 � Y  T �41 
 X � Y �T �41 
 X1 � Y1 � � 1 
 X2 � Y2 � & T �X 	 � Y  T �=1 
 X � Y � ) Let
X1 � X2 � Y1 � Y2 be normed spaces. Let X and Y be Banach spaces. Let
 X1 � X2 � and 
 Y1 � Y2 � be sum-compatiblepairs. Let X �

c
X1
� X2 and Y �

c

Y1
� Y2. LetT �31 
 X1 � Y1 � � 1 
 X2 � Y2 � .
Thenthefollowingareequivalent:

(i) T # X �=1 
 X � Y � ;
(ii) T �X 	 � Y;

(iii) thereareM � ∞ anda densesubspaceGX � X s.t.� Gx � X � 1  �
T Gx � Y � M 
 Gx � GX � � (E.8)

Moreover, if (iii) holds,then
�
T
�6587

X "Y 9 � M.

Recallthat
�
y
�
Y
� ∞ for y �� Y.

Proof: (As theproofshows,wecanallow X to beincompleteif wegiveup
theimplication(ii)  (i).)

Recallfirst thatT �=1 
 X1
� X2 � Y1

� Y2 � , henceT �31 
 X � Y1
� Y2 � (because

X �
c

X1
� X2).

1� (i)  (ii): This is obvious.
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2� (ii)  (i): Now (ii) implies(i), by LemmaA.3.6,becauseT �31 
 X � Y1
�

Y2 � .
3� (i)  (iii): Take GX � X, M : � �

T # X � .
4� (iii)  (i): Let T0 �=1 
 X � Y � betheuniquecontinuousextensionof T0. IfGX F xn

� x in X, thenTxn
� Tx in Y1

� Y2 andTxn
� T0xn

� T0x in Y, hence
in Y1

� Y2 too,sothatT0x � Tx. Thisholdsfor all x � X, henceT0
� T # X. (

Now thatthepreparationsaredone,wecangivefour interpolationresults.We
startwith thevector-valuedformsof two celebratedtheorems:

Theorem E.1.6(Riesz–Thorin Inter polation Theorem) Let pk � qk �D� 1 � ∞ 	 (k �
0 � 1). Let µ andµ@ becompletepositivemeasureson setsQ andQ@ , respectively.
LetB andB@ becomplex Banach spaces.

If T � � k! 0 " 1 1 
 Lpk 
 Q;B�>� Lqk 
 Q@ ;B@H�I� , thenT �J1 
 Lp 
 Q;B�K� Lq 
 Q@ ;B@L�I� with
norm

Mθ � M1 ' θ
0 Mθ

1 � max� M0 � M1 �M� (E.9)

providedthat0 � θ � 1, Mk : � �
T
�6587

Lpk

7
Q;B9 " Lqk

7
Q- ;B- 9N9 (k � 0 � 1),

1
p
� 1 $ θ

p0

� θ
p1

and
1
q
� 1 $ θ

q0

� θ
q1
� (E.10)

Thus,logMθ is convex.
Proof: (This is an extendedand rigorous version of the (scalar case)

proof of Theorem1.1.1 of [BL]. The theoremalso holds for real B with
2M1 ' θ

0 Mθ
1 in place of M1 ' θ

0 Mθ
1 (note that

�
T
� 587

Lp
7
Q;B� iB 9 " Lq

7
Q- ;B- � iB - 9N9 �

2
�
T
� 587

Lp
7
Q;B9 " Lq

7
Q- ;B- 9N9 , where B � iB is the complexification of B (allow

complex scalarswith natural operationsand, e.g.,
�
x � iy

�
B� iB : � 
 � x � 2B ��

y
� 2
B � 1O 2).)
1� Only # � Q- gT f dµ@ # � M needsto be shown: W.l.o.g., we assumethat

0 � θ � 1, 1 � p0 � p1 � ∞ andq0 �� q1. Let q ' 1 � q@ ' 1 � 1, q ' 1
k
� q@k ' 1 � 1

(k � 1 � 2). By LemmaE.1.5andTheoremB.3.11,we only have to show that
(E.8) is satisfiedby thenumberMθ andtheset

GX : � SMFF
 Q;B� : �B� n

∑
k! 1

xkχEk
�� n � N � µ 
 Ek �P� ∞ � xk � B 
 k � 1 � �I�I� � n�K� �

(E.11)
By TheoremB.4.12,it sufficesthatgiven f � SMFF
 Q;B� , g � SMFF
 Q;B� s.t.�

f
�

p
� 1 � �

g
�
q- , wehave # � Q- gT f dµ@ # � M (notethatT f � Lq0 andg � Lq-0,

hencegT f � L1, by theHölderInequality).
2� We show it: Set 1Q p 
 z� : � p ' 1

0
� z
 p ' 1

1 $ p ' 1
0 � , 1Q q@ 
 z� : � q@0 ' 1 �

z
 q@1 ' 1 $ q@0 ' 1 � , asin (E.10),sothat p � q@R� H 
 C � , andRep 
 z�S' 1 � 
 p ' 1
1 � p ' 1

0 � ,
Req@ 
 z�T� 
 q@1 ' 1 � q@0 ' 1 � whenRez � 
 0 � 1� . Set

φ 
 z� t � : � �
f 
 t � � pO p 7 z9

B f 
 t �IQ � f 
 t � � B � ψ 
 z� t @ � : � �
g 
 t @ � � q- O q-

7
z9

B g 
 t @ �IQ � g 
 t @ � � B
(E.12)
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for z � Ω̄ � t � Q � t @U� Q@ (we set φ 
 z� t � � 0 if f 
 t � � 0, and ψ 
 z� t @L� � 0 if
g 
 t @L� � 0).

Obviously, φ 
 &V� q�>� ψ 
 &W� q�X� H 
 Ω;B� and RepQ p 
 z�J� 
 pQ p1 � pQ p0 � �
 0 � pQ p0 � (Rez � 
 0 � 1� ) (analogouslyfor q@ ). It follows thatφ � ψ � φz � ψz (which
arein SMFF) havea majorantin g � SMFF, independentof z � Ω̄.

Therefore,φ � A 
 Ω̄;Lp0 � � H 
 Ω;Lp0 � , by Lemma B.5.8. Analogously,
ψ � A 
 Ω̄;Lq-0 � � H 
 Ω;Lq-0 � (if q@0 � ∞, just note that ψ � ψz � A 
 Ω̄;L∞ � , and
use(d)&(e) of LemmaB.5.8).

By LemmaD.1.2(b1)&(b3)andtheHölderInequality, wehaveF � A 
 Ω̄ � �
H 
 Ω � , whereF 
 z� : � � Qψ 
 z� Tφ 
 z� dµ. For any t � R, wehave

�
φ 
 it � � p0

� � # f # pO p0
�

p0
� �

f
� pO p0

p
� 1 � (E.13)

and, similarly,
�
φ 
 1 � it � � p1

� 1 � �
ψ 
 it � � q-0 �

�
ψ 
 it � � q-1. Therefore,

#F 
 it � # � M0 and #F 
 1 � it � # � M1 for t � R, hence #F 
 θ � # � M

7
1 ' θ 9

0 Mθ
1,

by LemmaD.1.5.But φ 
 θ � � f andψ 
 θ � � g, henceF 
 θ � � � QgT f dµ, sowe
have reachedour aim. (
We alreadyknow that the Fourier transformmapsL1 
 R;H � � A

0

 iR;H � �

L∞ 
 iR;H � and L2 
 R;H � � L2 
 iR;H � . From the above theoremwe obtain
correspondinginterpolationresultsfor Lp 
 R;H � , 1 � p � 2:

Theorem E.1.7(Hausdorff–Young) Let H bea complex Hilbert space, ω � R,
p �2� 1 � 2	 and p ' 1 � q ' 1 � 1. Thenthe Fourier transform Y mapsLp

ω

 R;H � to

Lq 
 ω � iR;H � andLp
ω

 R � ;H � to Hq 
 C �ω ;H � with� Y f
�
q � 
 2π � 1O q � f

�
Lp

ω

 f � Lp

ω

 R;H �Z� (E.14)

(with equalityfor p � 2).
Moreover, if f � Lp

ω

 R � ;H � , then [f � Lq

ω

 ω � iR;H � is theboundaryfunction

of [f � Hq 
 C �ω ;H � , and \f ] g � [f [g on C
�
ω anda.e. on ω � iR for all g � Lr

ω

 ω �

iR;H � , where r ' 1 �E� 3Q 2 $ p ' 1 � 1	 .
Thismeansthattherestrictionof Y to L1

ω
� Lp

ω satisfies(E.14)andhashence
auniqueextensionontoLp. (By LemmaE.1.4,thiscoincideswith thePlancherel
Transformon Lp

ω
� L2

ω.)
Unfortunately, if H is a generalBanachspace,thenwe know this for p � 1

only; in particular, wecannotinterpolate.E.g., Y is notboundedA c

 Rn;c0 � � Lq

w.r.t. the Lp norm, wherep � 
 1 � 2	 andc0 : �^A
0

 N � is the spaceof sequences

N � C converging to zerowith thesup-norm(let 0 �� φ �`_ 
 iR � , φ � π a 0 " 19 φ, N �
N, sothatψ : � Y ' 1φ �b_ 
 R � � Lp, andset fk : � eik 0 φ sothat [fk 
 ir � � φ 
 ir $ ik �
for k � N; it follows that

� [g � p
p
� N

�
φ
� p

p).
Proof of Theorem E.1.7: (We take ω � 0 w.l.o.g.)
1�c[f � Lq: Wealreadyknow this for p � 1 andfor p � 2. By LemmaE.1.4,Y # L1 
 L2 hascontinuousextensionsto 1 
 L1 � L∞ � and 1 
 L2 � L2 � (by uniqueness

theseextensionsareequalto Y ) and Y extendsto 1 
 L1 � L2 � L∞ � L2 � , henceYd�b1 
 L1 � L∞ � � 1 
 L2 � L2 � . Thus,wecanapplyTheoremE.1.6to obtain(E.14)
by adirectcomputation.
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2�`[f � Hq: Let f � Lp 
 R � ;B� . Wehave
�
f
�
Lp

α
� � f

�
p for all α � 0, hence� [f � Hq � �

f
�

p.
Seth : � f ] g, so that

�
h
�
v � �

f
�

p
�
g
�
r , wherev ' 1 � p ' 1 � r ' 1 $ 1, by

LemmaD.1.7. Becausev �e� p � 2	 , we have
� [h � v- � 
 2π � 1O v- � f

�
p
�
g
�
r , where

v ' 1 � v@ ' 1 � 1.
If f � g � A c, then [h � [f [g on C �gf � ∞ � , by LemmaD.1.11(c’). In general,

if fn � gn � A c and fn
� f in Lp, gn

� g in Lr , then [hn
� [h in Lv- , hence

a.e.,and [hn
� [fn [gn

� [f [g a.e. (herewe have replace � 
 fn � gn �K� by a suitable
subsequence),so that [h � [f [g a.e. By LemmaD.1.11(c’), [h � [f [g on C

�
α for

eachα � 0 (becausef � g � L1
α), henceonC

�
.

Let g : � χ a 0 " 19 , sothath : � f ] g � Lp � L2 
 R � ;H � . By Theorem3.3.1(a2)

(or by thecorrespondingscalarresult),[h is theboundaryfunctionof itself a.e.
(in the senseof condition(1.) of Theorem3.3.1(a1)),henceso is [f , because

[g 
 s� � 
 1 $ e' s�IQ s is invertiblea.e.on iR. (
By the Riesz–Thorintheorem,we caninterpolatebetweenLp

r andLq
r . Next

weshow thatwecanalsointerpolatebetweenLp
r andLp

r - :
Proposition E.1.8(Lp

rLp
rLp
r interpolation w.r.t. rrr) Let p � q �D� 1 � ∞ � , $ ∞ � a � b � ∞.

Let J � R be an openinterval. Let Y be the setof simplefunctionsJ � B, orY � Lp
a

 J;B� � Lp

b

 J;B� or Y �hA ∞

c

 J;B� .

Let i : Y � Lq
a

 J;B� � Lq

b

 J;B� be linear ands.t.Ma � Mb � ∞, where Mr : �

sup� � i f
�
Lq

r
�� f �=YE�

�
f
�
Lp

r
� 1 � (r �D� a � b	 ).

Thenthere is a uniqueextensionGi of i to f r j a a " bk Lp
r

 J;B� s.t. Gil�31 
 Lp

r � Lq
r �

for all r �E� a � b	 . Moreover,� Gi � 587 Lp
r " Lq

r 9 � Mr � M1 ' θr
a Mθr

b � max� Ma � Mb � 
 r �D� a � b	m�>� (E.15)

where θr : � 
 r $ a�IQ 
 b $ a� .
Note that, under the above conditions, i : Y � Lq

a

 J;B� � Lq

b

 J;B� has a

uniquecontinuousextensionto i r �n1 
 Lp
r � Lq

r � , becauseA ∞
c
� Y is densein Lp

r ,
for any r �D� a � b	 .

Proof: (Thisproofis basedonthatof Riesz–ThorinInterpolationTheorem.)
1� We can take Y � Lp

a
� Lp

b w.l.o.g.: By density(seeLemmaA.3.10and
TheoremB.3.11),i hasauniqueextensioni r �o1 
 Lp

r � Lq
r � with

� i r
� � Mr for

r � a andr � b. Let f � Lp
a
� Lp

b. Then,by TheoremB.3.11,thereare � fn � � Y
s.t. fn

� f in both Lp
a andLp

b. Consequently, i a f � limn i fn � i b f a.e.,by
TheoremB.3.2.Therefore,wemayassumethat Y � Lp

a
� Lp

b.
2� f � g � φz � ψz � q@ : Let f � A ∞

c

 J;B� bes.t.

�
f
�
Lp � 1. Let g � A ∞

c

 J;BpS� be

s.t.
�
g
�
Lq- � 1, where1Q q � 1Q q@ � 1. Setφz : � ez0 f , ψz : � e' z0 g. If follows

that �
φz
�
Lp

Rez

� 1 � �
ψz
�
Lq-+ Rez


 z � C � � (E.16)

3� φ � ψ � F � A � H: Set GJ : � 
 supp
 f � f supp
 g�I� o. Note that the spaces
Lp

t

 GJ;B� (t � R) areequalwith equivalentnorms,henceπ qJ i π qJ �=1 
 Lp � Lq � .
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Using the Mean Value Theorem, one easily verifies that 
 z *� ez0 �g�
H 
 C;Lv 
 GJ �I� for v � ∞, hencefor any v ��� 1 � ∞ 	 (becauseL∞ 
 GJ � � Lp 
 GJ � ,
continuously).

Consequently, φ � H 
 C;Lp 
 GJ �I� andψ � H 
 C;Lq- 
 GJ �I� . Therefore,

F 
 z� : � Fφ "ψ 
 z� : �
%

J
ψz

 t � 
 i φz � 
 t � dt (E.17)

satisfiesF � H 
 C � , by LemmaD.1.2(b3).
4� #F 
 r � # � M @r : Wehave

#F 
 r � it � # � �
ψr � it

�
Lq-+ r

� i φr � it
�
Lq

r
� 1 & Mr


 r �;� a � b	r� t � R �>� (E.18)

hence#F 
 r � it � # � M @r : � M1 ' θr
a Mθr

b

 r �;� a � b	s� t � R � , by LemmaD.1.5.

5� Extendingi : For all r � r @t�;� a � b	 , thefollowing factshold: By Theorem
B.4.12, � i φr

�
Lq

r
: � �

e' r 0 i φr
�
q
� supqg jvu ∞

c "xw qg w q- ! 1

%
Gge' r 0 i φr � (E.19)

i.e.,
� i φr

�
Lq

r
is the supremumof functions #Fφ " ψ 
 r � # , where ψ is as above.

Therefore,
� i φr

�
Lq

r
� M @r .

But each A ∞
c

 J;B� function is a scalarmultiple of someφr of the above

form, hencei extendsto an operatori r �;1 
 Lp
r � Lq

r � with norm
� i r

� � M @r .
As in 1� , weseethat i r

� i r - on Lp
r
� Lp

r - . (
Also a converseholds: if il�=1 
 Lp

r � Lq
r � for all r � 
 a � b� with

� i � having an
uniformupperbound,then iy�=1 
 Lp

r � Lq
r � for all r �D� a � b	 :

Lemma E.1.9 Let p � q � a � b � J �zY{� Mr be as in Proposition E.1.8 (we may also
allow Y � Lp

r
f Lp

s for somer � s �?� a � b	 ). Let i : Y � L 
 J;B� be linear, and
let D � � a � b	 bedense.

ThenM : � supr j D Mr
� supr j a a " bk Mr

� max� Ma � Mb � ; in particular, i hasa
(unique)continuousextensionto 1 
 Lp

r � Lq
r � for each r �;� a � b	 iff M � ∞.

Proof: (In fact,D neednotbedense;it sufficesthataandbarein theclosure
of D.)

Part “only if ” and the moreover-claim follow from PropositionE.1.8.
Therefore,we assumethat ie�n1 
 Lp

r � Lq
r � for all r � D, hencefor all r � 
 a � b�

(by theproposition,wecanusecontinuousextensionsfor r ’sbetweenelements
of D).

Let φ beasimplemeasurablefunctionwith
�
φ
�
Lp

a
� 1. Then

�
φ
�
Lp

r

� 1 as
r � a� , by LemmaD.1.10(a3),and

M
�
φ
�
Lp

a | M
�
φ
�
Lp

r
� � i φ

�
Lq

r

� � i φ
�
Lq

a � (E.20)

Becauseφ wasarbitrary, we have i}�;1 
 Lp
a � Lq

a � with norm � M. The same
holdswith b in placeof a. (
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Notes
It seemsthat PropositionE.1.8 and Lemma E.1.9 cannot be obtainedas

corollariesto standardinterpolationtheorems(see,e.g.,[BL]) unlessweintroduce
additionalconstants.

TheRiesz–ThorinandHausdorff–Youngtheoremsandtheir proofsarefrom
[BL], except that we have madethe conceptsandthe proofsmorerigorousand
moregeneral.See[BL] for an extensive interpolationtheory, further references
andhistoricalremarks.



996 APPENDIX E. INTERPOLATION THEOREMS


