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Continuous-Time Control Theory
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Chapter 6
Well-PosedLinear SystemgWPLYS)

It mustbe remembexd that there is nothing more difficult to plan,
more doubtful of successnor more dangerousto manae, thanthe
creationof a new system For theinitiator hasthe enmityof all who
would profit by the preservationof the old institutionsand meiely
lukewarmdefendes in thosewhowould gain by thenew ones.

— Niccolo Machiavelli (1469-1527)

In this chapter we shall presenta theory on most aspectsWPLSs; only
dynamicstabilizationis left for the next chapter

Section6.1 treatsthe basicpropertiesof WPLSs: stability, realizationtheory
generatoranddual systems.

In Section6.2,we list the basicfactson regularity, which meanghe existence
of a feedthroughoperatorin a weak sense. This leadsto generalizationsof
classicalstate-spacand frequeng-spaceformulae for the mapsthat comprise
thesysteme.g.,of equations<¢ = Ax+ Bu, y = Cx+ Du for the stateandoutput
andequatioriD(s) = D 4+ C(s— A)~1B for thetransferfunction areestablishedn
aweaksensausingthe Weissextensionof C.

Not all WPLSshave a feedthroughoperatorD, but thereare alwayswaysto
definea compatiblepair (Cet, D) s.t.the above formulaebecomevalid; howvever
this theoryis lessfruitful andhencelessimportantthanthat of regular WPLSs.
Compatiblepairsarestudiedin Section6.3, wherewe alsopresenfurtherresults
on regularity, [strongor weak] LP impulseresponseandHP transferfunctions,
relationsbetweera WPLS andits generatorsandreachabilityandobsenability.

In Sections6.4 and 6.5, we defineand study coprime, spectraland lossless
factorizationsTheimportanceof thesefactorizationss duethefactthatin mary
control problems,the existenceof a (nhonsingular)solutionis equivalentto the
equialenceof sucha factorization;also dynamic feedbackis intimately con-
nectedto coprimefactorization.We alsopresentwo weakformsof coprimeness
thatareusefulin infinite-dimensionasettingsthewealer of thembeinginvariant
under(inverse)discretizationand henceallowing us to reduceseveral resultsto
thesimplerdiscrete-timeheory

Sections6.6 and 6.7 treat statefeedback,outputinjection and static output
feedback.n Section6.8, we studysystemsvhosesemigrougs smoothing(e.g.,
ABy € L{ (R4;H) for all ug € U).
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In Section6.9, we shov that a transferfunction D hasa realizationwith
boundedB iff D — D(+) € Hgtrong over someright half-plane.We alsoestablish
analogousresultsfor realizationswith boundedC and for Pritchard—Salamon
realizations.

To getashorterintroductionto WPLSs justreadthe partsof Sections.1,6.2,
6.4and6.6thatseeminteresting.Throughouthis chapterthelettersH, U, W, Y,
Z, Hy, U andYi (k € N) denotearbitrary(comple) Hilbert spaces.



~ X TA Bt x = AXg + Btu
~Ylc|p| y=Co+Du

Figure6.1: Input/state/outpudiagramof the systemx

6.1 WPLS theory

Foolproof systemslon't take into accounttheingenuityof fools.
— GeneBrown

We start by defining WPLSSs; seep. 22 for a motivation. Our formulation
followsthatof Olof Stafans.Thecorrespondenc® Weiss'notationis explained
onpp.158and166. RecallalsothatL2 = e*L? = {f |e™® f € L?}.

Definition 6.1.1(WPLS and stability) Letw € R. Anw-stablewell-posedinear
systemon (U,H,Y) is a quadrupléz = [%%], whee A, B, C, and D are
boundedinear opefators of thefollowing type:

1. A(t): H — H is astrongly continuoussemigpoup of boundedinear opefa-
torsonH satisfyingsupcg, [le"“ A(t)[| < o;

2. B: L2(R;U) — H satisfiesA(t)Bu = Br(t)r_u for all ue L3(R;U) and
te Ry,

3. C: H = L3(R;Y) satisfiesCA(t)x = 1, 1(t)Cx for all x € H andt € R ;

4. D: L2(R;U) — L2(R;Y) satisfiest(t)Du = Dr(t)u,  Dryu = 0, and
T, Drt_u= CBu forall ue L2(R;U) andt € R.

We write ¥ € WPLS,(U,H,Y) (or Z € WPLSif we do not wish to specify
stability).

Thedifferentcomponentsf > = [%}%} are namedasfollows: U is theinput
spaceH thestatespaceY theoutputspaceA the semigroupB the reachability
map C the obsenability map andD the I/O map(input/outputmap)of .

We allow theright column(or thebottomrow) to beempty e.g.,wecall [M}
aWPLSIff 1. and2. aresatisfiedthisis equialentfor [%}%‘] beingaWPLS (for
ary Y). Thesameappliesto [21].

Intuitively, the reachabilitymapB mapspastcontrolsinto the presentstate,
the obsenability mapC mapsthe presentstateinto future obserations,andthe
I/0 mapD mapsinputsinto outputsin a causalway. The condition“4.” imposed
on D requiresthatD € TIC,(U;Y) andthat the Hankel operatorinducedby D
is equalto CB. The definitionsof this sectionare moreextensvely explainedin
[Sbook](orin [S97b]-[S98c]).

Thisis anordinarymatrix with operatorvaluedelementgcf. AppendixA). Therulelinesare
justfor makingtherecognitionof elementsasierespeciallyin the caseof multiblock elements.




Obviously, axioms2. and3. imply thatBr, =0=r1t_C. Sincem; L2 C ;L2
andr Lﬁ, C 1_L2, continuouslyfor ary «¥ > w, we canincreaseawin Definition
6.1.1(usealsoLemmaZ2.1.11)whenwe identify B, C andD with their unique
continuougrestricted)extensions:

Lemma 6.1.2(WPLS, C WPLSy) Let [%%} € WPLS,, for somew € R. Then
[212] € WPLS for all of > w. 0

(Thisis Lemma2.4 of [S98a].)

We alsonotethatif [42] € WPLS, and[418] € WPLS,, then[412 2] €
WPLS,,. However, having [ A | B |,[4] € WPLSdoesnotimply that[£]2] €
WPLS for ary D (unlessB or C is bounded;seeLemma6.3.16), by Exam-
ple6.3.24.

Definition 6.1.3(Stability) Let> = [412] ¢ WPLS(U,H,Y) andwe R.

If axioml. (resp.2.,3.,4.) of Definition6.1.1holds,thenwesaythat A (resp.
B, C, D) is w-stableand X is internally (resp.input, output,l/O) w-stable

If < is [internally] w-stableand e “*A(t)x — O strongly (resp.weakly)as
t — oo for all x € H, thenX is [internally] strongly(resp.weakly) w-stable and A
is strongly(resp.weakly)w-stable We call B strongly(resp.weakly)w-stablef B
is w-stableandBt! u — 0 strongly(resp.weakly),ast — +oo, forall ue LZ(R;U).
For C andD, “stronglystable” or “weakly stable” means'stable”.

If > € WPLS,, for somew < 0, thenZ is exponentiallystableTheprefix“ O-
is usuallyomitted(e.g., Z is strongly stableiff it is stableand A(t)xg — O as
t — +oo, for all xg € H).

An output stable and 1/0O-stable WPLS is called a Stable-Output(Well-
PosedLinear) System(or SOS-stable);we denotesud systemsby SOS (or
SOSU,H,Y)). Thus WPLS C SOSC WPLS:= UurWPLS,.

Sometimesstrongly stable”is called“asymptoticallystable”and“exponen-
tially stable”is called“uniformly stable”. Obviously, “exponentiallystrongly”is
equialentto “exponentially”.

If < is minimal andfinite-dimensionalthenit is stableiff it is exponentially
stable. Whenerer dimH < oo, the systemis strongly (or weakly) stableiff it is
exponentiallystable(iff the eigervaluesof the generatoof A have negative real
parts). Therefore,in finite-dimensionalcontrol theory “stable” usually means
“exponentiallystable” (andthe sameappliesto stabilizability and detectability);
this practiseis common also in earlier infinite-dimensionaltheory but less
commonin thetheoryof WPLSs.

The WPLS Z is exponentiallystableiff A is exponentiallystable by Lemma
6.1.10(al)put the w-stability of A doesnotimply thatof Z. If Z is stronglystable,
thensois B (andA), by Lemma6.1.13that

SOS-stabilitymeansthat the systemmapsary initial statexp € H andinput
u e L?(Ry4;U) continuouslyto the outputy = Cxo +Du € L2, It is the wealest
assumptionthat allows one to use the stable case methodsfor most control
problemg(this assumptiorwasmadein [WW] t00).

We definedual systemsasin Proposition6.1 of [WW]:



Lemma 6.1.4(Dual systemz?) Let ¥ = [A12] € WPLS,(U,H,Y), w € R.

Thenits dualsystem(or (causal)adjoint system)

Ad | A* | C*4
3= |5 = { | (6.1)
B¢ | DA AB* | AD*A
is in WPLS,(Y,H,U). Moreover, (29)9 = 3. O

(We leave the simple verification of the lemmato the reader) For the
generatorg[5-1<"] or [&<7]) of 9, seeLemma6.1.16andLemma6.2.9(b).
Notethatour dualsystemsarecausalunlike thosein [S95]-[S98d].

Here (Au)(t) := u(—t) (henceql : L2 — L2, is anisometricisomorphism).
Theadjointsaretakenwith respecto the L2 innerproduct(i.e., without a weight
function); e.g.,for C € B(H,L%(R;Y)) we have thatC* € B(L2 ,(R;Y),H) and
(cf. LemmaA.3.24)

©Wgizy = [ACIOVON A= KTy (XEH, YELZRY)).
(6.2)
(Equivalently, C* = Ce~**, whereC" is theadjointof C w.r.t. (-, ) 2; notealso
that C* = C*1t,, CH = C"m,.) This makes 29 independenbf w (cf. Lemma
6.1.2),andCY becomesi-stableiff C is a-stablefor any o € R; the sameapplies
to A, B andD.

Note that L2, is the dual of L2 with respectto this (weightless)L? inner
product. Note alsothat the standardnvolution rulesapply, e.g., (DC)* = C*D*
and(CB)* = B*C* regardlesf w.

In controltheory oneusuallyassumeshe systemto have aninitial value (at
t = 0, w.l.o.g.) andacontrol (on (0, «)). Sometimeghe systemis assumedo be
controlledfrom —oo to oo (usuallythelattersettingis only usedin proofsof results
for theformersetting).We formulatethis in detail:

Definition 6.1.5(Stateand output — [212] : 9]+~ [}]) In the initial value
setting with initial time zeio, initial value xg € H, and control (or input) u €
L2(R4;U), the contolled statex(t) € H at timet € R, and the outputy €
L2(R.,Y) of Z are givenby (cf. Figure 6.1)

V10 R[] e

In the time-invariantsetting the contmolled statex(t) € H attimet € R and
the outputy € L2(R;Y) of = with control (or input)u € L2(R;U) are givenby

-

Sometimesve usethe Salamon-\issnotation(t' := 1(t) and)

Al B A(t) BT(t)T[[O,t)].[XO] [X(t)]
[Ct Dt} o [ MoyC  ThoyDroy | [u] ™ [mogy]” (6:9)



Becausef (6.3),wesometimesienotex by [ 21| (naturally “ > : '] — [}]”

refersto [211]).

To treatboth settingsat once,we sometimesallow for u € L2(R;U) in (6.3)
(but we areinterestednly in casesvherexy = 0 or Tt_u = 0). By causality the
stateandoutputarewell definedfor u € L2 (R;;U) too (with y € L2 (R;Y));
cf. Definition2.1.1. o

G. Weiss et al. use symbols [gt %’:} ‘= [é g} and define WPLSs by

requiring this quadrableto be linear and continuousH x L?(R;;U) — H x
L2(R;Y) (i.e., by requiring = to be locally continuous)andto satisfy instead
of (2.)—(4.),thealgebraicconditions

B> (uosv) = A'BSu+ By, (6.6)
CStxg = C3xp0sCt ASXg, (6.7)
DS (Uosv) = Douos(C'BSu+Div)  (u,ve L3(Ry;U), xoeH);  (6.8)

here Uosv := To U + v (A is still requiredto be a Co-semigroup). By
discretization(seeTheoremsl3.4.4and 13.4.5,0r the proof of Lemma6.1.10),
it thenfollows from Lemmal3.3.3(b)thatX is w-stablefor any w > wa (where
wa is the growth rateof A), hencethe two definitionsof WPLSs(andthatof D.
Salamonjreequialent(see[Sbook]for details).

Of thesetwo notationswe try to usethe one(often*” [%%} ") thatleadsto a
simplerformula. Obviously, (6.3) impliesthat,for s,t > 0, we have

©™X(t)] _ [x(t+9)] _ [A' B[ x(s) (6.9)
Tyl  |y(-+s)| |C D||mt8u|’ '
Fromaxiom4. of Definition 6.1.1we concludethat
Tt o) DT _ooy) =T 'CBT' (t€R). (6.10)

“Shift semigroupsystems”are often usedasrealizationsof given I/O maps;
thesesystemsareusefulfor WPLSstoo; indeed,every well-posed/O maphasa
realizationasa WPLS.:

Definition 6.1.6(Realizations) Let D € TIC,(U,Y), w € R. If == [A]F] €
WPLS(U,H,Y) for someHilbert spaceH, thenwe call X~ (togetherwith H) a
realizationof D.

We call the (strongly w-stable)system

s . [mt| DT
“"_[ | | D

the exactly w-obsenablerealizationof D.
ThesystenE, € WPLS,(U,H,Y), wheeH = {rm,Dr_u|ue L(R;U)} and

ity oeH), (612)

] € WPLS,(U,L2(R4:Y),Y) (6.11)

2. 2 :
Xoll§ 1= ||Xol|¢2 + inf
|| ”H ” |||_2m UEL2 B

(A)aTLF —

is theminimal w-stableexactly w-obsenrablerealizationof .

(Notethatwe have identifiedthetwo systemg*%,"), althoughthe semigroup



andthe outputmap of the latter systemare actually restrictionsof thoseof the
former (andthe rangespaceof the semigroupandthe input map arerestricted
analogously) The situationwith Lemma6.1.2wassomavhatanalogousDespite
the name, the latter realizationis not the only minimal w-stable exactly w-

obsenablerealizationof I.)

Analogously the w-stable realization X = [ 5t is exactly -
reachabldseeDefinition 6.3.25).

The minimal w-stablerealizationsof D correspondaturally one-to-oneto
“admissible”w-stablefactorizationsf the Hankel operatorrt, Drt_, asshawvn in
[S99] (combinedwith Remark6.1.9).

Obviously, %, is a WPLS over (U,L2(R,;Y),Y). It is alsoa WPLS over
(U,H,Y):

Lemma6.1.7 Let D € TIC,(U,Y), w € R.  The minimal w-stable ex-
actly w-obsenable realizationof D is an w-observable exactly w-reacable
(henceminimal) w-stable WPLS. This realization is exactly w-observableiff
1, D [L2(R;U)]is closedin L2 (R;Y).

Proof: Set [2{2] := %, SetX :=Ker(B)* C L2, so that ||Bul|3 :=
Bul[z, + [lullZ, for all ue X. Thus, T =B, : X — H becomesoercie,

henceT € GB(X,H). ConsequentlyH is complete,hencea Hilbert space.
Moreover, H C LE,

Wehave i, 1B = A'B = i, 'Dit. = Bttt (t > 0), hence
IA"BullE = [IT'Bullf +[|T'ullE, < &*||Bullf (6.13)

for ue X, t >0, by (2.2), hence||A"|| ) < €, i.e., A, is an w-stable
semigroupon H (it neednot be strongly w-stable,but it is weakly w-stable),
becauseats semigrouppropertiesare inheritedfrom A andits strong(or Co-
)continuity on H follows from the factthat'Bu — Bu andtiu — uin L2, as
t — O+.

BecauseX C L2 is closed,the orthogonalprojectionP : L2 — X is con-
tinuous, hencesois B = TP € B(L2,H). Ohviously, C remainscontinuous
with this strongertopology of H c L2 and the other propertiesof the ex-
actly w-obsenable realizationof D are presered (exceptthat X is exactly
w-reachablaff B is coercive on X, equivalently, iff B hasa closed-range,e.,
iff the Hankel operatorr, Dri. (on L2) hasa closedrange). It follows that
> € WPLS,(U,H,Y). 0

Example 6.1.8 The exactly obsenable realizationof D := 1(—1) € TIC(C) is
givenby

5= [%’E] = [ nlﬂ } T(_T?_T[Sl’o) ] € WPLS(U,H,Y),  (6.14)




whereU = C =Y andH :=L?(R,;Y). Thus,
[At | ¥ ] _ [“ﬂt T Mmax0s-2) ] : [XO} - [ X(t)y} (6.15)

c ‘ D! Thoy) ‘ T o1 u Toy)
and ; )
AY | C (—)m | 4
54— —’— = : 6.16
]Bd ]D)d [ T_lT[[_l,o)ﬂ ‘ T(—l) ( )
SeeExamples.2.14,6.3.7,8.3.12and9.8.15for moreon 2. <

We often assumehat w = 0; the correspondingesultsfor generalw canbe
obtainedby shifting stability (we extendhereRemark2.1.6):

Remark 6.1.9(Shifting stability) Leta,w e R. LetZy bethe stability shift (or
scalingopemtor) E — e*'Ee~% . Then7y isanisometricisomorphisnof Tl onto
Tlwta andof TIC, ontoTIC, o (becausdr |L2,, , = e [, ]L2, isometrically).

Obviously Tome = 1o Ty, ToT(t) = T(t) g, T(t)e” = e”e?1(t) (t € R), and
we have

Ta(EF) = (T4E) (T F), Ta(BE+YF) = BLE+YLF,  (6.17)
(TE) ™ = TE L, (TE)* = T_oE", (6.18)
(TaB)? = ToE, TE=1(-a)E. (6.19)

The operator 7, can be extendedto a bijection of WPLS,(U,H,Y) onto
WPLSy+a(U,H,Y), bytherule

(413 e 2] 22 e

This extendedbijection preservesall propertiesof Z modulothe change in
stability; e.g, the bijectiondoesnot affectthenormsof A, B, C andDD (remember
tﬁgttheirdomainsare changedbytheamounta), nor theregularity of D (because
TaD(s) = ]ﬁ(s— a)), asoneeasilyverifies(see[Sbook]for details).

Moreover, this shift commutesvith the multiplication by static operators and
with the valid sumsand compositionsof operators, hencethe shift of a system
(andits admissiblestateor outputfeedbak& operators) corresponddo the same
shift of the closed-loopsystem(an analogousremarkappliesto all closedloop

systemgorrespondingany definitiongivenin Summany6.7.1). 0

A(SeeSectionG.Zfor regularity andSummary6.7.1for feedback.Theformula
TqE = ]E(- —a) refersto Theoren3.1.3(al)for E € TIC. it alsocoversTheorem
6.2.1.)

In Lemma6.2.9(c)wewill shaw thatthegeneratorsf 7y [412] are[AL01C]
(or [A2LET if 3 is WR). Note thata > 0 decreasestability, i.e., shifts the
transferfunctionto the right. If Du = px u for all u € L2 for a measureu then
Do u = (e W) xufor all u € L2, (seeDefinition 2.6.3andLemmaDb.1.12(d)for
details).

A systemis almostasstableasits semigroup:




Lemma 6.1.10(Exp. stability) LetZ=[212] e WPLSU,H,Y)and—e < w<
W < . Then

(al) Z is exponentiallystableiff A is exponentiallystable

(a2) X € WPLS,, andBt € TIC,(U,H) wheneer w > wa.

(b1) If B is w-stable thenBt andD are wf-stable

(b2) If Bt is w-stable thenB andD are w-stable

(b3)If C is w-stable thenD is w'-stable D[L2] ¢ L2, andhenceLemma2.1.13

applies.
(cl) If A is exponentially stable then A,C € B(H,L?) and Bt,D €

(c2) If B is exponentiallystable thensoare D andBt.
(c3)If C is exponentiallystable thensois D.

SeeLemmaA.4.5andTheorem6.7.10(d)for furtherequivalentconditions.

WhenA is bounded(or A is compactor differentiable) exponentialstabiliz-
ability is equivalentto the conditiono(A) C C~; for generainfinite-dimensional
systemghe latter conditionis strictly wealer, asillustratedin Example5.1.4 of
[CZ].

(The*“spectrumdeterminedyrowth condition” supRea(A) = wa holdsfor ary
boundedA andary compacr differentiablesemigroupsee[CZ] or [Sbook]for
details.)

Proof: (Part(al)wasindependentlyrovedby D. SalamomandG. Weiss.)
All this follows from Lemma 13.3.8 through discretization,see Theorems
13.4.4and13.4.5. O

If Cis stablethenD is “almoststable”,by (b3) above. We oftenusethis fact
combinedwith Lemma2.1.13,hencewe give the conclusionsereexplicitly:

Lemma6.1.11 Let [2]2] € WPLS and let C be stable ThenD[L2] C L?; in
fact, Dry_v 1) € B(L?) for all T > 0. Moreover, D € TIC,, for all w > 0.

SeeLemma?2.1.13for furtherimplications.
Proof: We have D 5y = D'+ 171CB! € B(L%([0,1);U),L?), hencethe
claimsfollow from Lemma2.1.13. O

A mapis stableiff it mapsstableinputsto stableoutputs:

Lemma6.1.12 Let [%}%} € WPLSandw € R. ThenC is w-stableiff C[H] C L2,
andD is w-stableiff D[rt, L2] C L2,

Proof: Let CH c L2. ThenC € B(H,L2), by LemmaA.3.6, because
C € B(H,L3) for a := max{wa + 1,w}. The corverseis trivial. The claimon
D isLemma2.1.10(e). O

If(f) B is stable thenthe strongstability of A impliesthatof B:



Lemma 6.1.13(Strongly stableB) Let [ A | B | € WPLSU,H,{0}). Then
thefollowing are equivalent:

() B is stronglystable;
(i) B is stableandBt'u — 0, ast — 4o, for all u € LZ(R_;U);

If [ A | B ] is stronglystableor B is exponentiallystable thenB is strongly
stable

Proof: 1° (i)<(ii): Obviously, (i) implies (ii). Assume(ii). Thenwe may
allow for any u € L2(R;U) (i) (replacet byt + T for suitableT € R)), hence
for any u € L2(R;U), by continuity; thus,(i) holds.

2° If [ A | B ] is strongly stable,and u € LZ(R_;U), thenBt' *'u =
A'Bt"u— 0, ast — +, thus,thenB is stronglystable by 1°.

3 If B is w-stable,w < 0, then||Bt'ulln < M||t'ull 2 < Me“|lul| 2 — O,
ast — +oo, forallue L2(R, ;U). Thus,thenB is stronglystable by 1°. O

Assumefor awhile thatdimH < . ThenA is stableiff o(A) c C~ andA
is strongly (or exponentially)stableiff o(A) C C~. However, for a non-strongly
stableA (sayH = C andA € iR), mapsB, C andD areunstableunlessthe non-
stronglystablepolesof A areunreachabler unobserable.

The strong stability of A doesnot imply that of B, C or D, not even for
boundedA, B, C andD (cf. Lemma6.1.16):

Example 6.1.14 (A strongly stable# B/C/D stable) (It follows from Lemma
6.3.26(f)(or (d)), thatall systemselon areminimal.)

(@)LetY :=H :=U :=£2(N+1) (with naturalbase{ey := Xk} ti=1)- Define
A€ B(H) by settingAec:= —k tec (ke N+1).

Then||A|| < 1andA'e, = Mg = e V*g (ke N+ 1, t > 0), hencel|Al]| < 1
(t > 0). BecauseA is stableand Agc — 0 for all k, the semigroupA is strongly
stable by LemmaA.3.4(H1). SinceA = A*, wehave A = A*.

By Lemma6.3.16(a) the operators|{' || € B(U x U) generateawpls = :=
[212] € WPLS(U,U,U). By Theorem6.2.11,

A=Br=C=D=(s—A) '=diag(s+k 1) Yensi1. (6.21)

Because\ is obviously notexponentiallystablewe have A ¢ H* andA ¢ HZ;ong
by LemmaA.4.5, henceD, C andBt are unstable. SinceB = C9, alsoB is
unstable.

(b) If, instead,we take Cey := k 1/2g, thenC(s)ex = D(s)&x = %q ke

N + 1), hence||CX|[2, = Y« fir \XK%F = Tty [%|? = 1|x||3 for eachx € H,
sothatthen [4] is strongly stablebut still D is unstable(since || Dey|e = k%2
(ke N+1)).

Onecouldshawv thatthis systemis exponentiallystabilizabletake K = 2) but
notdetectable.

(c) ExchangeC andB =1 in (b) to have [ A | B | stronglystablebut C and

D unstable.



(d) By Example9.13.14(seeA andA%), we canhave A, C andD strongly
stablebut B andBt unstableandA, B, Bt andD stronglystablebut C unstable.
(e)By (d), we canhave ~ minimalandBt stablewithoutZ beingexponentially
stable. <

(Thisstill leavestheopenquestiorwhethe canbeunstablevhenbothC and
B arestable(andZ is well-posedcf. Example6.3.24).By usingrealization(6.11)
we obtainthat this is the caseiff someunstableD € TIC, hasa stableHankel
operatort, Drt_; thus,it mightbethattheanswerto our questionis known.)

As onecaneasilyverify, in [S97b], [S98b] and [S98c] the stability assump-
tionson A andB werenotimportant:

Remark 6.1.15(SOSand [Staffans]) In [S97b], [S98b] and [S98c], exceptin
[S97b,Lemma21] and[S98a,Lemma3.5(ii)], we maydrop the assumption®n
the stability of semigoupsandinput maps,if wedo thesameon conclusions.

In the sequel,we will referto thesearticleswith thesewealer assumptions
without any furthermention.

(We could, in addition, replacejoint stabilizability and detectabilityby r.c.-
SOS-stabilizabilityin particulay Sections5—7 of [S98b] aretrue with thesetwo
replacementandfor indefiniteStoo, cf. [S98c,Remark7.7]; however, we do not
needthis.)

Next we will presentthe generatingoperatorsA, B andC of a WPLS; the
existenceof afeedthrougloperatoD depend®ntheregularity of the systemand
is thereforestudiedin Section6.2. As mentionedabove, theseleadto classical
formulaex' = Ax+ Bu, y = Cx+ Du andD(s) = D+ C(s— A) 1B andothersin a
weaksense.

Following the customarypractice we shall set

Hi:=Dom(A), Hj :=Dom(A*), H 1:= (H})*, H*;:=(Hy)*  (6.22)

whereA is thegeneratoof A. We shalltake adjointsw.r.t. thepivot spaceH; e.g.,
H_1 x H — C denoteghe uniquecontinuousextensionof the restrictionof the
innerproductH x H — C to H x HJ, seeDefinition A.3.23for details.

A detaileddescriptionof this processis given in the lemmaand definition
below.

Lemma 6.1.16([£}2], H1, H_1) Let T := [A1B] € WPLS,(U,H,Y), w e R.
LetA bethegeneator of A andleta € a(A)C.

We set Hy := Dom(A) with ||X||n, := ||(a — A)X||n (this is equivalentto
the graph norm), and defineH_1 to be the completionof H under the norm
|(a —A)~1. ||y (thusH; € H € H_3; Hy andH_; are independenof a modulo
an equivalentorm).

Thefollowing hold:

(a) TheuniqueextensionAy_, of A ontoH_; is a semigpupisomorphicto the
original A andthegeneitor of Ay_, anextensionof A; weidentifythetwo.
Thesituationwith A and A| Hy isthesame



Thus, A(t) is in B(H), B(H1) and B(H_1) for t > 0, A € B(H1,H),
andA € B(H,H_1). However, by Dom(A) we alwaysdenoteH; = {xg €
H \Axo € H}. Themapa — A is anisometricisomorphisnof Hy ontoHp_1
(n=0,1).

(b) Theris a uniqueinputoperatoB € B(U,H 1) s.t.

t
Br(t)u = (AB#U)(t) :/ Alt—s)Bus)dseH (ue L2 (Ry:U), t>0)
0
(6.23)
(aboveandbelow theintegrationis carried outin H_;). Consequently
t
Br(t)u=(ABxu)(t)=_lim | A(t—s)Bu(s)dseH (teR, ue L2(R;U)),
—0oo ) T
(6.24)
wheee the limit can be taken in H. Moreover, x = Axg + Btu satisfies
X = Ax+Buin H_; a.e on R, and x(t) — xo = [3(Ax+ Bu)dm for all
t>0,%€H, uel? (Ry;U).

(c) Theris a uniqueoutputoperatolC € B(H1,Y) s.t.
(Cxo)(t) =CA(t)% (X0 € Hi, t>0). (6.25)

We saythat X is generatedyy [£12], andwecall [5}2] thegeneratorsf 3; they
areindependentdf a andw (aslongasz € WPLS,). Alsothefollowing hold:

(d) [£}2] determine[2}®] uniquelyand D moduloan additive constantrom
B(U,Y) (cf. Lemmab.2.9(a)and Lemmab.3.10(d)).

(e) Thegeneators of 29 are givenby [£-1].

(SeeDefinition 6.2.3andLemma6.2.9(a)for [4}2] and (5}2), andDefini-

tion 6.1.17for [é—’i] .) Thespecificnumbera chosemabove is irrelevant; only
the topologyof H_; mattersin application,not the particularnormof H_1 (the
normscorrespondingdo differenta’s areequivalent).

Notefrom (c) thatC is determinedyy

Cxo:=(Cx0)(0) (X0 € Hy), (6.26)

andB is determinedy B*xo := (BY%0) (0) = (B*X0)(0) (X0 € H; := Dom(A¥)).

We notefor (b) thatthe (corvolution) integralscorvergein H_1, i.e., A(t —
JBuU(-) € LY((—oo,t);H_1), for eacht € R, by the Holder Inequality (we have
AB € C(R4+;B(U,H_1)) C L2.). However, the valuesof theintegralsbelongto
H too. Recallfrom (B.18)thatif ary integral corvergesin H, thenit cornvergesin
H_1, with thesamevalue.

In Theorem6.2.13(al)we shall shav thatx is the uniquestrongsolution of
“X' = Ax+ Bu, x(0) = xo" in thesenseahatAx-+ Bu s thedistributional derivative
(and derivative a.e.) of x For further details and formula X' = Ax+ Bu (and
“y=Cx-+Du"), seeTheorem6.2.13andChapter4 of [Sbook];for thegenerators
of closed-loopsystemsseeProposition6.6.18.

As above, we will denotethe generatorsvith samelettersas corresponding
operatorgasin [S95]-[S01]and[Sbook]).



Proof: (a) SeeLemmaA.4.6.

(b) Formula (6.23) and the existenceclaim for B andfollow easily from
Theorem3.9 of [W89a] (note that Tt_t(t)u € L2 for ary w € R and that
B = Br, by Definition 6.1.1). Formula (6.24) (cf. Remark30 of [S97Db])
follows from (6.23), becauset_t )u — U in L2, by Corollary B.3.8. The
restis from Theoren3.9 of [W89a] (andLemmaB.7.6).

(c) Thisis from Theorem3.3 of [W89b].

(d) Thisis obvious (usedensityandcontinuity).

(e) By LemmaA.4.2(f), the generatorof A* is A*. It is easyto verify
that(u, B*xo)y = (U(—-),B*A(-)*Xo) 2 for u e :(R-;U), xo € Hj (cf. 6.1.17).
By density(notethat B*A(:)*xg € C(R+;U)), B*Xg = B*A(:)*Xo for Xo € HF,
henceB* correspondso AB*. By exchangingtherolesof = andz9, we obtain
thatC* correspondso C* 4. O

As explained above, the spacesH; and H*; are definedas H; and H_g,
respectrely, butwith A* in placeof A, andH* ; x H; — C istheuniquecontinuous
extensionof H x H; — C. The adjointsC* and B* are definedw.r.t. thesetwo
sesquilineaforms(seeLemmaA.3.24),sothat

<B“0>X0><H_1,H1‘> = (Uo, B*xo)y forall upeU, xo € Hy, (6.27)
(Yo,Cxo)y = <C*y0’X0>(Hi1,H1> forall yo €Y, xo € Hy. (6.28)

Let usstatethis anda bit moreformally:

Definition 6.1.17(B*, C*, Hy, H*4, Hg, HZ) Let the assumptionsof Lemma
6.1.16hold. WesetH; := Dom(A*) C H C H*, := thecompletiorof H underthe
norm|(a— A*)~1.||4.

We extend <h’x><H1,Hi1> = (h,x)y for all h e Hi, x € H continuouslyto
Hi x H*, to get an interpretation of H*; as the dual of H;, and we do the
samefor (h*,X) . y_py == (h*, Xy for all h* € Hi, x € H (all thesepairings are
sesquilinear).

The adjointsC* € B(Y,H*;) and B* € B(H;,U) are taken with respectto
thesepairings. As above A* meansthe adjoint A* : Dom(A*) — H of the
unboundeapetator A aswell asits uniquecontinuousextensiorA* € B(H,H*,)
(for which (Az x),; = <ZvA*X><H1,Hi1) forall ze Hi, xe H). Finally, wedefinethe
Hilbert spacegseeLemmaA.3.16)

Hg = (0 —A) '[H+BU] = {x0 € H|Ax + B € H for someup e U} C H
(6.29)
with [|Zl|ng = inf{(|[[I3 + [lull3)Y/?| (o — A)~1(x+BU) = z}, and Hg := (o —
A*)~H 4 C*Y] C H with ||z||Hé = inf{||(X, Y)||H xY | (a—A)"L(x+Cry) = z}.
ThusH; CHg CH C H_jandH; C HX C H C H* 4, continuouslyseeCorollary
A.3.7).

WesetH? = HEC] When[%ﬁ] geneatea WPLS.
K

All spacesn this definitionare independenof a € 6(A)¢ moduloan equiva-
lentnorm, by the ResolvenEquationand Corollary A.3.7.



A mnemonic: Hf := (H*)1 # (H1)* = (H")_1 =: H*;. Seealso Lemma
6.1.16(e).Example6.2.14containsexamplesof spacesand(extended)operators
definedabove, but usuallysufficesto remembef6.27)—(6.28) SeeLemma6.3.18
and[Sbook,Lemma4.2.18]or [S97b,Lemma32] for furtherdetails.

Wefollow thestandardtonventionto call B boundedandwrite “B € B(U,H)”,
whenB € B(U,H_;) is suchthatBuy = Boug for all up € U for someBg € B(U,H)
(equivalently, (Axo +Bu)’ = Ax+Bou a.efor all xo € H andall u € L2 .(R4;U)).
Cf. alsopart1°® of the proof of Theoren9.9.6(a).Similarly, we call C boundedf
“C e B(H,Y)". Obviously, B is boundedff B* is bounded.

We call B or C unboundedf it is not bounded. For B, this doesnot agree
with the meaningof unboundedness functionalanalysis(but it doesagreefor
C andfor B*). In physical examples,unboundedinput and output operators
appeartypically in connectionwith boundarycontrol or boundaryobsenation,
respectrely.

We have followedthe WPLSformulationof O. Stafans([S97a]-[S01]) hence
we sharemostof his notation,but we usethe partof the notationof G. Weissthat
we feel moreelegantor practical(cf. Definition 6.1.5).

Readersfamiliar with existing WPLS literature might wish to consultthe
following “translation table” betweenthe notation of this book, Stafans and
Weiss. Here“H; = W = X;” meansthatwe useH; for theW of [S95]-[S98d],
whichin turn equalsthe X; of [W94a],[WW] etc. We excludethesign“=" when
the symbolof [S95]-[S98d]coincideswith thatof thisbook,e.g.,by “H = X" we
meanthat Stafansandwe useH (for the statespace)whereWeissusesxX.

Systentheory(Chapter6):

Our notation= Stafans’notations= Weiss’notation:

H = X (thestatespace)U = U (theinputspace)Y =Y (the outputspace)
(thesearecomplex (possiblyunseparableiiilbert spaces).
Al := A(t) = Ty € B(H) for all t > 0 (the semigroup) A = A (the infinitesimal
generatoof A).
B € B([m_]L2(R;U);H)) (the reachabilitymap) is the (unique) operatorfor
whichwe have B := Bt(t)mo,) = @,

C =W, € B(H,[m;]L2(R;Y)) (the obsenability map)(C! := T C =),
D € B(L2(R;U);L3(R;Y)) (the I/O map)is the (unique)causal time-irvariant
operatorfor which t, Drt, = F., (andhenceD! := Tho 1) Do) = F;); seeLemma
2.1.3.

Hi =W = Xg 1= Dom(A), H_1 =V = X_1 = ¢l q_p-1(H), henceH; CH ¢
H_1;

Hi =V* =275 := Dom(A*), H*; =W* = Z 1 :=cljg_a--1,(H), analogously
B: = B¥ = (B*)a = B} = s-lims, 1 B*S(s— A*) %, henceH; ¢ Dom(B) C

Cs=C =Cp:=5s-lims,,0Cs(s—A)~1, Ks=K = Fy, (seeProposition6.2.8).
D £ H € H®(CJ; B(U,Y)) (thetransferfunction; seeTheorem6.2.1).
ptimizationtheory(Chaptes 8—12):

(s)*ID(s) £ N € LstrondiR; B(U,Y)) (the Popor function for stable D),

T
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P = = X € B(H) (theRiccatioperator);
X = = € GTIC(U) (thespectrafactor seeDefinition 6.4.4)
X = D € B(U) (its feedthroughoperatoy see Definition 6.2.3; in particular

X*SX = D*D for S>> 0; in applicationsve oftentake X = |, hencethenS= D*D
andX = D 1=);

K = F € B(Hy,U) (the statefeedbacloperator)D*JD = Re B(U) (seeRemark
9.1.14).

SeeRemark9.1.14for further differences. The notationin recentworks of
Stafans(e.g.,[Sbook])is closerto thatof Weissandthis bookthanthatof [S95]—
[S98d]. Most otherexisting WPLS theory seemdo usenotationcloseto that of
Weisswith someexceptionsn thedirectionof this book.

Notes

The history of WPLSsis explainedin the notesto Chapter2 of [Sbook]; see
alsop. 23. Theearlyhistoryis explainedin [Helton76a];thefinal riseof thetheory
is due to [Sal87], [Sal89], [W89a], [W89b] and [W89c], whose contributions
includeLemmaé6.1.16,hencethe alternatve nameSalamon—\&isssystemsRuth
Curtain[Curtain89]givesadetailedaccountf this processandits relationsto the
restof controltheory

This abstractformulation hasfor long beenwidely usedalsoin the special
caseof boundednput andoutputoperatorsywherealsothe definition of asystem
throughgeneratorsvould be possible.Naturally, in thatcasethetheorybecomes
much simpler and more elegant, althoughvery restrictve, henceit sernesasa
nice introductionto the generalcase;see[CZ] for a matureandratherextensve
presentation.

This book is systemtheory oriented, but the literatureis full of practical
applicationsof WPLSsand its specialcases,dating back to [Sal87] (seealso
[CZ]).

The nameWPLS, part of Lemma6.1.13,Remark6.1.15and most of each
definitionin this sectionaredueto Olof Stafans. Lemmas6.1.2and6.1.12and
Lemma6.1.10(aarewell-known. Realization(6.11)is from Sectiord of [Sal89].
Variantsof realization(6.12) and Lemma®6.1.7 were presentedn [KMR] in a
Pritchard—Salamosetting. The main new contrikution of this sectionare the
relationsbetweenthe stabilitiesof differentpartsof a system(mostof 6.1.10—
6.1.14).

The readerinterestedin a more detailedstudy on WPLSsthan that of this
chaptemustread[Sbook]. Thatmonograptalsotreatsthe casewherelL? signals
arereplaceddy LP signals(1 < p < ») andU, H andY areallowedto beBanach
spaces Although mostresultsandproofson systemtheoryandfeedbackheory
arethe samein this moregeneralcontext asin our L2 Hilbert spacesetting,the
latter seemsnecessaryor fruitful optimizationtheory and henceit is the one
usuallytreatedn theliterature;this hasalsomotivatedour choice.



6.2 Regularity (ID(+))

Thatis theusualmethodput not mine—

My way s to begin with the beginning;
Theregularity of mydesign

Forbidsall wanderingastheworst of sinning

— Lord Byron (1788-1824), The Bride of Abydos"

learningor genius readey

In this sectionwe definecertainregularity conceptdor anl/O mapandstudy
the basicimplicationsof regularity, includingthe classicaformulaey = Cx+ Du
and ]D)( s) = D+C(s— A)~1B. This sectiondoesnot contain essentiallynev
results. Furtherresultson regularity andthe relationsbetweena systemandits
generatoraregivenin Section6.3.

If (é}%) is a finite-dimensionakystem(cf. (1.7)), thenits transferfunction
D +C(- — A)~!B hasthe limit D at infinity. In general,well-posedtransfer
functions having sucha limit are called regular For a mnemonic,we write
formally R

D € TIC is regular < 3D(+o); (6.30)

seeDefinition 6.2.3for exactdefinitions.

Mostsystentheorycanbewrittenin termsof “integralmaps” [%%} , but part
of the theoryrequiresfeedthrougtoperators.In particular the Riccati equations
usedto solve optimal control problemsare written in termsof the generators,
including the feedthroughoperatoy of the systeminvolved. Suchproblemscan
be solvedin termsof factorizationof the /O map,but this approachs lessuseful
in practical applicationsand thereforeusually only senes as a pathto Riccati
equations. Fortunately all transferfunctions of practical interestseemto be
regular.

The Laplacetransform,definedby G: s— [z e Su(t)dt € U, mapsfunction
u € L2 ontoH2, andis anisomorphisnonto,isometrictimesthefactory/21t see
Appendix D for details. Well-posedl/O mapscorrespondo transferfunctions
thatareboundedn someright half-planeC; := {s e C| Res> w}, i.e.,thatare
proper;we recallthis factfrom Theorem2.1.2:

Theorem 6.2.1(Transfer functions) Letw € R. Forea D € TIC,(U,Y) there
is a uniquefunctionD € H®(C&; B(U,Y)), calledthetransferfunction(or symbol
or Laplacetransform)of D, s.t. Du = Dad on C§ for all ue L2(R,;U). The
mappingD +— Disan isometricisomorphism. ]

We often identify functionsand correspondingnultiplication operatorsj.e.,
we considerD both asafunctlon andasanoperatoronHZ,. NotethatD € GTIC,,

iff D € GH®, in particularD— D1 = (D) tif D e GTIC,.
Next we recallthelastclalm of Lemma3.3.8:

Lemma 6.2.2(D) LetD e TICw(U Y). ThenD! := AD*A € TIC,(U,Y) and
(D%)d = D. Moreover, DI (s) = D(§* for se C.. n



GeogeWeisshasgiveneightequialentcharacterizationsf strongregularity
in [W94a, Theorem5.8] andfor weak regularity in [SWO01a]; a morethorough
study on theseconceptsis given in [Sbook]. We have chosenthe simplest
characterizationss the definitions: the transferfunction shouldhave a limit at
infinity. However, someapplicationsrequirethat this limit corvergesin a very
strongsensevhereasthersallow for a wealer corvergence thereforewe define
twelve different(combinationf) attributesof regularity:

Definition 6.2.3(Regularity) Letwe R, D € TIC,(U,Y), andD € B(U,Y).

ThemapD is called regular (R) with feedthrougmperatorﬁ(-i—oo) =D e¢
B(U,Y) if D(s) = D ass— +o on (w, +).

If D(s) — D asRes — + on CJ;, thenwecall D line-regular (LR).

If D is regular andthereis o > ws.t. D(B+iy) — D asy — +oo, for all B > a,
thenwecall D vertically regular (VR).

If D is stable(or D[L2] C L?) andD(s) — D asse C* and|s| — =, thenwe
call D half-planeregular(HPR)

In the above definitions we modifythe word “r egular” with theword weakly
(W), strongly (S) or uniformly (U) accoding to the senseof corvergence (of
D(s) — D).

Thus, WR meansweaklyregular, SHPR meansstrongly half-plane-egular,
ULR meansuniformlyline-regular etc.

We call (D and) Z = [%%] € WPLS strongly regular and write “ID € SR’
if the /0O mapD is strongly regular, and we do analagouslyalso for the other
regularity conceptslefinedabove

WhenZ is WR,the generator®f X referto the operators [g}—g] , we saythat
[%}—g] generat& andwefollow theclassicalcornventionto denotea systenby its
geneatorsasin “ 3 = (g%)” (cf. Lemma6.1.16and Definition 6.3.8).

(Sometimesn theliterature theterm®“regular” means'strongly regular”, and
no otherformsof regularity aredefined.TheoperatoD in “VR” refersto theone
in “R”, henceD is alwaysthe samefor differentformsof regularity.)

As above, we shall denote feedthroughoperatorsby sameletters as the
correspondingWR operators(D := D(+)). The samealso appliesto the
generator®f the othercomponent®f WPLSs,asin Lemma6.1.16.SeeLemma
2.1.13for moreonthe conditionD[LZ] C L2.

We shall nov malke a few remarkson thesedifferent forms of regularity.
Obviously, weak regularity is wealer than any other form of regularity. The
definition of weakregularity meanghe existenceof D € B(U,Y) s.t.

(o, D(S)Ug) — (Yo, DUg) ass € (w,+) ands—s +oo, for all up € U, yo €Y.

R (6.31)

It is apparenthat whenarer D € TIC,(U,Y) andD(s)up cornvergesweakly as

s — +oo, for eachug € U, thenthe limit is necessarilyDug for some(unique)

D € B(U,Y) satisfying||D||zwu,v) < [|IDllTic,(u,y),» hencethen(andonly then)D
iSWR.

Similarly, D € ULR(U,Y) with feedthrougtoperatoD € B(U,Y) iff ||]]3>(s) -

D|| — 0 asRes — +. Most systemstreatedin the literatureare ULR; this



includesthe systemsof [FLT], [LTOOa] and [LTOOb] (seealsoLemma6.3.16).
We notethatD is HPRiff D € H(C™; B) andD o ¢cayleg hasalimit at—1.

Althoughweakregularity sufficesfor mostresultson regularity, only uniform
line-regularity makes the invertibility of a map equivalentto the invertibility
of its feedthroughoperatoy as notedin Proposition6.3.1(c),and henceallows
for several resultssimilar to the finite-dimensionabnes. Therefore,"WR” and
“ULR” arethemostimportantonesof thetwelve conceptsabove.

If n:=dimY < o, thenweak,stronganduniform corvergencecoincide(with

Dy
5])-
Dh

A scalarexampleof anirregulartransferfunctionis ﬁ(s) :=coglogs) (dueto
KirstenMorris), but we do notknow arny physicallymotivatedexamplegcrossing
our fingersin hopethattherewerenone). On the otherhand,a boundedcontrol
operatorB or obsenation operatorC makesa systemULR, by Lemma6.3.16;
in particular any Pritchard—Salamosystemis ULR, by Lemma6.9.4. Further
examplesof assumptionshat guarantee certainamountof regularity aregiven
in Section=2.6,6.3and6.8.

We shalloftenwrite inclusionssuchas3 C ULR C TICs or B C H?; C H”
without specifyingtheinputandoutputspacegrecallthatT € B is identifiedwith
Dr € TIC definedby Dy u := Tu for all u € L?); the definition belov malesthis
notationrigorous.(We oftenapplyit with substitutionsx := {all Hilbert space},
4" .= TIC, (or somesmallerclass)and.4 equalto somesubclas®f TIC.)

the componentwiseornvergenceof D =

Definition 6.2.4(4 C ') Letboth(4,X)and(4,X) beasin LemmaA.1.1(or
asin RemarkA.1.3).

If 2(U,Y) c 4'(U,Y) for all U,Y € X, thenwecall 4 analgebraicsubclass
of 4" andwrite 4 C 4",

Thus, UHPRC ULR C SLRC SRcC TIC, etc. Note that it follows that
4(U,Y) is a subgroupof 4'(U,Y) and 4(U) is a subringof 4'(U), for each
U,Y € X (whereX is, e.g.,thecollectionof all Hilbert spaces).

Becausdimits commutewith mostbasicoperationssuchoperationgpresere
regularity:

Lemma 6.2.5(Regularity preseved) Anyform of regularity is preservedunder
sumsand scalar multiplication, under (left or right) multiplication by static
operators,andundercorvemgencein TIC,, (w € R).

All strong and uniform propertiesare preservedundercompositionof maps.
All weak and uniform propertiesare preservedunder taking causal adjoints
(D — DY := AD* A).

In geneal, uniformly x = strongly x = weakly*, whenx is anythingsuit-
able from Definition 6.2.3; similarly, * half-plane-egular—- * line-regular—-
* regular, x half-plane-egular= * vertically regular= * regular.

Furthermoe, DE is WRwith feedthoughDE (but ED neednot be WR)if D
is WRandE is SR(or D4 is SRandE is WR).



Thus,TIC,(U,Y)WR is aclosedsubspacef TIC, (w € R), thesameholds
for SR, UR, ULR or ary otherregularity propertyin placeof WR, andD — D is
aboundedinearoperationon any suchsubspace.

Proof: Obviously, the limits commutewith sums scalarmultiplicationand
multiplication by staticoperatorge.g.,for L € B, the mapLD or DL has(at
least)the sameregularity propertiesasD has).

Clearly ||D|| < ||D|lne = [IDlITic,,- Thus,if Dy — D in TIC,(U,Y), and
Dn € WR for all n, then{D,} corvemgesin B(U,Y), andoneeasilyverifiesthat
D isWR andD,, — D weakly. An analogouglaim holdsfor ary otherweakor
uniform regularity property

Similarly strongand uniform limits commutewith composition;e.g., if
D,E € SR,thenDE € SRwith feedthrouglDE (seeLemmaA.3.1(j2)).

FromLemma6.2.2we obsere thatweakanduniform limits commutewith
causakdjointing(e.g.,if D is WR, thenD? is WR with feedthrougD*).

TheclaimsonDE andED follow from LemmaA.3.1(j2) andExample6.2.6
(with D — DY, E — D). O

As theformulationof theabove lemmahints, strongregularity is notinherited
by adjoints,andweakregularity is not presered undercomposition:

Example 6.2.6 (MDY is not WR) LetN :={0,1,2,3,...},U = 3(N;C),Y =C,
f(s) :=s/(1+9)? and

D(s)u:= Zw f(10 "s)up. (6.32)

ThenD e TIC, D = 0, D is strongly half-plane-rgular, D ¢ WR\ SR and
DDY ¢ WR. q

(The above claimsareexplicitly or implicitly containedn the computations
of Example8.1 of [SWO01b].)

It follows that weak regularity is not presered underfeedbackor cascade
connection(seetheremarksbelon Propositior6.6.18).

We have calledD := D(+) thefeedthrougtoperatorof D. Thisis justified,
sincethe steprespons@Tt, Uy is closeto Dug neart = 0 (in theaverage):

Proposition 6.2.7(“D'up = Dup”) A mapD € TIC(U,Y) is WRiff

1 rt
W-Iim—/ DXr, Updm=: Du 6.33
v-lim = | DXr, Uo o (6.33)
existsfor all ug € U. If thisis thecase thenD = D(+w). Analogously D is SRiff
(6.33)convemgesstronglyfor eadup € U. 0

(Thisis givenin Theorem4.6 of [SW01laland Theorem5.8 of [W94a]; it is
theoriginal definition of regularity.)

To obtain the corvergence (DX g, Uo)(t) — Dup (insteadof the abore con-
vemgencein the average),we seemto needa strongerassumption;e.g., for
D € SMTICo, DXRg, Uo becomesontinuouswith valueDug at zero,by Theorem
2.6.4(i3).



Recallfrom Lemma6.1.16andDefinition 6.1.17thatH; C Hg C H C H_, for

ary [%%} € WPLS(x,H, *), andthatHj is the domainof the outputoperatoiC.
WhenD € TIC,, is the /O map of a WPLS, the weak regularity of D is
equialentto the existenceof the (weak)WeissextensiorC,, of theoutputoperator
of the system,asshowvn below. This extremelyimportantoperatorallows oneto
write the outputof the systemin the form y(t) = CyXx(t) + Du(t) (a.e.),andthe
transferfunction as]IA))(s) = D +Cy(s— A)~1B, asshawn laterin this section.

Proposition 6.2.8(Cw, Cs, CLs, CLw: By, ...) Let 2 = [%%] <
WPLS,(U,H,Y) havegeneating operators [£2] (cf. Definition 6.1.17),and
letwe R.

(al) £ is WRiiff Hg € Dom(Cy) := {Xo € H|3CuXo := W-liMs ;- Cs(s—
A) "o}

If ~is WR,thenCy, € B(Hg,Y).

(a2) = is SRiff Hg € Dom(Cs) 1= {Xo € H | 3CsXo := liMs_; 1 Cs(S— A) "!x0}.
If Zis SR,thenCs € B(Hg,Y).

(a3)X isregularin a certainsenséff CyXo := lims_, 1 Cs(s— A) "1xo converges
in the correspondingsensefor ead xg € (o — A)~1BU (her a € Céyis
irrelevant).

(b1) We set||xo|lpomc,) := [I%llH +SURs e, 1 ICS(s—A) "ol Iy

Consequentlypom(C,,) becomes Banad spaceandDom(Cs) becomeds
closedsubspaceTheopemtorsCs : Dom(Cs) — Y andC,, : Dom(Cy) — Y
are continuousandH; € Dom(Cs) € Dom(Cy) C H continuously

(b2) Part (b1) holds for any operator C € B(H1,Y) and any Co-semigoup
genegator A.

() £ is WR iff Hg C Dom(CLw) := {X € H|3CLwXo =
w-limeo1 1C [SA X0 dr}.

(c2)Wehavexg € Dom(Cy ) iff lim¢_,0. %((C*x[o,t)yo,xo)H existsfor all yp € H;
if thisis the case thenthis limit is equalto (yo,Cp wXo)y -

(c3)We havexg € Dom(Cy ) iff w-lim¢_,o4 tl J5(Cxo)(r) dr exists;if thisis the
case thenthislimit is equalto C_ yXo.

(c4) The strong forms of (c1)—(c3) also hold; the corresponding(strong
Lebesguegxtensionof C is denotedoy C_s.

(c5) We set||Xollpomcy ) = IIXollH + SURe(0,4[ICT Jo A Xodr |y
ConsequentlyDom(C_ ) becomesa Banad space and Dom(C s) be-
comesits closedsubspace We haveC, \, € B(Dom(C_ w),Y), andC_ s €
B(Dom(Crs),Y). Moreover Hy C Dom(Cps) € Dom(Cpw) ¢ Dom(Cy)
CH.

(c6) Dom(A) > L [JA"Xdr — X in Dom(Cis), ast — O+, for each xg €
Dom(C_ ). In particular, Dom(A) is densen Dom(C_ ).

(d1)CcCscCscCy, CCcCLsCCLwCCy,henceB* C B{,S C Bs C By,



(d2) Thedomainsof all operators of (d1) are densen H.

(e) We haveB € B(U,Dom(B; )*), andits adjointis B} ; (whenDom(By )*
(notH_1) is consideed astherange spaceof B andH (as always)the plvot
space).

In particular, for any up € U, the functional Bup € Dom(By o)* C H-1 :=
Dom(A*)* is therestrictionof any of (Bj ) *Uo, (Bg)*Uo and (Bj,)*uo.

(f) A€ B(Hg, Dom(B; o)°).

By C C Cs we meanthat Cs is an extensionof C (i.e., H; = Dom(C) C
Dom(Cs) andCsxg = Cxp for all xo € Dom(C)). By By, (resp.Bg, B[ ¢, Bl )
we alwaysreferto (B*)w (resp.(B*)s, (B*)L.s, (B*)Lw). s
Note that, by (al),H& c Dom(B},) := {x € H | 3Bj,x := W-lims_, . B*S(S—
A~} iff 39is WR, andin thatcaseB;, € B(Hg,U).

Obviously, Cy = Cs=C_ s =C_w = C if Cis bounded(C € B(H,Y)), and
Hg = H1 € G5 if B is bounded;henceX is SR if B or C is bounded. See
Example6.2.14for anontrivial exampleof C,, andBy,.

Note that we have equippedthe domainsof thesefour extensionsof C with
speciainormsinsteadof graphnormsin orderto make thedomainsBanachspaces
(i.e., complete;it was notedin [W89b] thatif dimY < o, thenC_ s cannotbe
closableunles<C is bounded).

For moreinformationonthestrong\WeissextensiorCs (or onC_ ), segfW89b]
and [W94b, Section5] or [Sbook]; for more information on the weak Weiss
extensionC,, (oronCy ), see[SW01a],[WW, Sections?2 & 4] or [Sbook].

Proof: For the definitions of Hg := (o — A) 1[H + BU] and Hg, see
Definition 6.1.17.

(b) The SR counterpartof this is given on pp. 42—43 of [W94b]; the
sameproof appliesfor the WR claim mutatismutandis,by [SWO01a],andthe
requirementsn (b2) areenoughfor this. (The detailsarein Propositiord.3 of
[W89b], also[W94a,p. 848]is relevant.) Onecanreplacewa + 1 by ary other
value > wa to obtainan equivalentnorm, by the resolent equation(Lemma
A.4.4(a)).

(al)&(a2)Thisfollowsfrom [S97b,Proposition36], LemmaA.3.6 and(b).

(a3)Let D be WR. By (al), LemmaA.4.4(a),andthe linearity of C,, we
have

Cs(s—A) H(a—A) *Blo= —— (Cu(a —A) 'Buo—Cu(s—A) *Blo)

— 1-Cy(a —A)"1Buy,

R (6.34)
ass — +, in the sensethat Cy,(s— A)"!Buy = D(s) — D cornvergesto zero
(e.g.,weakly, strongly vertically, ..., but not independentlyon a), hencethe
claim.

(c4) The strongversionof (cl) is Theorem5.8 of [W94a]. The proofsof
(c2)—(c3)applyin the strongcasemutatismutandis.
(cl) SeeTheoremd.6of [SWO01a].



(c3) We have [ Cxo dm=C J5 Axo dmfor all xo € H, becausghis holdson
H; andbothsidesarecontinuousH — Y. Thus,theextensionsgn (c1) and(c3)
areequal.

(c2) We have (yo, { Jr Tho) ©X0), = ¢ Jr {Y0: Tho) o)y = £(To)Yo, CX0), 2,
hence(c2) follows from (c3) (useLemmaA.3.4(i3)).

(c5) It is shovn in Proposition4.3 of [W89b] that Dom(C s) is a Banach
space;the weak caseis analogougsee[WW] or [Sbook]). The continuity
of C_w andCy s is obvious, andso are the inclusions(useLemmaA.3.6 for
continuity),exceptfor Dom(C ) C Dom(Cy), whichis givenin (d1).

(c6) This is givenin the proof of Theorem5.2 of [W94b]. It is an open
problemwhetherH; is alwaysdensdan Dom(Cs).

(d1) SeePropositiod.2 of [SWO01a].

(N.B. V. Katsnelsor[KW] hasconstructeda systemwhereDom(C ) =
Dom(Cy s) # Dom(Cs) = Dom(Cy). Example6.2.6shawvs thatwe may have
Dom(Cy s) # Dom(C_ ) and Dom(Cs) # Dom(Cy). Thus,all inclusionsin
(d1) maybestrict, asnotedin Propositiord.2 of [SWO01a].)

(d2) SetsDom(A) andDom(A*) aredensein H, hencesoareary of their
supersets.

(e) Note first that Dom(A*) ¢ Dom(B} o) ¢ H ¢ Dom(B{ ¢)* C H_4, and
thatthefirst two (andtheIast)mclusmnsaredenseby (c6) andLemmaA.3.24
(we needechedensityof Hy in Dom(By ) to obtainDom(By ¢)* C H-1 (one-
to-one)).For all xop € Dom(A*), up € U, we have

(%o, BUO><HI,H,1) = (B"Xo, u0>U = t,SXO, uO)u = (Xo, ( t,s)*u0><z’z*>a (6.35)

whereZ := Dom(B_s). Thus,Bug € H_1 := Dom(A*)* is continuousw.r.t.
to the || - [l pomy B ) horm, henceand elementof Dom(Bj )*. By (6.35)and
density this elemenus equalto (B ¢)*uo.

Of coursewe canreplaceB/ by ary of its extensiongsee(d1))in equation
(%o, Buo>Hf,Hj1 = (B} X0, Uo),, (xo € Dom(A*), up € U). (Notethatthis doesnot
determineBuy asan elementof Dom(B| ,,) uniquelyunlessH; happengo be
denseén Dom(B; ,,); situationisthesarrie‘or B andB},.)

() For ary xo € Hg, we have z5 .= Axgp+ Bu € H for someug € U,
henceAxp = zo — Bup € Dom(By )%, by (e). Thus, AlHg] C Dom(B} o)*.
But A € B(H,H_1) and HBCcH, hence A € B(Hg,H-1). Therefore,
A€ B(Hg, Dom(B[ ¢)*), by LemmaA.3.6 and(e). N

Next we presenfour lemmasthat explore the relationbetweena systemand
its generators:

Lemma6.2.9([8}8]) Letz=[4]E] € WPLS(U,H,Y) havegeneators [2]]
(resp.[&}2], andD € WR). Then

(a) Theopemators [C B(s ] (resp. [+}) determine uniquelyfor anys e Cj[,A
(b) Thegeneatorsof 5% are [ 1] (resp.[ &< ], and 5% is WR).



(c) The geneators of T, [212] are [*T“"FC (resp [AL9LC], and T3 is
WR).Moreover, (Cy,y)w = Cw and (Cey)Lw = Crw-

SeeProposition6.6.18for the generatingoperatorof closed-loopsystems.

Proof: (a) This follows from Lemma 6.1.16(d) (resp. and Theorem
6.2.13(al)).

(b) This holdsby Lemma6.1.16(e)resp.andLemma6.2.2).

(c) For generatorsthe simpleproofis givenin Example4.7.2of [Sbook].
Becauses(s— Ay) 1 = 5 (s— w)(s— w—A) 1, the Gy claim follows eas-
|Iy The C_ v claim as foIIows from the fact that (here f := Cxo € L2, C

Lioe(R4:Y)):
t t
t_l/ (1—e f(r)dr :t_l/ wre & f(r)dr -0 (6.36)
0 0
(hereg; € (0,1) for allr > 0 (usetheMeanValueTheorem))ast — 0+. O

We shallsoonneedthefollowing technicallemma:

Lemma 6.2.10(Bu = (s—A)"1Buy, (Du)(t) = e*D(s)ug) Let = = [A|E] ¢
WPLS and let Res > wa. Letug € U andu(t) = etup (t € R), sothatu €
L2,(R;U). ThenBu =Br_u= (s—A) B € Hg C H, Brlu=e*(s— A) 'Bw

and (Du)(t) = e¥D(s)up for all t € R. Moreover, wehave
Brim,.eSup = (e¥ — A (s—A)1Buy (t>0), (6.37)
Dty €% Up = T, e* D(s)up— C(s— A) 1Bup € L2 (R4;U). (6.38)

Proof: The claim aboutD is Lemma2.1.15. BecauseBt = (s—A)~1B
(see Theorem6.2.11(b1)), claims on Bu and Btu follow from this. But
Bt = A'B, hence(6.37)follows; (6.38)is obtainedanalogouslyby using
. Dt = CB.

(An alternatve proof of Lemma 2.1.15 would be to obtain Bu =
(s — A)~Bu from (6.24) and Lemma A.4.4(f), and then (Du)(t) =
Ce(s— A)~1Betug + Deetup = eD(s)ug from Lemmas.3.10(c).) 0

Now we are readyto shaw thatfor ary [&{5] € WPLS;(U,H,Y), B€ R,
se Cg, ue LZ(R+, ) andxg € H, we have

X(s) = (s— A)~Ixo+ (s— A)~1B(s) X = Axo+Btu
{V(s):C(s—A)1x0+CW(s—A)1BU‘ where {y = Cxo+Du,

(theformulafor ¥ requiresthatD is WR or u = 0). This andfurtherinformation
ontheLaplacetransformsof the component®f a systemaregivenbelow:

(6.39)

Theorem6.2.11(A,B,C,D) Lets = [%%] € WPLSU,H,Y) havegenerting
opemtors [£2] andlet w:=wa < a < B.

(@) A(-)%0(S) = (s—A)Ixo for all xg € H, s€ C.



(b1) Bru(s) = (s— A) 1B(s) for ue L2(R4;U) ands e C{.

(b2) (s~ A)'B € H*(Cy; B(U,H))NH(CE: B(U, He)).

(03) I(s=A)*Bllsu ) < IBllgczru), H)/V2y/Res—y forse Cj,yeR.

(cl)(Cxo(s) =C(s—A)Ixgforse Cf, xg € H.

(c2)C(s—A)1e H°°(Cg, B(H,Y)), andC(s—A) "o € H*(Cy;Y) for xo € H.

Moreover, ||C(- —A)~ ||H§tmng(C$;$(U,Y)) = V21| Cllg 12)-
(€3)[IC(s—A)lah,y) < ICl g 2Ry / V2V/RESY forse CF y€R.

(d1) D(s) = Cy(s— A) 1B+ D on CJ; if D is WR, 2 hencethen Cy(s—
A)*lBuo — O weaklyass— +oo, for all ug € H. Thesameholdsalsofor Cg
in placeofC,, if D is SR.

(d2) For s,50 € C; wehave

D(s) - D(so) _

—e —C(s—A) Yso—A) B=—(£(T.Dr_e¥up))(9).

(6.40)

Proof: (a) Thisis LemmaA.4.4(f).

(b1) Thisis [W89a,Remark3.12].

(b2) By (c2) andLemma6.1.4,B*(s— A*) 1 € H*(C},; B(H,U)), from
whichthe*e H®” claimfollows.

SetF(s) := (s—A)"!B. ThenF(a) € B(U,Hg) (with ||F(a)up||ns <
||uo|lu), wherea is asin Definition 6.1.17,andF(s) — F(a) = (a —s)(a —
A)~Y(s— A)~1B € H(C{; B(U,Hy)), by LemmaA.4.4(a). But B(U,H;) C
B(U,Hg) continuouslyhenceF (s) € H(C{; B(U,Hg)), by LemmaD.1.2(b1).

(b3)Let [ A | B | € WPLSbes.t. B is stable,up € U, Res > wa. Set
u:=Tedup € L’(R_;U). By Lemma6.2.10,we have

I(s—A)~*Buo|l = [Bul < [[Bllg2;m)llull2 = IBlll|uolln/v2Res.  (6.41)

By shifting, we obtainananalogouslaim for anarbitrary[ A | B | € WPLS
(notethat||B|| < o atleastfor y > wa).

(The condition “||(s— A)Bw|| < M/(Res)¥/2 for all se C*” is also
suffient for given B € B(U,H_;) to generatea WPLS with A if, e.g., A is
left-invertible [W91b] or A generates contractionsemigroupandU is finite-
dimensional[JP]; however this is not the casein general,see[JZ00] for a
counterexample.

(c1) Thisis (3.6) onp. 26 of [W89b].

(c2) By (c1) andthe Paley—Wiener TheoremTheorem3.3.1(b),we have
||(Cxo||H2 chv) = V21| Cxol| 2 for all xo € H, hencethesecondandthird claim
hold. Theflrstclalmfollowsfrom thethird clalm andLemmaF.3.2(a).

2If D € TICy for somea < wa, then,by Cy(s—A)"1B+D for s€ Cq \ Cq,, We meanthe

uniqueanalyticextensionﬁ(-) of this function (otherwisethe equatiorwould not awayshold for
se CFNa(A)°\ Cg,, see[W94a,Remark4.8]).



(c3) Thisis thedualof (b3).

(d1) Thisis [WW, Theorend.4].

(d2) Thefirstidentity is givenin [Sal89] (andin Theoren¥.5.90f [Sbook];
it follows from (6.51)). For the secondwe notethat

(Z(T. DT €¥'Ug)) (5) = (L(CBE®"Wo))(s) = (L(C(s0 —A) 'Blo))(s) (6.42)
=C(s—A)"Ysp—A) By, (6.43)
by Lemma6.2.10and(cl). O

We shallneedseveraldifferentforms of theformula“C = CA™;

Lemma 6.2.12(C =CyA) Let [A12] € WPLSU,H,Y), w> wa, Xo € H, U €
LA(R1;H), x = AXo + Btu. SetC{ g := C?# 5 ASxids (x1 € H). Then

(@) (Cxo)(t) = CL sAlxg = CyAlx for a.e t > 0 (for all t > 0iif xo € Dom(A)).
In particular, A'xp € Dom(C_ ¢) a.e

(b1)WehaveC x— Cp exin L2 andpointwisea.e, asr — 0+, (in particular,
x € Dom(C_ ) a.e) if D is SR.

(b2)WehaveC] X CL wX weaklyin L2 andweaklypointwisea.e, asr — 0+,
(in partlcular X € Dom(CL w) a.e) |f Dis WR.

(c1) AssumehatD is SR.Then,for any f € L? ,(R.), wehave

/ F()CLex(t) dt = Cps /R F(O)x(t) dt (6.44)

Ry +

(in particular, [y’ f(t)x(t)dt € Dom(C_ s)). Thus thenf f(t)CLsx(t) dt =
CLs 72 f(O)X(t)dt for anyTy, T2 € Ry, f € L2((R).
(c2) Claim(c1) alsoholdswith replacementSR-WRandC_ s — C_ .

(c3) In (b1)—(c2), we may replaceR. by [T,+), and allow for any u €
L2([T,+%);U) (T €R).

(c4)In (b1)—(c2),D neednotberegularif u= 0.

Proof: (a) By [W89b, Theoremé.5], we have (Cxo)(t) = Cp sA'xo for ary
(right-)Lebesgugointt of Cxg, hencefor a.e.t > 0. RecallthatC s C Cy.

(b1) The L2 claimis Lemma4.4 of [W94a]; the pointwiseclaim follows
from thefactthatx(t) € Dom(C ) a.e.,by Theoremb.8 of [W94a].

(b2)&(c2) The proofs of (b1) and (c1) apply mutatis mutandis(which
meangorrespondinglightchangesn the proofsof [W94a]; theseresultswere
containedn apreprintof [SWO01a]andimplicitly usedin [SWO01a]).

(c1) This is essentiallygivenin Theorem4.6 of [W94a] (substitutef +—
fX[r,,7,) to obtaintheseconcclaim).

(Alternatively, claim (cl) followsfrom (bl) (theproofof (c2)is analogous),
sincefC{ x— fCL oxin LY(R;Y), fx,Cf (fx,C sx€ L, andC] commutes
with theintegral (becausé: € B(H, Y)))

(c3) W.l.o.g.,we assumethatxo = 0 (substraci(6.44) if necessary).Just
shift u (hencex too) and f, andusethe original claim.



(c4) ReplaceB by 0 to obtaina SR (in fact, ULR) WPLSwith sameA and
C (seeLemma6.3.16(b)). O

Now we may extend Lemma 6.1.16 by presentingthe standardformulae
X = Ax+ Buandy = Cx+ Du with certainlimitations:

Theorem 6.2.13(X = Ax+Bu, y=Cx+Du) Let [%%] € WPLS,(U,H,Y)
andeither

(i) o € H,ue L2 (Ry;U) andJ =R, or
(i) xo=0,ue L3(R;U) andJ =R.

Set

{x = Axp+Bru, (6.45)

y = Cxo+Du.
Then

(al)X = Ax+Bue L2 (J;H_1) (a.e) andx e C(J;H) AW:2(JH_g).

loc
(@2) If D is WR, then the following formulae hold (in particular, x(t) €
Dom(C_ w)) for almosteveryt € J, including thoset € J whee u andy
are right-continuous:

y(t) = CLwX(t) + Du(t) (6.46)
=CLw /Ot A(t —s)Bu(s)ds+C wAxo +Du(t)  (case(i) only)
(6.47)
= CL,wTirQw _tT A(t —s)Bu(s) ds+ Du(t) (case(ii) only).
(6.48)

If D is SR,thenwecanuseC,_ s in placeofC_ \, in (6.46)—(6.48).

Stricten(i) and(ii) asfollows:
() x€eH,ue Wﬁ;i(RJF;U), X :=Ax+Bu(0) e H andJ =R, or
(i) xo=0=2x), ue Wg*(R;U) andJ = R.
Then,

(1) — A, + Bt = Ax+-Bue C(J:H), Y = X +Du, (6.49)

e “x,e “X € G(JH), e Yxe (J;H), and y € w2 (6.50)

(b2)y e W,log andy =Du. Ifue wi?, theny € w2, Moreover, for any
s0 € Cf, wehave

(DU)(t) = C(X(t) — (50— A) 'But)) +D(so)u(t) (te€d). (6.51)



(c1) If X € Hy := Dom(A"), n€ N, thenAxp € CK(Ry;Hn_k) (k=0,1,...,n)
andy :=Cxp € CK"1(Ry;Hn_k) (k=1,...,n) (y € C¥(Ry;Hn_y) if C €
B(H,Y)).

(c2)If ue WE(R;U), n€ N, thenx:=Btu, e “x € GRH)NG(R;H)N
W12(R:Hg), y:=Du € WE(R;Y) ¢ "1, xW = Bru®, y( = pu®

(d) If, insteadyy € L2(R;Y) is arbitrary, andD € WR, then

(DY) (t) = D*Y(t) + B fim /0 "AeCyttyds  (6.52)

a.e andat everyt € R at which y and D*y are left-continuous. (We can
replaceB; ,, by B} . if D' € SR).

We concludethatD = D + CBt whenC is bounded.Recallfrom Proposition
6.2.8thatC_ s C Cs C Gy andC w C C_ s C Cy.

Proof: (a)&(b) This is well-known (see, e.g., Sections4.2 and 4.5 of
[Sbook] or combineSection4 of [WW] andProposition29 and33 of [S97D]
with Remark6.1.9andLemma6.1.16).

(c1) This follows from LemmaA.4.2(c5). (Recallthat Cxg = CAxq for
X0 € Dom(A).)

(c2) (Ignore "1 and WD, 2 for n= 0.) This follows by applying (b2)
subsequentlyexcept for the Hg claims. We have tu € C”fl(R;Wi;z), by
LemmaB.7.11,andB € @(Wﬁ;Z,HB), by Lemma6.3.19. Therefore,Btu €
C"1(R;Hpg).

Moreover, for u € W2, n € N+ 1, x := Bru, we have (a —AX=0x—
X 4+ Bu, andax—x € L2(R;H), u€ L3(R;U), hencex € L(R;Hg), because
(a—A)~1[I B] € B(H xU,Hg). By induction,we have x € W"~12(R; Hg).

(d) We have D*y = D%y, so that this follows from (6.48) and Lemma
6.2.9(b). d

Thefollowing standarddelayline example(to which we returnseveraltimes
later)illustratesthe symbolsdefinedin this section:

Example6.2.14 (Cy andBf,) LetU =C =Y, H :=L?(R,;Y), and

-1

3= [ Tt ‘ ToyT(=1) } € WPLS(U,H,Y). (6.53)
I | t(-1)

More detailsof this systemaregivenin [WZ], [S95]and[Sbook];thereademight

alsowish to consultsometext book on distributions(e.g.,[Rud73])for H_; and

H*,, thedualsof Hy andH; w.r.t. L2,

Now ]IA))(S) =€ °— 0,asRes— o, henceD € ULR andD = 0 (in fact,D €
MTICq). By Proposition6.2.8(a2)we have Cyy C B(Hg,Y) andBj, C B(HE,U).
(Becausa@imU = 1= dimY, we havein factthatC,, = Cs andB}, = B.)



By PropositionB.7.12,we have
_4d
e’

. d
A=

(Hereandbelow, 6 € R, is the agumentof an element(function) of H. Recall
W22((0,0)) C (o(R4 ), continuouslyby TheoremB.7.4andLemmaB.7.6.)

BecauseC = |, we have xo(t) = (Cxo)(t) = Crt, 1'% for xo € H, andC = &} :
f — f(0) istheuniqueoperatolC € B(H1,Y) satisfyingthis. By Lemma6.2.9(b),
we have (AB* ) (t) = B*A*(t) f for f € Hj, hence

B'T(—O)T f =B"A" (0 = (T 1)(-1) = (Mo )1 -1),  (656)
henceB* = &7 : f — f(1). Summarizing,

Bup = Upd1 € H_1, C=0p:%—X%(0)eY=C, D=0=D" (6.57)
B" =&, C*'Yo=Yod, (U€U, X €Hz, Yo€Y). (6.58)

By taking Laplacetransformsof Axg, A*Xo and Btim, ug for xo € H and
Up € U, we obtain

A Hy = WH((0,00)) := {f e H| f' € H} (6.54)

Hi = W52((0,%0)) := { f € WY2((0,)) | f(0+) = 0}. (6.55)

Hi> (s—A) "o 9»—)/ e Oxo(r) dr, (6.59)
0
0
Hi 3> (s—A) X 9+—>/ e "% (8 —r)dr, (6.60)
0
Hg > (s—A) B =Ty ()e™ 1 uy  (se Ch). (6.61)

Notethat“ 1 )" in (6.61)(insteadof “1q 1)") is just our choice— the elements
of H areknown justa.e.
By Definition6.1.17 thespaceHg C H is givenby
Hg =H1+Crgqy(-)e ) = {f e H| ' € H+C&} (6.62)
=W"2((0,1)) +WH([1, %)) (6.63)
(we usedherethe choicemadeabove; notethatelementof Hg areboundedand
continuousrom theright on R,). We canset,e.g.,a = 1, to make thenormon

Hg equalto
1(1—A) (%0 + Buo) [[g := | (X0, Uo)|IHxu- (6.64)

However, thisnormsenesonly asanexample,it is enoughfor usto know thatthe
inclusionsH; C Hg C H arecontinuous.TheoperatoiC,, € B(Hg,U) is givenby

Cuo = W-im Cs(s— A)x0 = w-im s/ e S (r)dr = x(0+),  (6.65)
o0 0

S+
i.e.,Cy = &y, € B(Hg,U). Fromthisand(6.61)we canverify theidentity
D(s) =Cy(s—A) ‘B=e S (6.66)

asrequired sincee ° = TT—T) Furthermore(s— A*)C*yo =€ Syg € HE C H for
s€ C*, yp € C, hence(1— A*)C*yo = yoe ", henceHg = H} +Ce— = W2, by



LemmaA.3.4(I1). Finally
1
B*s(s— A*)xp = s/ e %(1—r)dr — xo(1-), ass— +, (6.67)
0

for xg € HE, henceBj, = 8] : xo — Xo(1), sothatBy, € B(HE,U) asrequired.In
fact,Bj,xo = Xo(1—) for ary Xo € H thatis weakly continuougo theleft (or hasa
weakleft Lebesguevalueat 1, by LemmaB.5.10). N

Notes

Strongandweakregularity andtheir coretheoryaredueto G. Weiss[W89c],
[WW]. TheconceptUJLR is dueto [Helton76a],p. 155.

Vertical and half-plane-rgularity seemto be the most reasonabletrans-
fer function propertiesthat connectthe 1/0O map equalitiesto corresponding
feedthroughoperatorequalities. Their main advantageis that they canbe used
to guaranteehatthe signatureoperatorof an optimal control problemequalsthe
classicalbne(see.e.g.,.Lemma6.3.6(b)andPropositiornd.11.3(c)).

Exceptfor Lemma6.2.2 (in this generality)and Proposition6.2.8(e)&(f),
almostall resultsof thissectioncanbefoundin someformin theliterature mostly
dueto G. Weiss. The Lemma6.2.10,the compositionpartof Example6.2.6and
someminor resultsarefrom theworksof O. Stafans.

Furtherresultson regularity are given in the next sectionandin [W94a],
[W94b], [SWO00], [SW01a] and [Sw01b] among others; see [Sbook] for an
extensve treatmenton the subjectand for historical remarks (the notes for
Chaptergt andb).



6.3 Further regularity and compatibility

Be regular and orderly in your life, so that you may be violentand
original in yourwork.

— Gustare Flaubert(1821-1880)

We startthis sectionby studyingseveraltypesof regularl/O maps(regularity
andinvertibility, HP transferfunctionsandcorvolution I/O maps).

Not every WPLS is regular, but the outputoperatorC of ary WPLS hasan
extensionCc s.t.D := D — C;(- — A) !B is constantsuchpairs(C¢, D¢) arecalled
compatibleoutputopemator pairs for the system.Also theformulay = Ccx+ Dcu
holdsif theinputis smoothenough We give afew basicresultson suchpairs.

Furtheron, we give necessarand sufficient conditionsfor certainoperators
to generatea WPLS. Thenwe presenseveralauxiliary lemmason the connection
betweernhe generatorandcomponent®r signalsof a systemuntil we finish this
sectionby a brief treatmenbf reachabilityandobsenability.

In connectiorwith feedbackit is oftenimportantto know whethertheinverse
of anl/O mapis regularandwhetherits feedthrougloperatoiis invertible; we list
herethebasicfactson this:

Proposition 6.3.1(Regularity of X~1)  (a) LetX € GTIC, beSR.Then

(al) Thefeedthoughopemator X := X(+4) is left-invertible
(a2) If X9 is SR thenX isinvertibleand X1 is SR.
(a3) X1 is SRiff X is invertible. If X1 is SR thenX~1(400) = X1,

(b1)If X € GTIC« is UR,thenX 1 isUR,X € GB, andX 1 (4w) = X1,

(b2) LetX € GTIC, and X € GB. ThenX is SR(resp.UR, SVR,UVR, SLR,
ULR)iff X~1 is SR(resp.UR, SVRUVR,SLR,ULR).

(b3) LetX € GTIC. ThenX is strongly (resp.uniformly) half-planeregular iff
X 1is.

(b4)LetX € GTIC, andX € GB. ThenD andX are SR(resp.UR,SVRUVR,
SLR,ULR)iff DX~ andX are SR(resp.UR, SVR,UVR,SLR,ULR).

(c) LetX € TIC, beULR. ThenX € GULR & X € GTIC, < X € GB.

Dueto (c), onecanwork with ULR mapsin the sameway aswith rational
maps: a mapis invertible iff its feedthroughoperatoris invertible. Moreover,
the classULR is alsoclosedunderinversescompositions)inear operationsand
causahdjoints(seeLemmab.2.5). Thesepropertieamake uniform line-regularity
themostimportantregularity propertyin the optimalcontroltheoryof PartlIl.

Proof: (a)—(c)W.l.0.g.(seeLemma2.2.1(c4)) we assumehatY = U.

(a1-3)follow from [W94b, Theorems4.7 & 4.8] (with H =1 — X and
K:=1).

(b1) Now X 1(s) = X(s) ! is boundedbn someC; andX(s) — X, hence
X € GB, by LemmaA.3.3(A3). Therestfollows asin the proof of (b2).



(b2) Leta € U bearbitraryandsetb := X ~'a. Now
X (s)a—Xta=X"1(s)Xb—b=X"1(s)[Xb—X(s)b] = O (6.68)

ass — o (along Ry or w+ iRy or Res — +4), because||§§_1(s)||@ <
IX~L|ltic, on C&. Therefore, X! is SR (resp.SVR, SLR) if X is. The
uniform propertiesfollow by removing a and replacingb by X! in (6.68).
The conversedollow by exchangingtherolesof X andX1.

(b3) Theproofof (b2) appliesheretoo.

(b4) This follows from (b2) and Lemma6.2.5 (thesepropertiesare pre-
senedundercompositions).

(c) Thisfollows from (b1)—(b2). O

Theobviousfacts(al)—(b)below areoftenneeded(c) and(d) lessso:
Lemma 6.3.2(Regular I/O maps) LetD € TIC«(U,Y).

(ad)If dimY < oo, thenD is WR(resp.WLR,WVR)iff D is SR(resp.SLR,SVR).

(@2)If dimU < oo, thenD is UR (resp.ULR,UVR)iff D is SR(resp.SLR,SVR).

(b) DY is WR (resp.any otherweakor uniform propertyfrom Definition 6.2.3)
iff D is.

(c) If D € TIC,(U,Y) is uniformly (resp.strongly, weakly)regular and D is
holomorphicand boundedon the sector{s € C||amgs| < J+ ¢} for some
e > 0, thenD is uniformly (resp.strongly, weakly)half-plane-egular.

(d) If DisURandD € GB, thenthereis R> 0s.t.D(s) € GB for s> R.
(&) If D € TIC,NWR, then||D||5u.y) < [Bflric,.

Proof: (al)&(a2)SeeLemmaA.3.1(k1)—(k2).

(b) Thisis obvious. R

(c) By [HP, Theorem3.14.3],||D — D|| 3u,y) — 0 as[s| — o, onary closed
subsectoof {s€ C||amgs| < J+¢}, in particularonC*. (By [HP], we have
theabove corvergenceevenif adlsc{|s| < R} wereexcludedfrom thesector)

Thestrong[weak] claim is provedby replacingD by Dug [by (]Duo,yo)] for
Up € U [andyp € Y].

(d) This follows from Lemma A.3.3(A2) and the continuity of D on
(w, 4], wherewis s.t.D € TIC,,.

(N.B. ThereisD =D" € SRNTIC s.t.D = | but llA)(n)a1 =0(neN): Let
U := ¢2(N) anddefineD by D(s)e, := (1— 2e 5I°92/M)g, (n€ N, s€ C*+) (obvi-
ously, || 3wy < 1;by LemmaD.1.1(b)wehaveD € H*(C+; B(U))).) O

Recall that H, := HP(C{; %) = T(—w)HP (1 < p < o, w € R) and that
HE := UwerHY,. By Theorem6.2.1,the setof transferfunctionsof WPLSs(or of
TIC. maps)equalsH®. If atransferfunctionbelongsto HY (or to weakH&, see
Definition F.3.1),for any p < o, thenit is necessarilyuniformly line-regularand
muchmore:



Proposition 6.3. 3(][) € H[strong) Let—o<w<a<o,1<p<oo,
(@) (Hb weake C ULR) LetD € HP__(C&iB(U,Y)). ThenD € TICq(U,Y) N
ULRNWVR, andD =0. If w < 0, then]D) € WHPR
The above claim also holds with replacementsH? .., — HStrong and
“W” —"S”, aswell aswith replacementHweakH HP and“W” —"U".

(b1) ($+H§,’tmngm is inverse-closed in HZ) Let D € B(U,Y) +
HE o CHiB(U,Y)). ThenD € GHZS & D € G(B + HEonge). More-
overif D e GHg,, then

D -D- ||H§tmng(cj,;a;(vu <D ||H°°||D||H§tmng(c$;a;(u,y))||D71||-
(6.69)

Part (b1) alsoholdswith “strong” remwed.

(b2) If D()* € BU,Y) + HEondCHi B(U,Y)), thenD € GHE & D()* €
G(B+ Hstrongm) etc.,asin (b1), by duality.

c If D e BU)Y) + Hiond CdiB(U,Y))  and F € B(Y,Z) +

HZond C&i B(Y,Z)), thenFD € B(U,Z) + HZ0nd C&: B(U, 2))

(Thisalsoholdswith “strong” remaved.)

(d) Let D € HP(CE; B(U,Y)), p € [2,]. Then|[Dul[ 2 < Mppelull 2 _for
anye > 0,u€ L2 .(Ry;U). In particular, D[LZ] C L2,

(e)LetD()* € HZrond Céi B(Y,U)). ThenDu € C(R;U) and

Suplle “Dully < D) Iy ongctimvipllully — (U€ LE(R:V)).

(6.70)
Notefor (e) that|[D()* I, (cs:avu)) < IDllecs:au.y)) for any D € HE,.
By (c), B+ HStrongoo is asubalgebraf H, whenU =Y.

In Theorem6.9.1we shallshov thatlIA)(- —w) € Hgtrongfor somew € Riff D
hasarealizationwith abounded andD = 0 (anda dualclaim holdsfor bounded
C).

Proof: (@) 1° D € ULRN TIC4(U,Y): By Lemma F.3.2(a), D e
H®(Cg; B(U,Y)), henceit is the transferfunction of someD € TIC,. By
LemmaF.3.2(b),D is ULR. R

2° Half-plane-regularity: We givetheprooffor D € HP(C; B(U,Y)); (add
Up € U [andA € Y*] for Hong[or HY )

Assumethatw < 0. ThenD is uniformly half-plane-rgular, by Theorem
6.4.20f [HP] (usea := w/2=: -4 < 0; notethatD € HP(C,,,; B) in thesense
of [HP], i.e.,theextraassumptioriii) of Definition 6.4.10f [HP] is satisfiedfor

a=w/2).
3° Vertical regularity: This follows from the half-plane-rgularity of ]ﬁ(- —
w—1).

(b1) This follows from Theorem4.1.1(j). Thenormestimates obtainedas
in theproof of Lemma4.1.2.



(b2) Apply (b1)to ]IA)(T)*, andnotethatD — ]IA)(T)* is anisometricisomor
phismof HY ontot Hy-
(c) Setg:=D-D, f:= IF F Obviously, we have FD € B(U,Z2)
and Fg,fD € Hstrong(c ;B(U,Z)). But f € Hy, by (a), hence fg €
HZond Cd:B(U,2)). (We can alsoremcve “strong” from the statementnd
theproofof (c).)
(d) In fact, it sufiices that u € LA(R;U), whereq = (1/2+ 1/p)~~.
Indeed,q € [1,2], henceq = (1/2—1/p) ! € [2,0] and||G]| e < Mq||u||Lq,

by TheoremE.1.7. On the otherhand,||]D>U||H5) < ||D||HE)||’1|
B.3.13.

Thus,|[Dul| 2 < M; ||]D>||Hp||u||Lq whereMj, := v/2rMq. Becausé|u|| a <
Mgellull 2 . by LemmaD.1.4(b4)we cansetMp,p := M{],EM£,||]13>||HE).

(e) SeeLemmaF.3.7(b2). (N.B. althoughD € TIC4 andD € B(L2, ()

(where D standsfor its unique continuous extension), we do not have
D € B(L2,L2) unlessD € HS,.) O

o by Lemma

If F eLY(R,;B(U,Y)), thenDu := F xu definesa TIC map,andwe have
DU= Ft(seeLemmaD.1.11(c")). If merelyF € Lstr0n9(R+; B(U,Y)) (Definition
F1.4),ie.,F:Ry — B(U,Y)iss.t.Fup€ LY(R;;Y) (up € U), thenDu := F xu
canin generabewritten asanintegral for finite-dimensionati € L?(R,;U) only,
butstill F € H*(C™; B(U,Y)), henceD0:= FUstill definesamapD € TIC(U,Y).

We list below furtherpropertiesof corvolution maps:

Proposition6.3.4(D € L[stmng*) Let—o <w<a<owandl< p< oo,

(al)LetF e LP(R,;B(U,Y)). DefineD by D := F.
ThenD € MTICY' ¢ ULRNUVR, Du:=F xuforall ue L2+, L2, and
]D)d F*
If w< 0, thenD is UHPR.If E € B(U,Y) and E4+ D € GTICq, then
(E+D) ! e GB(Y,U) +LINLE(R:;B(Y,U)). Finally, DX — F
in B(U,Y) at every Lebesgugoint of F, hencea.e (See(a2) and(a3) for
furtherresults.)

(a2)Lete™@F € Lstron9(R+, (U,Y)). DefineD byD :=F. ThenD" = F* on
C¢,, and(a3)applies.

(@3)LetF € B(U,LY(R,;Y)). DefineD by D := F.
ThenD € TICGNSLRNSVR (andD € ULR if p>1). If w< O, thenD
is strongly half-plane-egular. Moreover, Du = F x u for finite-dimensional
ueLg+mlLi.
fl<p<2andl/p+1/q=1, thenD € H trong(C ), if p> 2,
thenD € HZyond C3; B(U,Y)). Finally, ¥DX(_, 0o — Fuo inY at every
Lebesgugoint of Fup, hencea.e (ug € U).

(a4)Lete ®F e LP_(R.;B(U,Y)). DefineD by D := F. ThenD? = F* on
Cg,, and(a5) applies.



(a5)LetF € B(U, B(YB,LA(R,))). DefineD by D := F.

ThenD € TICGLNWLRNWVR (andD € ULR if p>1). If w< O, thenD is
weaklyhalf- plane-egular. Moreover, ADu = AF x u for finite-dimensional
uelLZ+mLi. andall AeY*

fl1<p<2andl/p+1/q=1, then]ﬁ)queak(C ; ) if p> 2,
thenD € H2__(Cd; B(U,Y)). Finally, AL DX [—r,0)U0 — /\Fuo in C atevery
Lebesguepomtof/\Fuo, hencea e (u e U N eY™).

(b) For p= 1, wecantake a = win (al)—(a4).

SeeTheorem?2.6.4 for more on the classesn (al) and (a3). SeeLemma
F.2.2(a) for the “strong corvolutions” appearingin (a3); they coincide with
ordinaryoneswhenF e L.

A convolutionkernel(*F” above) correspondingo anl/O mapof a systemis
oftencalledtheimpulseresponsésinceit equals‘F xdy = Ddp”) or theweighting
patternof the system.

Proof: (al) We have F € L, henceD ¢ MTIC& , by definition, and
F+xu=FG=Da=Duforuc L2, by LemmaD.1.11(c’). By causallty(replace
u by 151U, for arbitraryT > 0), we have F xu = Du alsofor u € L2 .(R+:;V)
(cf. LemmaD.1.7).

By LemmaD.1.12(d),we hare D¥ = F* (henceDd = F**)

If w< 0,thenwe cantake a = 0 to seethatD € MTICL" (and henceD is
uniformly half-plane-rgular, by Theorem2.6.4). By LemmaD.1.11(b’), we
haveD € ULRNUVR (andD is uniformly half-plane-rgularif w < 0orw=0
andp = 1). Apply Theorem4.1.1(b)to 7_4(E 4 F*) to obtainthatalsothe
inverseliesin B4 (LY NLY)* (recallthatF € LY NLY).

At eachLebesgueointt of F, we have

1 1 /0 1/
“DX|_r0) = —/ Ft—s)ds= —/ Flt+9)ds—F,  (6.71)
r rJ-r rJo
asr — 0+. (N.B. I [JF(t+s)dsis a continuousfunction of r andt, by
CorollaryB.3.8.)

(a2) (Notethatif, insteade “F* € LStrong thenD is “strong" half-plane-
regular” etc.,by duality.)

Asin (al),onecanshawv thatD € SLRN SVR andthatD is stronglyhalf-
plane-rgularif w < 0 (orw=0andp= 1)

By LemmaF.3.4(c2)&(al),we have F € H trong(C B(U,Y))nHy for
pe[1,2]; for p>2wehaee ¥ F ¢ Lstrongfor ary o > w. It follows that
D e ULRif p> 1, by Proposition6.3.3(al).

For u= quo, 9 € L2(R), Up € U, we have Fxu = Fug+ 9= Fuep= D,
i.e., F xu = Du; hencethe sameholdsfor finite-dimensionali (seethe proof
for mLIoc) .

By Lemma6.2.2, we have D4 = D(§)* = F(§*; by Lemma F.3.3(c),
F(5)* = F*(s), forse CJ,.



(a3) Most of this follows from LemmaF.2.2(d1)—(d3);the rest can be
obtainedasin (a2).

(a4) The proofsof (al)—(a3)apply mutatismutandis.(Recallfrom Remark
A.3.22 that YB refersto the “linear” dual, wherethe scalarmultiplication is
definedby (BA)yo := B(Ayo) a € C, A € Y*,yo € Y, asin TheoremF.2.1(f).)

(Obviously, B(U, B(YB,LE(R,))) is the spaceof bilinear mappingsU x
YB = LO(R,), i.e., thespaceof sesquilineamappingd) x Y — L (R,), with
norm | T{| < supy, <2 I (Uo Yl p-)

(ab)Onecanobsene this from the proofsof (al)—(a3). O

In classicalRiccati equationtheory one often needsto make conclusions
suchasD'D = X*X = D*D = X*X. This may fail even if D,X € ULR
(Example 6.3.7), but the following two lemmasgive us important sufficient
conditions:

Lemma 6.3.5(D*JD = X*SX = D*JD = X*SX) Let Dy €
Heond C T3 B(U,Y) + B(U,Y), px € [2,0) (k=1,2,3,4) andYy = Y2, Y3 = Ys.
Assumehat (D;u, Dou) > (D3u, Dau) for all u € L2(R;U). ThenD3;D; > D3Da.

In particulay (Dyu, Dou) = (Dsu,Dyu) (u € L2) implies that DD, = D3Da.
We may allow for ary px € [1,) underslightly strongerstability, by Lemma
F.3.2(a2).

For Dy € MTIC" (or L%trong* +B), we obtainthesamefrom Lemma6.3.6(b).

Proof: By Proposition6.3.3(a)&(d),we have Dy € B(L24,L?), Dy € ULR,
hence(Dyu,Dou) > (D3u,Dau) (use continuity and Corollary B.3.8) for all
ueL?4(R;U), k=1,2,34,5>0.

We shallassumehatDs = 0 = D4 to simplify thenotation;thegenerakase
is analogougjustthe numberof termsis doubled).

Let up € U. Seta := (D1, Dolg)y € C, F := Dy — Dy, G:= Dy — Do
Becausd-up € HP1(C™;Y;1) andGuy € HP2(C™; Y1), they have LP« boundary
functions, by Theorem3.3.1(a2). Moreover, g := (Glo,Fuo)y, € LI(iR),
whereq 1 = p[l + pgl € [1,), by LemmaB.3.13.

Givene > 0,thereRy; > 0s.t. fy :=fy, € Lﬁl/z(R+) satisfied| f;||> = 1and
frl 1?91/ dm < g/3 for all r > Ry, by LemmaD.1.24. Choose analogously
numbersR, and Rz for functions g, := (Fup, Doug)y € LPL(iR) and g3 :=
(D1ug, Guo)y € LP2(iR), respectiely, in placeof g;. Setre := max{Ry, R, R},
Be := (D1 frup, D> frug)y > 0. Then,by (D.36), we have

2B — af = (Dy fr,Uo, D2 Uo) 2(ir.y;) — (D1 frcUo, D2 fr o) 2(iry,)  (6.72)
< [ 16 P(lgnl + el + sl dm < 3e/3, (6.73)
|

hence|B: — a| < /2 Because wasarbitrary we have infgeg, [B—0a| =0,
i.e., a € Ry. Becauseup was arbitrary we have (D1ug, Doug), > 0 for all
Up € U. O



Sinceconvolutionswith L1 areuniformly half-plane-rgular (UHPR), we can
oftenusethefollowing lemmafor the purposedescribedabove:

Lemma 6.3.6(Half-plane-regularity) AssumehatD € TIC(U,Y) andJ=J* €
B(Y).

(al) LetD € TIC(U,Y) be SHPR.Thenfor eat up € U there is a null set
Np,y, C R s.t. D(ir )Jug — Dug asN]g)uO 31 — £,

(a2)LetD € TIC(U,Y) beUHPR,andletU besepaable Thenthereis anull
setNp C R s.t. ||D(ir) —D|| =+ 0asNj > r — +oo.

(b) M*ID=X*X=D*ID=X*SX) Let D,E € TIC(U,Y) and XZ €
TIC(U,H) be strongly half-plane-egular. ThenE*D = Z*X — E*D =
Z*X,andE*D > Z*X =— E*D > Z*X.

(c1) A(m D*IDr,. )1 = 3(D*ID)1) Let D, DY, E,E¢ € SHPRNTIC and
T, D*Ern,. € GB(L?(R,;U)). ThenD*E € GB(U).

(c2) @*ID > 0= D*ID > 0) Let D,E € SHPRNTIC(U,Y) and D*E >> 0.
ThenD*E > 0.

(d1) @(mD*IDm, )~1 = 3(D*ID)7Y) Let [A12] € WPLSU,H,Y) bes.t.
Bt € UHPRNTIC and D € ULRNTIC (or Br,Cd € SHPRNTIC and
D,D € SLRNTIC). If mD*IDm;, € GB(L2(R,;U)), then D*ID €
GB).

(d2) @*ID>>0=>D*ID>>0) Let [&{2] € WPLSU,H,Y) be s.t. Bt €
SHPRNTIC andD € SLRNTIC. If D*JD > ¢l, £ > 0, thenD*JD > ¢l.

Parts(d1) and(d2) aremainly appliedto exponentiallystable(or stabilizable)
systemsof the type studiedin Sections6.8 and9.2. SeeLemma9.2.17for the
unstablecase.

Proof: (al) For ary € > 0 chooseR: > 0 s.t. ||[D(s) — D]ug|| < € for all
se C* with |s| > Re. Then||[D(ir) — D]uo|| = lim¢_o. ||[D(ir +t) — D]ug|| <,
whenr € R\ Np, and|r| > Re, for somenull setNp,,,, by Theorem3.3.1(c1).

(a2) Modify the proof of (al)suitably(useTheorem3.3.1(c2)).

(b) We only prove that E*D > 0 = E*D > 0, becausehe latter claim
follows by applyingthisto [E —Z]" [2] > 0, andthe former claim follows
from thelatter.

We have (]Euo,]ﬁ)uo) > 0 a.e., by Theorem3.1.3(e2). Letting (Np, U
NEy, )¢ 2 r — 4o, we get that (Eup, Dug), > 0, by (a). Becauseug was
arbitrary we have E*D > 0.

(c1) (N.B. D € UHPR= D,D% € UHPR C SHPR) Choosen > 0 s.t.
|7 D*Eul|2 > nu|l2 for all u € L2(Ry;U).

Let ||uo/lu = 1 ande > 0 bearbitrary By (a), thereareR > 0 anda null
setN s.t. || (E(ir) — E)ug||, ||(D* (ir) — D*)Eug|| < € for r > Rs.t.r € N. By
LemmaD.1.24(a),thereared > 0 andR > 0 s.t.for all r > R andt € (0, )
we have || | h2(c+) = V2 and||Xi_rR f|2 is arbitrarily small, hencefor




suitabled > 0 andR > 0 we have

(DY, EfLruo)| < (DY, Efrruo) — (9, D°E firuo)| + V27| 9] 42| D*Evollu (6.74)
< (2me+ (2m)|V]|2ID*Euollu (v LA(R4;U)). (6.75)

But for afixedr, thereis v s.t.||v||2 = 1 and \(ﬁ\?,l@ﬂ,ruoﬂ > 21m, by Lemma
A.3.1(cl)(xi),hence||D*Eug|| > n — €. Sincee andup werearbitrary we have
|ID*Eup|| > n whenever ||up|lu = 1.

By exchangingtherolesof E andD, we obtainthat||E*Dug|| > n||uo||u for
all up € U. ConsequentlyD*E € GB(U), by LemmaA.3.1(c3)(v)&(i).

(c2) Now D*E > €l for somee > 0, henceD*E > ¢l, by (b).

(d1) By Lemmas6.3.23,we have D € UHPR (or D,D% € SHPR), hence
D4, JD, DY) € UHPRC SHPR(or JD,JDY € SHPR), hencethis follows from
(cl).

(d2) By Lemma6.3.23,we have D,DY € SHPR hencethis follows from
(c2). O

For non-half-plane-rgularD andX (evenfor D, X € MTIC C ULR), wereally
may have D*D # X*X althoughD*D = X*X:

Example 6.3.7 (S# D*JD) In the systemof Example6.2.14,we haveU = C =
Y,D =1(-1). TakeJ =, sothatD*JD = | hasthe spectrafactorizationX* SX
with S=1=X € GTIC(U) (orX = E, S= (EE*)~! with E € B(U)).

ClearlyD =0andX =1, henceD*JD = 0# | = X*SX. NotethatD, X € ULR,
but, of course D is not (evenweakly) half-plane-rgular. Moreover, for s=iw e
iR we have D* (s)JD(s) = |e 7% = 1 = X*(5)SX(s), but D(iw) = €' 4 D as
W — F00). <

(In Example9.13.8(with X dividedby v/2), we have X*X # D*D eventhough
D*D = X*X, CisboundedandX =1.)

This unfortunatefactmakesthe WPLS Riccatitheorymorecomplicatedhan
the earliertheoriesfor smootherclassesandforcesus to introducethe signature
operatorS (in general,X*SX) that replacesthe standardterm D*JD in Riccati
equationsn thegenerakasecf. (9.3).

We shallshav in Theoren6.3.9thattheoutputoperatorof anarbitraryWPLS
[212] hasanextensionC; € B(Hg,Y) s.t. D(s) = D¢+ Cc(s— A)~1B for some
D¢. Suchoperatorsarethe compatiblegeneratoref 2.

Definition 6.3.8(Compatibility) Wecall (C¢, D) acompatiblg(outputoperator)
pair for = (or for [ A | B ]), andwecall [CAT’ﬁBC] compatiblegeneratoref £ €
WPLS,(U,H,Y) if [4}2] arethegenemtorsof £, Cc € B(W, Y) is anextensiorof

C, wheeW is a Banat spaces.t.Hg C W C H, andD. = D(a) — Cc(a —A) !B
for somea € C,.

As before, “generate” means“are the generatorsof”. We considerpairs
(Ce,De¢) and (Ce, D) for [A|B ] equaliff [C|D ] = [ C ‘ D } ie., iff



Ce= CC onHg (theextensionof C. outsideHg is irrelevant,seebelow); cf. Lemma
6.3.10(d3).

TheoperatorD. € B(U,Y) is independenof a, by (6.40)andthe Resohent
Equation. By Corollary A.3.7, we have Hg ¢ W, henceC, Hs € B(Hg,Y), so
that we could always replaceW by Hg (or be ary other BanachspaceV C
W s.t.Hg C V), andsowe usuallydo. However, sometimesve wish to choose
W s.t. Hy is densein W (it neednot be densein Hg evenif D = 0, by Lemma
6.3.10(f)),andthis canbe doneby takingW := Dom(C_ ) wheneverD is SR, by
Lemma6.3.10(e)and Proposition6.2.8(c6). Also physicalconsiderationsnight
sometimesnake someotherW morecorvenient.

Theorem 6.3.9 EveryWPLShasa compatiblepair.

In the proofwe shav thatC is boundedn the Hg horm, hencet hasa unique
boundedextensionto the closureof Dom(A) in Hg. We could take the zero
extensionof this to extendC to Hg, but thisis notalwaysthe mostnaturalchoice.
E.g.,if Cis bounded(.e., it coincideswith someCy € B(H,Y)), thenC, =C is
in generadifferentfrom the zeroextension.

Proof: Let > := [&1B] e WPLS(U,H,Y). LetHsg beH; with thetopology
inheritedfrom Hg. Assumew.l.0.g.,thata > wa (in Lemma6.1.16).

1° If z; — 0 € Hyg, thenCz, — 0in Y: Assumethat{z,} C Dom(A) is s.t.
|Zn|lHg — O @asn — co. By definition of ||z,||ng, theremustbe {x,} C Hy and
{un} CU s.t.

Zn =X+ (0 —A) "By, [XnllH, = O, ||Un|ju — O. (6.76)

It followsthatCx, — 0. Now z,, X, € Hy imply that(a — A)~!Bu, € H;. Choose
W > wa andsetM := ||D||xg < . Then

D(S)up = D(a)u,—C(s—a)(s—A) L (a—A) " Bu, — D(a)u,—C(a — A) ~*Buy =: yn,

(6.77)
and||yn|ly < M||un||u, hance||C(a — A)~!Bun|ly < 2M||un|lu. Consequently
Cz, — 0asn— o,

2° ¥ is compatible: By density(seeLemmaA.3.10),C hasa continuous
extensionto the closureH;g of Hig in Hg. BecauseHp is a Hilbert spacethis
extensionhasan extensionC; € B(Hg,Y), by LemmaA.3.11. Thus,C; and
D¢ := D(a) — C¢(a — A) 1B form a compatiblepair for =. O

Next we list the basicpropertiesof compatiblepairs:

Lemma6.3.10 LetZ, C; andD. beasin Definition6.3.8.Then

(2) D(s) = D¢+ Ce(s— A) 1Bforall se Cf.

(b) If xoe H, ue Wﬁ;i(RJr;U), and Axp + Bu(0) € H, then Cxp + Du =
CcX+ DcueW&;i(R+;Y),Whe|ex::Axo+IB%Tu.

(©)Ifue Wi;Z(R;U), thenDu = Ccx+ Deu € Wﬁ;z(R;Y), wheee x := Bru.



(d1) Z is uniquelydeterminedy [(:A—C%] (thecorverseholdsiff Hy is densan
Hg).
(d2) Corversely = determine{é}—f] uniquely andC; canbechosento beany

continuousextensionof the closuie of C (on the closure of Hy in W); this
choicedetermine®. uniquely

(d3) Let also (C¢,Dc) be a compatiblepair for =. Then ¢ = C; on Hg iff
DC == Dc.

(e) If D is WR (resp. SR), then (C_ w,D) and (Cy,D) (resp. (C_s,D) and
(CL,s, D)) are compatiblepairs for .

(f) Cc and D maybe nonuniquesvenif X is veryregular (e.g., D = 0= C).
(9) (0 —A)~'B € B(U,Hp) C B(U,W) for anya € 6(A)°, andHg CW.

By causalityin (c) it is enoughthat T _, 1)U € W&;z(R; U) for eachT > 0.

Proof: (a) Thisfollowsfrom (6.40)andthe ResohentEquation.

(b) (Note that, given just u, we can always take X := (s— A)~*Bu(0).)
Assumethatu € WL?(R, ;U) (for the generalcase,choosesomeT > 0 and
extendu on (T, +o) sothatu € W52; the valuesof x andCxo +Du on [0, T]
remainunchangedby the causalityof ).

Becausee “x € (,(R4+;Hg), by Theorem6.2.13(b1),the Laplacetrans-
formof f :=Cx+Dguis

f(s) = CeX(8) + Dcli(s) = Ce[(s— A)"Ixo+ (s— A)1BU(s)] + Dcli(s), (6.78)

which equalsthe Laplacetransformof Cxg + Du. Both functionsare continu-
ous,henceequal.

(c) Seetheproofof (b).

(d2) The first claim follows from Lemma6.1.16(d). Corversely let H’
be the closureof H; in W, andlet H” be its orthogonalcomplementn W.
Obviously, C. is uniguelydeterminecnH’, andCc‘H,, canbechoserto beary

B(H”,U) operatorthis choicedetermine®. uniquely by Definition 6.3.8.

(d1) The uniquenessgollows from (a) andLemma6.2.9(a). The corverse
holdsiff Hy is densen W, by (d2).

(d3)If Cc = CC onHg, thenDC = DC, by definition. Converselylet D; = DC
ThenC; = C. on (a—A)"1BU]. ButC,=C = Cc on Hy, henceC, = C; on
Hi+ (a —A)~1B[U] = Hg, by linearity.

(e) Thisfollows from Proposition6.2.8.

(f) Let C = 0= D (sothatD is uniformly half-plane-rgular etc.), BU N
H = {0} andKer(B) = {0} (sothat(a —A)~!B € B(U,H") is anisometric
isomorphisnonto,in termsof the proofof (d2); herea is asin Lemma6.1.16).

Thenwe canchooseanarbitraryD. € Q%(U,Y) anddefineC. on H’ = Hy
by Cc),y, = C, andon H” by C(a —A)~1B:=D(a) - D¢ € B(U,Y), sothat
Cc € B(H' x H".Y), and(C¢, D) is acompatibleoutputoperatorpair for .

(9) By Corollary A.3.7, we have Hg C W, henceB(U,Hg) C B(U,W).
Trivially, ||(alpha— A) 1Buo||rg < ||Uollu for all ug € U if a is asin Defini-

tion 6.1.17.Sinceadifferenta leadsto anequivalentnormon Hg, asnotedat



theendof Definition6.1.17 we have (a — A) !B € B(U, Hg) for ary a. O

If B is boundedthenHg = H1, sothatC; = C is essentiallythe only possible
choiceof Ce. If B is unboudedandU = C (evenif C werebounded)thenD. can
be choserarbitrarily:

Lemma6.3.11 Let> € WPLS(C,H,Y) haveB unboundedi.e.,, B1 ¢ H. Choose
r > wa andsetxg = (r — A)7'BL. Then||x, + axg||w, = [a|*+ [[xd[|f, is an
equivalennormfor Hg = {x;+axg|x1 € Hy, a € C}.

Let yp € Y be arbitrary. Defing C¢(x1 + axg) := Cx3 + ayp, sothatC; €
B(Hg,Y) becomesn extensionof C € B(Hs1,Y) andhence(Ce, Dc) are compat-
ible geneiatorsof Z, whee

D¢ :=D(r) —Ce(r —A) " B=D(r) — Cexg = D(r) —ayp € B(C,Y) =Y. (6.79)
Thus,D. € B(C,Y) canbechosenarbitrarily. 0

(All thisis straightforward.)

In particular the“compatiblefeedthrougtoperator’D. € B(C) canbechosen
arbitrarily in Example6.2.14.1f wetake D # 0, thenit becomesompensateth
Ce.. If wereplaceC by 0 in Example6.2.14,thenD; # 0 impliesthatC; # 0 —
thus,the compatiblegeneratorarenot uniqueevenfor boundedC.

How to recognizea suitablepair (C¢, Dc)? Quiteeasily:

Lemma6.3.12 Let X = [g%] € WPLS,(U,H,Y). If (1.) or (2.) holds,then
(Ce, Dc) is a compatiblepair for .

(1.) Ce:Hg — Yislinear, D € B(U,Y), C C C. andD(s) = D¢ +Ce(s—A) 1B
for somese C{;;

(2.) Cc € B(W,Y), D¢ € B(U,Y), C C Ce, and (Du)(0) = Dcu(0) + Cex(0)
whene&eru= @up, up € U andop € &’ (R).

Recallthat“C c C;” meanghatC. is anextensionof C.

Proof: R

(1.) Now Cg(a — A)1(xo+ Buw) = C(a — A)~Ixg + [D(a) — DcJup <
M[|[%o|| + ||uol|]] for all xo € H, up € U, where M := max{||C(a —
A, ||HA))(0() —D||}, henceC. € B(Hg,Y), hence(Cc, Dc) is acompatiblepair
for .

(2.) Because(’(R) is densein Wﬁ;z(R), by TheoremB.7.3 andLemma
B.7.10,we may chooseary ¢ € W&;Z(R), by continuity (indeed,by Lemma
6.3.19,we have B € @(W&;Z; Hg); by TheoremB.7.4andLemmaB.7.10,we
also have (gug — @(O)up) € QS(W&;Z,U); by Theorem6.2.13(b1),y € W7,
hencealsoy — y(0) is continuous).

By causality we maytake @ = € for ary s€ C{ (sincety_q g€ W({;Z).
FromLemma6.2.10we obtainthat

D(S)up = Delig + CcBU = (D¢ + Ce(s— A)1B)up. (6.80)
Sinceup € U wasarbitrary we have D = D(s) — C¢(s— A) !B. O



Next few lemmaswill give necessaryand sufficient conditionsfor given
operatorgo bethegeneratoref aWPLS:

Lemma 6.3.13(Generatinga WPLS) Opemators [%} are compatiblegen-

eratorsof a WPLS[212] € WPLS(U, H,Y) iff thefollowing conditionshold:
(1.) Ais thegeneartor of a Co-semigoup A onH.
(2.)Be€ B(U,H_;), andtheris T > O0s.t.for all u€ L?([-T,0);U) wehave

Bu = /OT A(—S)Bu(s)ds € H. (6.81)

(3.)Cc € B(W,Y), Dc € B(U,Y) andHg C W C H.
(4.) ThemapC : H; — C(Ry;Y) definedby
(CX)(t) :=CcA(t)x, (xeHi, t>0) (6.82)
canbeextendedo a continuousmapH — L2([0,T);Y) for someT > 0.
(5.) For somew > wa andT > 0, themapD : Z°((0,T);U) — G((0,T);Y)

definedby

(Du)(t) := CeBr(t)u+Deu(t) (teR), (6.83)
canbeextendedo a continuousnapL2([0,T);U) — L2([0,T);Y) for some
T>0.

If this is the case then [&2] € WPLS,(U,H,Y) for any w > wa; conse-

quentlyﬁ(s) =D¢+Cc(s—A)'Bforsec C&,- (HereB, C andD aretheunique
continuousextensionof operators definedn (6.81)—(6.83).)

By thelastclaim, [%%} is WRiff Co(s— A) !B corvergesweaklyass — +oo
(thelimit is thenD — D¢, which neednotbezero,cf. Lemma6.3.10(e)).
If we know that [ A \ B } € WPLS, then(1.) and(2.) areredundant;if
[2] € WPLS then(1.) and(4.) areredundant.
Proof: 1° “Only if”: This follows from Lemma 6.1.16 and Lemma
6.3.10(c).
2° “If . Let wa < o < w, and chooseM s.t. [|[A(t)|| < Me™ (t > 0).
Notefirstthat[ A | B | € WPLS,(U,H_1,{0}), which follows from the a-
boundednessf A andthe extendedB definedby Bu := [ A(—-)Bu. Butthe
rangeof B € B(L?([-T,0);U),H_1) isin H, henceB € B(L?([-T,0);U),H),
by LemmaA.3.6.

Then (%%) generatea €*-stablewpls, say ASY (see Section 13.4);
let [%\%} = AS™Y(AST) be the correspondingWPLS”. Thenthe quadruple
A|B] iqu n
[E‘\Tﬁ] is “w-stable”,by Lemmal3.3.8.



Oneeasilyverifiesthatthis quadruplas aWPLSand hasgenerators{é;}—f]

- A|B
(hencecompatlblegenerators{aﬁ} ).
3° Thelasttwo claimsfollow from Lemma6.1.10andTheorem6.2.11(d1).
U

A
Corollary 6.3.14([F]) Assumethat A is a Cp-semigoup and that C €

B(H1,Y). Then [A] geneate a WPLSiff there are T > 0, M < o s.t.
ICAX0[L2(j0,1);v) < M||X0]|H for all xo € Hi. 0

(Apply Lemma6.3.13with B=0,D = 0andW = Hj.)
We sometimeseedhefollowing frequeng-domainvariantof Lemma6.3.13:

Lemma 6.3.15(Generatinga WPLS) Opertors [£12] € B(H1 x U,H x Y)
geneite a WPLSIff (1.) A genertesa Cyo-semigouponH (seeTheoemA.4.3),
andtherearee > 0andw > wp andsy € Cj)A s.t.for eath xo € H wehave

(2.) B*(- — A")~1xg € H?(Cf;U);
(4.)C(- —A)~Ix € H3(CL;Y);
(5) (-—s0)C(-—A) Hso—A) 'Be H

For [g%} to generate a WRWPLS,we mayreplace(5.) by the assumption
that D + Cy(- — A)1B € H®(CS; B(U,Y)), but we must require that Hg C
Dom(Cy), i.e., thatCr(r — A)~1(w— A)~Buy corvergesweaklyfor all up € U.

One may replace(5.) by the assumptiorthat the map (6.51) extendsto a
continuousoperatorL?([0,T);U) — L2([0,T);Y). Naturally, the WPLS is w-
stablefor any w > wa.

Proof: (Analogousresultsare givenin Chapter9 of [Sbook], so we only
sketcha proof.) Necessityfollows from Theorem6.2.11. For the corverse,
assumeg(1.)—(5.). The operatorC of (6.82) satisfies@x\o(s) =C(s—Ax
for all xo € Hy, hence(1.), (4.) andLemma6.3.13apply that [2] € WPLS.
Analogously [%ﬂ € WPLS hence[ A | B | € WPLS By (d2) (seealso
(d1)) of Theorem6.2.11,LemmaD.1.26 and Lemma6.2.10, we have that
T, D = CB, hence[212] € WPLS 0

A boundedperatomwill alwaysdo asagenerator:

Lemma 6.3.16(BoundedB or C)

(a) LetB € B(U,H),C e B(H,Y)andD € B(U,Y), andlet A geneatea Cop-
semigoupon H (eg., A€ B(H)). Then[4|Z] geneatea WPLSthat is
ULR.



(b) (BoundedB) Let[ ] genelate[ | € WPLS({0},H,Y), i.e., letAgeneate
aCp-semigpbupA, andletCe fB(Dom( A),Y) bes.t.themapC : Dom(A) —
C(R4;Y) definedby

(Cx)(t) :=CA(t)x, (xeDom(A),t>0) (6.84)
canbeextendedo a continuousoperator H — L2([0,¢);Y) for somee > 0.

AssumehatB € B(U,H) andD € B(U,Y). Then[ 5] geneatea WPLS,
D is ULR,andHg = Dom(A) with equivalentorms.

If wa < O, thenD is strongly half-plane-egular. If C is w-stable then
D — D € Hyond Chi B(U,Y

(c) (BoundedC) Let [ A | B | geneate [ A | B | € WPLSU,H,{0}), i.e
let (1.)—(2.)of Lemmab6.3.13hold.

AssuméhatC € B(H,Y) andD € B(U,Y). Then[4}2] geneatea WPLS
2,andD is ULR.

(d) In (a)—(c), = and =% are ULR and w-stablefor any w > wa, and ﬁ(s) =
D+C(s—A)B (se C&)- If wa <0, thenD and DY are weakly half-
plane-iegular.

Thus,any WPLSwith a boundedB or C is ULR; in particular Bt is always
ULR (with zero feedthrough!),sinceit hasthe realization(lﬁ}%‘). Since ary
boundedA (€ B(H)) generateshe (uniformly continuous)Co-semigroupe™ with
H,=H =H_,, theoperators, C andD arenecessarilypoundedf Ais bounded.

Proof: (a) It follows from, e.g., (c), that [%}—S] generatea WPLS. By
LemmaA.4.4(c3),thisWPLSis ULR.

(b) Apply (c) to 29 (seeLemma6.1.4)to seethat>9 ¢ WPLS and =9 is
ULR (hencesois 5). If wa < 1 < 0,thenC(s—A) B¢ Hstrong(Cﬁf; B(U,Y)),
by Theoren6.2.11(c2)henceD— D is stronglyhalf-plane-rgular (hencesois
D), by Proposition6.3.3(a).

Obviously, Hg = {xp € H |AX0 € H} = Dom(A). BecauseHg C H and
Dom(A) C H, continuouslytheir topologiescoincide,by CorollaryA.3.7,i.e.,
they have equivalentnorms.

If C is w-stable,then C(s— A)~ € H3,ndC&iB(H,Y)), by Theorem
6.2.11(c2) hencealsothelastclaim holds

(c) 1° WPLS:Let w > wa sothat[ A | B | € WPLS,, by Lemma6.1.10.
SetCxg := T, CA(-)xo for xg € H. Obviously, C € B(H,L2), hence(1.)—(4.)
of Lemma6.3.13hold.

Set(Du)(t) := D+CBr(t)u (i.e., “y = Cx+Du’) for ue L2, t € R. By
Theorens.2.11(a)&(b1)wehave Du = DG-+C(s—A)!Biforue L2 SRy V).
ButC(-—A)~Be H*(C; B(U,Y)), by Theorenb.2.11(b2) henceD +C(s—
A)~!B definessomelY € TIC,(U,Y). By theobvioustime-invarianceof D, we
haveDu = DYuforuc L%(R,;U), hencealso(5.) of Lemma6.3.13is satisfied.

2° ULR: By Theorem 6.2.11(b3), we have ||C(s— A)_lB||Q;(U,Y) <
M/y/Res—yfory> wa, s€ Cif, M := ||B|[|C||/v/2, henceD € ULR.

(d) Seethe proofsof (b) and(c) (anduseduality). O



The state feedbackoperatorcorrespondingo a Riccati operatoris of the
following form (exceptthatT is notalwaysbounded):

Lemma6.3.17 Let [412] € WPLS(U,H,Y), K=SC+T, Se B(Y,2), T €
B(H,Z).

A|B ALB
Then [?’—} geneate [242] € WPLSU,H,Z). Moreover F = SD+

TBt+E, wheeE € B(U,Z) is arbitrary, andH¢ , = HE.

If D is WR (resp. SR, UR, WLR, SLR, ULR, WVR), then so is F, and
F=SD+E,ie, F=SD-D)+TBt+F. In particular, if D € ULR, then
| -Fe GTIC, < | —F € GB(U),

Thus,if D € ULR andZ = U, thenK is an ULR admissiblestate-feedback

operator(seeDefinition 6.6.10).
Proof: 1° [%H:ﬂ € WPLS. Now KAXy = SCxg + T Axg for xg € Hq, hence
[2] € WPLS Butif wesetF = SD+ TBt € TIC»(U,Z), then

Al

KB = 1. (SD+ TAB)TL. =11, (SD+ TB1)1. = 11, Fre_, (6.85)

hence[A B] isaWPLS.By Lemma6.1.16(d),F is uniqguemoduloa constant
E € B(U,Z2).

2° Now Ran(K*) = RanC*S* +T*) € H+Ran(C*), hence(a — A*) ~1K* C
HE (seeDefinition 6.1.17).

3° BecauseBt € ULR N WVR with feedthroughzero, by Lemma
6.3.16(c)&(d),F inheritsthe regularity propertiesof D upto ULR andWVR,
andF = SD + E. Thelastclaimfollows from Proposition6.3.1(c). O

We still needseveral more auxiliary technicallemmason generatorgor the
needof later chapters.The following equivalentnormon Hg makestheir proofs
simpler:

Lemma 6.3.18(]|Xo|lHg) Thenorm|- ||, definedoy
Iollk 1= [1Xollk + inf (1A% +Buolln +[luollu) (6.86)

is equivalento || - ||Hg-
In particular, if up — Us IN U, Xq — X I H and AX, + Bup, — AX, + B IN
H, asn — oo, thenx, — X, in Hg.

Even [0l == [XollH +infuseu (|A%+ Blo+$X0]IH + [|Uollu ), wheres € C
is fixed,is equialentto ||xo||Hg, @asonecanseefrom the proof below.
Proof: (Recallthat ||y || := o for x; ¢ H etc.) Let a be asin Definition
6.1.17.
1° TheequivalenceOnecanrewrite the definitionof ||xo||ng bY

%ol g = INf{ ([|AX0 + Buo — oxol[& + [|Uol[&) /% uo € U, Ao+ B € U}.
(6.87)



Thus, |%o]|Hs < max{|a|, 1}||Xoll},- It followsthat||xo||};, = 0= %0 = 0. Now
thereadercaneasilyverify that|| - [|;, is anorm.

ChooseM s.t. || - [|n < M| - ||Hg. Assumethat ||Xo||Hs < 1, SO that
||A%0 4+ Bup — axo||n < 1 and||ug|lu < 1 for someug € U, by (6.87).1t follows
that [|xo[l, <M+ (1+aM+1). Thus, |- [y, < (2+ (la] + M) - [|Hg-
Consequentlythetwo normsareequvalent.

2° "X = %" Olviously, [[Xn — Xool [, < [JA(X — Xeo) + B(Un — Ueo) || +
YI[Xn — Xoo||H =+ ||Un — Ueo|Jlu — O @SN — 0. 0

By definition, aninput mapB mapsL2 — H continuously Smoothelinputs
give “smootherstates”asnotedin Theorem6.2.13(c1)&(c2)andbelow:

Lemma6.3.19(B : Wg? — Hp) Let [ A | B ] € WPLS,(U,H,{0}). Then
thee is M < o S.t. [[Bt'ullg < MEXJullyyaz ) @nd [[BTU)™ )]l <
Me?||u]|ynizz for all u e W%((=e0,t);U), n€ N.  Moreover ||(a —
A1 Bl llgHxu pe) < 1.
Proof: Thelastclaim follows from the definitionof Hg. For the others,we
_ t _
taket = O w.l.0.g.(notethat ||t ull ym-12 )y —‘e‘*"||u||an+1,z((7oo’t);U)). Let
X := Btu, sothaton (—,t) we have X' = Ax+Bu, i.e.,

x=(a—A) (ax—x +Bu), (6.88)
(let a bethenumberin Definition 6.1.17).Therefore,
[IX()[IHg < lu(®)llu + o [IX(@) 1 + X (t)][1- (6.89)

In particulay [[X(0) || < Mal[ull12+[al[IBll]ull 2 + IIB]||u']|._z, by Theorem

B.7.4(recallthatB € B(L2,H) andthatx = Btu'). Useinductionfor the nth
deriative. m

If A is not exponentially stable,then (s— A)~! might not exist for s € iR.
Nevertheless,equationsX = (- — A)~!Bl and § = CX+ DU can be partially
recoveredoniR whenu, x andy arestable(take w = 0):

Lemma 6.3.20 Let (C¢, Dc) be a compatiblepair for [212] € WPLS(U,H,Y).
Letwe R,uc L2(R,;U) andx:=Btu € LZ(R;H). Then(s—A)X(s) = Bl(s) €
H_1 (in particular, X(s) € Hg) for a.e s€ w+iR.

Assumein addition, thaty := Du € Lﬁ). Theny = CX+ DU e Y a.e on
w+iR. In particular, for w= 0 andJ € B(Y) wehave

(DU, IDU) 2 gy = (2 X E} « [3]> , (6.90)
L2(iR;Y)

wheek ;= [Cc Dc]*J[Cc D¢

Notethatwe have (Du, JDu) = ([X],k [§]) whenereru € W-2(R,;U), u(0) =
0,Du € L?, by Lemma6.3.10(b)(for generalu € L2 having D € L2, ananalogous
resultholdswhenD is WR). Herethe integrandsare continuous whereaghose



of (6.90)aredefinedonly a.e.In Lemma6.7.8,we shallshav thattheassumption
thaty € L2 is redundant.

Proof: 1° “ (- — A)X= BU a.e on w+iR” Recallthat A € B(H,H_1)
andB € B(U,H_;). We have (- — A)X= Bl on C{,, by Theorem6.2.11(b1),
henceonC;, by LemmaD.1.2(e)(bothfunctionsareholomorphicC; — H_1).
Becauseboth X and U corverge a.e.to their boundaryfunctions,by Theorem
3.3.1(a) alsothe boundaryfunctionsmustsatisfy (- — A)X= BU a.e.

2°“y=CX+DcleY ae onw+iR" Choosea null setN C R s.t.
X(w+ir +1) = X(w+ir), y(w+ir +t) - Jw+ir) and Glw+ir +t) —
U(w—+ir), ast — 0+, forallr € R\ N. Letr € R\ N. Then

AX(W4ir 4-t) + BlU(w+ir +t) = (w4ir +t)X(w+ir +1) (6.91)
— (W+ir)X(w+ir) = AX(w-+ir) + Ba(w+ir),
(6.92)

ast — 0+. Therefore X(w-+ir +t) — X(w—+ir) in Hg, by Lemma6.3.18.
Analogouslywe seethatx € C(C{;; Hp).

But ¥ = CcX+ Dcl on Cf;,, by Lemma6.3.10(a) hence§ = CcX+ D¢l on
C¢,» by continuity. Consequentlyy = CcX+ Dclonw+i(R\N).

3° We get(6.90)from (3.34). O

In the settingof theabove lemma,thefollowing estimatds oftenuseful:

Lemma 6.3.21(]|CeX%ol| < M(||%o|| + ||uol])) Let(Cc,D¢) beacompatiblepair for
2 € WPLS(U,H,Y). For eah w € R, there is My, = Mg s p, < o s.t. for all
Xo € H, Up €U, se C/, wehave

[ICexolly < Mo([|XollH + [[uollu +[[(s—A)Xo—Buo||ln), in particular, (6.93)
reR & (ir —A)xo=Buy = [|CcXolly < Mo(||Xol|H + [Juollu)- (6.94)

Proof: Choosea > wa. Choosez € C_,, sothats+ze Cf. Set
X1 := S¥ — AXg — Blg.

Then(s+z—A)Xo = 2%+ X1 +Bug, i.e.,Xo = (S+2—A) Y20+ x1) + (s+
z— A)~!Bu. Thus,by Lemma6.3.10(a),

CoXo = C(5+2—A) X220+ x1) + (D(S+2) — D) o. (6.95)

Consequently we can take M, := ||@||HW(C;;$(H’Y))(\Z\ + 1) + |Dl|Tic, +
[IDel|Bu,v) < e, by Theorem6.2.11(c2).

(NotethatM¢, = Ms p. 2, Wherewe canfix, e.g.,z:= wa+ 1 — wto obtain
Mgy = Mz pe,w-) Ol

If D is ULR (or SLR),thenwe canimprove the above estimate:

Lemma 6.3.22(/|CwXol| < M|I%ol| +€l|uoll) Let[z15] € WPLS(U,H,Y). If Dis
ULR,then,for eadr w € R ande > 0, thereis My, < o S.t.

[ICwolly < €]|uollu +Mee(lIXollH +[|(5— A)Xo — Bo|[), (6.96)



for all xo € H, up € U ands e C{,. If D is meely SLR,thenwe canstill choose
My,,w,e < o satisfying(6.96)for any (fixed)up € U, w € R ande > 0.

Proof: AssumethatDD is ULR. Givene > 0, choosen > wp s.t. | D(2) —
D||3 < ¢ for all ze CZ. Work otherwiseasin the proof of Lemma6.3.21(with
D¢ := D, C¢ := Cy). Thenthenormof thelasttermin (6.95)is at moste||ug||,
hencewe obtainM, ¢ asabove.

If D is SLR, thenthe above proof appliesexceptthat we have to choose
R> ws.t.||D(s)up — Dug|| 3 < € for all s€ C. O

Fromthe above estimatewe obtainthe following implications:

Lemma 6.3.23(Bt € SHPRD € SLR=D € SHPR If Bt is UHPRand D is
ULR, thenD is UHPR.If Bt is UVRandD is ULR, thenD is UVR. Thislemma
alsoholdswith Sin placeof U.

Proof: 1° Bt € UHPR Let Bt be UHPR. ThenBt € TIC(U,H) for all
w> 0,henceD € TIC,(U,Y) for all w> 0, by Lemma6.1.10(b2) Givene > 0,
chooseM := Mg/, asin Lemma6.3.22. ChooseR > 0 s.t. [|(s— A)~!B|| <
g/2Mforse CT s.t.|s > R

Let up € U and||up|lu = 1. Setu:= UoXR,, X := Btu, y := Du, sothat
u,x,y € L2 for all @ > 0. Obviously, G(s) = ug/s (s€ CT).

By Lemma6.3.20,we have (s— A)X(s) = Bu(s) (hence(s— A)sX(s) = Bug)
andy = C,X+ D0 on C* (evenif (s— A)~! doesnot exist for all s€ CH).
ThereforeD(s)up = sY(s) = CwSX(S) + Bug for se C*, hence

I(D() — D)uolly = ||CwSK()]| < gIIUOII +M[IX(s)|| (seCT).  (6.97)

But X(s) = I@?(s)uo (since both sidesare holomorphicon C* and equalto

(s—A) B onC/ ., o)) hence| (D(s) - D)uol < £/2+Me/2M = e when
s >R

2° Bt € UVR: This goesasin 1°, exceptthat now we chooseR > 0 for
given > ap := max{ap,wa} (cf. Definition 6.2.3).

3° CasesSHPRand SVR:Work asin 1° or 2° but chooseR andM for a
fixedup € U (alternatvely, replaceB by BP andD by DP, wherePa := aug for
alla € C, sothatz € WPLS(C,H,Y) (cf. Lemma6.7.17)andstrongbecomes
eguvalentto uniform, sothatwe canapply 1° or 2°). O

Curtainand Weiss[CW89] have shavn thatevenif both B andC “fit to A",
they neednot “fit” simultaneouslyfby Lemma6.3.16,this cannothappernif B or
C is bounded):



Example 6.3.24 ([%|—B] ¢ WPLS) Let H := /(N andU :=Y := C. Thenthe
systemdefinedby

C =[111.] (698

(andary D € B(C)) is notwell posedput if we replaceC by
1 -11 -11.], (6.99)

thenthe systembecomesvell-posed(andUR). (SeeExample6.1 of [CW89] for
proofs.) <

Givenary WPLSs| A | B ] and[4], theoperatorg 52| arethegenerators
of aWPLSIff
(a—)C(-—A)Ha—A)"1BeH (6.100)

for some(henceall) a € C$A (seege.g.,Theoremd.4.6(v) of [Sbook];in thiscase,

thetransferfunctionof the systemis (6.100)plusanarbitraryconstanin B).
Reachabilitymeanghatwe cancontrolary initial stateapproximatelyto zero

andobsenability meanghatary initial statecanbe obseredfrom the output:

Definition 6.3.25(Reachability and obsewability) The reachability subspace
I;B and obsenability subpaceHc of = = [4{2] € WPLS(U,H,Y) are defined
y

Hp :=B[L2(R;U)]C H, Hc¢:=KerC)* cH. (6.101)
We call Z (approximatelyyeachablef Hg = H, and (approximately)obserable
if Hc = H. We call Z exactly w-reachablgin infinite time) if B is w-stableand
B[LZ(R;U)] = H; wecall = exactly w-obsenable(in infinite time)if C is w-stable
andC € B(H,L2) is coerive (we maydrop w for w = 0). If X is bothreadable
andobservablethenZ is called minimal.

By exact reachabilityone sometimesneansexact reachabilityin finite time
(i.e.,thatRanB' ) = H for someT > 0, seeDefinition 4.6 of [WRO00]).

By (d) belaw, reachabilityandobsenability areextensionsof the correspond-
ing classicalfinite-dimensionalroncepts:

Lemma6.3.26 Let X = [&13] € WPLS,(U,H,Y), a € R. Thenthe following
hold:
(al) = is [exactlya-]readableiff =9 is [exactly a-Jobservable
(a2) Hg = Hge = Ran(B), andH¢ = H = Ran(C*).
(b1)Hg istheclosuein H of anyof B[L2 (R;U)], B[ (R_;U)], Urso Ran(B).
(b2)HE = NisoKer(C).

(b3) Let X' € WPLS If B = BM for someM € GTIC., thenHy = Hp. If
C' = MC for someM € GTIC., thenHe = He.



(cl) Let Z bestable ThenZ is [exactly] reachableif BB* > O [BB* > 0] on
L2; T is [exactly] observableéf C*C > 0[C*C > 0] onL?2.

(c2) If Z is exactly w-observablgresp.exactly w-reatable),thenZ is observ-
able (resp.readable).

(d) LetA € B(H). Thenfor anyt > 0, wehave
Hp = RanB!) = span{Unen Ran(A™B)), (6.102)
Ker(C) = Ker(C') = Npen Ker(CAM). (6.103)

(e) If we replaceH by Hg (with the topology inherited from H), we get a
readablerealization

[ PAP* | PB

WPLS(U,Hg,Y 6.104
CpP* D :|€ S( s FB, ) ( )

of D, whee P € B(H,Hp) is the orthogonal projection H — Hg. If
B € B(U,H), thentheinputoperator of (6.104)is PB € B(U,Hg).

By taking instead,P to be the orthogonal projectionH — H¢, we get an
observablerealizationof D; if C is boundedthenCP* € B(H¢,Y) is the
(bounded)utputoperator of (6.104).

(f) If Cis boundedandinjective thenZ is observable
(9) A'[Hp] C Hp and (A*)![H¢] € Hc forall t > 0.

By (b3), statefeedbackpreseresreachabilityand outputinjection preseres
obsenability; seeSection6.6 for details. Relationsto stabilizability and de-
tectabilityareexplainedonp. 241.

Part (d) doesnot hold for unboundedA in general,e.g.,if Z is the exactly
reachablerealizationof D = 172 (seep. 159), then X[ 1o Uo € Ker(Tyg 1)C) \
Ker(C), (andCA"X[_1 0 Uo is notdefined).

Proof: (b1) By definition,Hp is the closureof

UsoRan(B') = Ur<oRan(Bmy_ o)) = Ran(BU<o L2([~t,0);U)).  (6.105)

But Ut<oL?([~t,0);U)) = L2(R_;U) and (R _;U) aredensen L% (R ;U),
by TheoremB.3.11,hence(b1) holds(notethatB[LZ (R;U)] = B[LZ (R_;U)]).

(b2) Trivially, Ker(C) c Ker(C!) for any t > 0. Corverselyif Cx # 0, then
C'x # 0 for somet > 0.

(a2) Now Ran(CY) = RanC*) = Ran(C") (see(6.2)), andRan(CH)!+ =
Ker(C), by LemmaA.3.1(c7). Therefore,Hc = RanC%) = Hea, by (bl).
Exchange® andz = (29)9 to obtainthatHgs = Hg.

(al) Thereachabilityclaim follows from (a2). The exactreachabilityclaim
follows from theidentity Ran(CY) = Ran(CM) (from (a2)).

(b3) We have Mt := Ty Mgy € g@(n[o’t)LZ), by Lemma2.2.8, and
(B! := B'tli,. = B'M!, henceHy = Hg. Apply this for (/)9 to obtainthe
He = He claim.

(c1) Thisfollowsfrom (c1) and(c9) of LemmaA.3.1and(a2)above.

(c2) Thisfollows from (b1) and(al).




(d) SetX := Npen Ker(CAM). Now A' = eM := 5, .nyA"/n!, hencex €
X = (Cx)(t) = CA'x=0for all t > 0, henceX C Ker(C). Lett > 0. By (b2),
we have Ker(C) c Ker(C!). Let x € Ker(C!), sothatCe*x = 0 for s € [0,t).
Differentiatethis n timesandsets = 0 to obtainthatCA"x = 0; becausen € N
wasarbitrary we have x € X. Thus,Ker(C!) c X, andhence(6.103)holds.

Therefore Hy = Hgy = Ker(B?) = Npen Ker(B*(A*)"), hence

Hp = (Nnen RaNA™B) 1)t = ((Upen RanA™B)) )+ = spar{Uneny RanAnB)).
(6.106)
SetC := BY. ThenRan(B')* = Ker((B')*) = Ker(T_1 'B) = Ker(C!) =
Ker(C) = Ran(B)! = Hg, hencealso(6.102)holds.

(e) By (9), we have P*PAP*P = AP*P (notethat P* € B(Hg,H) is the
embeddingHg — H, P*P € B(H) is the orthogonalprojectionH — Hg with
rangespaceH, andPP* = Iyy).

Becausd”*PB = B, alsothe new systemis anw-stableWPLS, by Lemma
6.7.17.

An analogouslaim holdsfor He. If C € B(H,Y), thenCxg = (Cxg)(0) =0
for all xp € Hé, hencethen(hereP € B(H,Hc) is the orthogonalprojection)
CPAP* = CAP* = CP*, i.e., C is the (unique)generatoof CP*. By duality,
we gettheclaimonB € B(U,H).

(f) Obviously, now Ker(CA) = {0}.

(g) Lett > 0. We have Alxg € Hg for all xg € BL2, by “2.” of Definition
6.1.1,henceA!xy € Hg for all xg € Hg, by continuity. Thus,A![Hg] C Hp.

Apply this to =9 to obsere that (A%)![Ha] C Hea; Which by (a2) means
that (A*)'[H¢] C Hc. 0

Notes

Partsof Propositior6.3.1landLemma6.3.2arefoundin theliterature asstated
in the proofs;therestis ratherobvious.

Theorem6.3.9is dueto G. Weiss[SWO01a](with a somavhatdifferentproof)
andLemma6.3.13is from [Sbook],which alsocontainsmethodssimilar to those
in Lemma6.3.11.Corollary6.3.14is well known.

An implicit form of Lemma6.3.22for bounded andxg € H; is containedn
[Keu], p. 96. Example6.3.24is a simpleconclusionof [PW]. Definition 6.3.25is
essentiallyfrom [Sbook], which containsfurther resultson mostsubjectsof this
section(its final versionprobablyoverlapsmorethanexplainedabove).

The regularity theoryis usually more fruitful than compatibility theory but
the latter coversall WPLSs. In someapplications,anotherapproachthat also
coversall WPLSs,namelytheuseof acombined'C&D” operatormightbemore
practical,see[AN] and[Sbook]for details.Next we shallmotivatethe concepif
a compatiblepair andexplain the history of this notion.

The Riccati equationtheory of [WW] and of several articlesby O. Stafans
is basedon the assumptiorthat the systemis regular andthat the spectralfactor
of an optimationproblemis SR and hasan invertible feedthrough so that also
the correspondingoptimal) closed-loopsystemis regular (this correspondgo
Proposition6.6.18(d4)).



If the spectralfactoris merely WR with invertible feedthrough,then the
optimal closed-loopsystemmay be irregular (i.e., not even WR). Nevertheless,
we foundthatonecanstill find closed-loop‘generators’that producethe output
pointwisefrom theinputandthestate(*y = Ccx+ Dcu”), andthatby suchmethods
one can extend most of Riccati equationtheory for arbitrary control problems
(regardlessof regularity, we only needcompatibleoutputoperatorsjasliong as
some*“compatible feedthroughoperator”of the spectralfactoris invertible. It
alsoappearedhatby usingthesemethodsthe completeRiccati equationtheory
for optimal controlcanbe extendedto the caseof a WR systemandWR spectral
factorwith invertiblefeedthrough.

This factleadusto definetwo wealer “regularity properties”for a WPLSIn
[Mik97a], the more generalof which (“infraregular outputoperators”)is equv-
alentto compatibleoutput operators. We then developeda brief compatibility
theory (including early versionsof Lemmas6.3.10and 6.3.12and Proposition
6.6.18)andusedit to derive this extendedRiccatiequationtheory (We usedthe
theoryin the manuscripof [Mik97b] for the WR case but in thefinal versionof
[Mik97b] thetheoryis usedonly implicitly, for briefness.)

After finding that William Heltonuseda similar conceptfor ULR systemsn
[Helton76a],0. Stafansdevelopedthe theoryto arathermaturestatein [Sbook].
Stafansand Weissalso presentedhis theoryin [SWcompatibleJand [SWO01a],
the former of which treatsthe relationsbetweerthe threeapproachesentioned
above (compatibility, regularity and“C&D”; notethatatthattime notall WPLSs
were known to have compatiblepairs). We refer the readerto theseworks for
furtherinformationon compatibility.



6.4 Spectral and coprime factorizations (D =
NM1)

Sciencas spectal analysis.Art is light synthesis.
— Karl Kraus(1874-1936)

In this section,we shall define spectralfactorization,right, left and doubly
coprimefactorization,weak forms of coprimenesgquasi-,pseudo-),andinner
andlosslesdactorization.We thenexplain the basicpropertiesof theseconcepts
to thedegreerequiredby the next two sectionsandChapter7.

Thereadersvhowishto have adeepeunderstandingf thesubjectmaywish
to readalsoSection6.5,whichis afurtherstudyon coprimenesspr Chapter5 on
spectralfactorization. Otherreaderamay skip the next sectionandvisit it only
whenpointedby areference.

The importanceof the factorizationsmentionedabove is due to several
reasonsFor example,dynamicstabilizationis intimatelyconnectedvith coprime
factorizationsof the I/O map of the plant (see Chapter7), and so is joint
stabilizabilityanddetectability(Theorem6.6.28).

Stablecontrol problemscanbe solved by usinga spectralfactorizationof the
correspondind?opo operator(D* JD, where(y,Jy)Lz(R+;Y) is the costfunction
of the problem), and unstableproblemsby using a coprime, innerright/left or
losslessfactorization(dependingon the problem) of the I/O map (D) of the
systemihiswill beexplainedin Partlll.

We shall startthis sectionby definingthreeformsof coprimenessln number
theory the word “coprime” meanshaving no commondivisors (except units).
Thus,numbersn,m e Z arecoprimeiff n = ngk, m= mgk, ng, Mg,k € Z implies
thatk is aunit (i.e., invertible,hencek = £1). It is well known thatanequialent
conditionis thatxm+yn= 1for somex,y € Z, i.e.,that[}}] hasaleftinverse(e.g.,
[x y] €Zx2Z).

If N,M € ® := {rationalboundedscalarfunctionsC* — C}, thenN andM
have no commondivisor (exceptunits, i.e., elementof GR) iff [gl] hasno left

inversein R (equialently, in H*(C™)), by pp. 70and386of [Vid] (ananalogous
claim holdsfor arny otherprincipalidealdomainin placeof R).

For H*(C™) in placeof R, the latter condition(traditionally calledcoprime-
ness)becomestrictly strongerthanthe former (which is sometimesalledweak
coprimenessye shallnot needit). For matrix- or operatotvaluedfunctions,we
mustdistinguishbetweerright andleft coprimenesgwhichimply having nocom-
monright or left divisors,respectiely; seethe commentdelov Lemma6.5.2for
furtherinformation). Thereforewe shallusethetraditionaldefinitionof coprime-
nesswe supplemenit by two wealer concepts:



Definition 6.4.1(Coprime)

(a) TheopemtorsN € TIC(U,Y) andM € TIC(U) areright coprime(r.c.), if N
andM togetherwith someY, X € TIC satisfythe (right) Bezoutdentity

XM — YN = Iy. (6.107)

(b) ThegperatorsN e TIC(U,Y) andM € TIC(Y) are left coprime(l.c.), if N
andM togetherwith someY, X € TIC satisfythe (left) Bezoutidentity

MX—NY = ly. (6.108)

(c) Theoperators N,NMN,N,M € TIC are doubly coprime(d.c.), if they together
with someY, X, Y, X € TIC satisfythedoubleBezoutdentity

M Y _|lu O] _
N X 10 Iy
In (a)—(c),weaddthewords* over 2", if 4 C TIC andtherequirrmentsare

metwith 4 in placeof TIC. Theword exponentia) e.g., in “exponentiallyd.c”
will referto “over TICep".

X -Y
-N M

X -Y

N M N X

[M Y] . (6.109)

(d) TheoperatorsN € TIC(U Y) andM € TIC(U) are pseudo-rightoprime
(p.r.c.) if N*N+M*M > €l onC+ for somee > 0.

We call N, MY pseudo—leficoprime (p.l.c.) if N,M are p.rc. (i.e,
NN* + MM* > ¢l onC™ for somee > 0).

(e) Theopertors N € TIC(U,Y) and M € TIC(U) are quasi-rightcoprime
(q.rc.)if [N]u¢ L? wheneerue L2(Ry;U)\ L2
We call N¢, M9 quasi—leftcoprime(q.l.c.) if N,M areq.r.c.

(f) By the coprimenes®f N € H®(C*;B(U,Y)) andM € H*(C*; B(U)) we
refer to the coprimenes®f N and M (in any of the above senses). An
analogouscommengppliesto Definition6.4.4.

(RecallthatL2 := UyerL2; seeTheoremb.2.1for (f).) Beforemotivatingthe
above definitions,we obsere somebasicfacts:

Lemma 6.4.2 D.c.impliesr.c.andl.c., r.c.impliesp.r.c.,andp.r.c.impliesqg.r.c.

ThemapsN € TIC(U,Y) andM € TIC(U) are[p.]r.c.iff [}] is [pseudo-]left-
invertiblein TIC(U), or equivalentlyiff N andM¢ are [p.]l.c. ThemapsN and
M areq.r.c.iff [N] is quasi-left-irvertiblein TIC(U).

(Seepp. 128and131for pseudo/quasi-left-iertibility.)

The above factswill be usedin the sequelwithout further mention; the
sameappliesto the obviousfactthatif M € GTIC(U) andN € TIC(U, %) (resp.
N € TIC(x,U)), thenM andN arer.c. (resp.l.c.). (Analogousclalms hold for
pseudo-or quasi-left-irvertible M € TIC(U); e.g.,t ! andN are g.r.c. (resp.

g.l.c.).)



The useof ary “left” resultsis minimal in this monographwe preferusing
“right” 3 resultsandthe duality statedin the lemma. Explicit forms of mary such
“left” resultscanbefoundin [Sbook].

Proof of Lemma 6.4.2: Trivially, d.c.impliesr.c. andl.c.; the othertwo
implications follows from Lemma6.5.2(ii))&(b1). The equivalencefollows
directly from the definitions. O

It is instructive to obsene the meaningof coprimenessn the caseof scalar
transferfunctions:

Lemma 6.4.3 LetN,M € TIC(C). Thenthefollowing are equivalent:

() NandM are[p.]r.c.
(i) NandM are[p.]l.c.
(iii) |N|+ M| > € onC* for somee > 0.

o ——

If N andM arec continuousonC+ U {e} (e.g., they arerationalor in MTICLl)
then(iii) holdsiff N andM haveno commorzenson C+ U {e}. 0

(This follows from Lemma6.5.3(a)&(c)andthe compactnessf C+ U {e}.)

Thus,if N andM arescalarandcoprime,andM € GTIC., then“N cancels
nopolesof M~1”, i.e.,“M~! andNM ! have thesamepoles”. SeeLemma6.5.4
for thegenerakase.

Classicakoprimenessasits advantagesespeciallyin dynamicfeedbacksee
Chapter7) including the H* four-block problem. However, the most useful
propertiesof coprimenesare the onesgivenin (bl) and(cl) of Lemma6.5.1,
hencefor mostresultsusing coprimenessalsoquasi-coprimeness a sufficient
assumption.

Furthermore,quasi-coprimenesbBastwo importantadwantageso coprime-
ness:it canoftenbe moreeasilyverifiedandit is preseredin inversediscretiza-
tion (seeTheorem13.4.4(el);we do not know if this is the casefor pseudo-
coprimeness)}husallowing usto prove severalimportantresultsin discretetime.
Indeed,the verificationof pseudo-coprimeness a simple, nonconstructie pro-
cessand“p.r.c’ implies“qg.r.c’. Moreover, thel/O mapof anexponentiallysta-
bilizable anddetectablesystemhasa g.r.c. factorization,by Theorem6.7.15(c2)
(seeCorollary6.7.16for similarimplications).

For the above reasonswe usually use coprimenessn connectionwith dy-
namic stabilizationand quasi-coprimenes®r other occasions,ncluding state
feedback. Pseudo-coprimenesseldom implies anything useful that quasi-
coprimenessvould notimply, hencewe mostly negglectit.

Next we definesereral notionsthatareusedin connectiorwith feedbackand
optimalcontrol:

3Thisis notanideologicalstatement.



Definition 6.4.4(Factorizations) Letd =J* € B(Y), Se GB(U),and4 C TIC.

(@) Anopemrator N € TIC(U,Y) is (J,S)-inner, if N*JN =S,

(b) Anoperator N € TIC(U,Y) is (J,9)-losslessif N*IJN = Sand N*T_JN <
TS

(c) (SpF) A factorizationE = X*SX is a spectralfactorization[over 4] of
E=E €TIU),if Xe gTIC(U) [Xe€ GA(U)]. In this casewe call X
an Sspectrafactorof E = X*SX.

(d1) (r.c.f) A factorizationD = NM 1! is a [quasi—]rightcoprimefactoriza-
tion ([q.]Jr.c.f.) of D € TIC,(U,Y), if NM € TIC are [q.]r.c. and M €

GTIC»(U).
If, in addition, N is (J,S)-inner (resp.(J, S)-lossless)thenD = NM 1 is a
(J,9)-inner[q.]r.c.f. (resp.(J, S)-losslesdq.]r.c.f.).

(d2) A factorizationD = NM~! is a right factorizationof D € TICs(U,Y), if
N,M € TIC andM € GTIC« (V).

If, in addition, N*JN = S, thenD = NM 1 is a (J, S)-innekrright factoriza-
tion

(e) AfactorizationD = I\NAI:11§I is a [quasi—]leftcoprimefactorization([q.]l.c.f.)
of D € TIC(U,Y), if NNM € TIC are[qg.]l.c. andM € GTIC(Y).

(f) (d.c.f.) AfactorizationD = NM 1 =M !Nisa _doubly coprimefactoriza-
tion (d c.f.)[over4] of D € TIC,(U,Y), if NM,N,M ared.c.[over 4] and
M,M € GTIC.

If (6.109)is the correspondingdouble Bezoutidentity, we saythat D and
YX~1 (equivalentlyD andX~1Y) havea joint d.c.f. [over 4].*

Asin (f), we add the words “ over 2" in (d) and (e) too, if the factors are
coprimeover A4 insteadof TIC. For example the factorizationD = NM~ lisa
r.c.f.over4,if M e GTIC, andM,N,X,Y € 4 satisfy(6.107).

Wealsousetheaboledeflnltlonswnh ‘pseudo” in placeof “quasi” and“p.”
in placeof “q.”.

Thewords exponentiallystable e.g., in “an exponentiallystabled.c.f’, will
referto “over TICep".

In parts(a)—(d2),wecall Sa signatureoperator(notethatnecessariys= S").
By“ (J,%)” wemean* (J,S) for someSe GB".

Thus,ad.c.f.containsar.c.f.andal.c.f.; thecorverses givenin Lemma6.5.8;
moreover, ar.c.f. is aright factorization. Thesefactorizationsare uniqueup to a
unit, seeLemmas6.4.5and 6.5.9. In (d)—(f), the operatorsN andN are called
numeators andM andM denominatos.

Innerright factorizationsareoftencalledinnerouterfactorizationsf theright
factorhasa stableinverse.Losslessness furthertreatedn Section2.5.

4If X is notinvertiblein areasonablsensee.g.,in TIC.), thiswill beconsiderednerelyasa
formal definitionuntil Section7.3. NotethatXY = YX.



Note thatwe have requiredX andS to be invertible unlike someauthorsdo.
Thisway (c) coincideswith Definition5.1.1,by Lemma5.2.1(d),andthesestrong
definitionsaremoreusefulfor theresultspresentedn this monograph.

We remarkthat,by Lemma6.5.9(a2) ary operatorsatisfying(6.109)consti-
tutead.c.f.of NM 1 if(f) M € GTIC.. In thefinite-dimensionatase,on often
constructsa d.c.f. of amapby choosinga minimal, hence(exponentially)jointly
stabilizableand detectableealization. The sameapproachcanbe usedfor the
I/0 mapfor any WPLS having SR jointly stabilizing statefeedbackand output
injectionoperatorsasnotedbelov Theoren6.6.28.

WhendimU < «, onesometimesioesnotrequirethatM ™ 1 € TIC, justthat
detM %0, andthus(dl) becomeghe definitionof ar.c. “H*/H> factorization”.
By Lemma6.5.4(d2) thisis equivalentto our definitionwhenD € TIC..

Obsene from Lemma6.4.3 that a scalarright factorizationD = NM~1 is
coprimeiff N doesnot cancelary polesof M1, i.e., iff M~ andD have the
samepoles. In a sensethe sameholdsalsoin the infinite-dimensionaktase by
thecommentselov Lemma6.5.4.

Coprimeandspectrafactorizationsareuniqueup to unit:

Lemma 6.4.5(Uniquenessof factorizations)

(a) Let X;SXo be a spectal factorizationof E = E* € TI(U). Thenall
spectal factorizationsof E are givenby X = EXp, S= (E*) 1SE ! with
E e GBWU).

(b) Let (No,Mp) be a right factorizationof D € TIC,(U,Y). Thenall right
(not necessarilycoprime) factorizationsof D = NM~! with N M € TIC
are givenby N = NoU, M = MpU with U € GTIC,(U) (U € TIC(U)N
GTIC.(U) if D= NoM, ! isag.r.c.f).

(c) Let(Np,Mp) beagq.r.c.f.of D € TIC(U,Y). Thenall g.r.c.f sof D aregiven
byN =NoU, M =MpUwithU € GTIC(U).

Moreover, if oneof themis a[p.]r.c.f, thenall of themare [p.]r.c.fs.

(d) Let (No,Mp) bea[qg.]l.c.f. of D € TIC«(U,Y). Thenall [g.]l.c.f.sof D are
givenby N = UNp, M = UM, withU € GTIC(U).

(e) Let (Np,Mp) bea (J,S)-inner[qg.]r.c.f. of D € TIC(U,Y). Thenall (J,x)-
inner [g.]r.c.fsof D are givenby N = NgE, M = MpE (and S= E*$E)
with E € GB(U).

Moreover, all (J,x*)-innerright factorizationsof D are [q.]r.c.f's, henceof
theaboveform. (Seealso(c).)

(f) Parts (a) and(e) hold evenif thesignatue operators (Sand &) are required
to bemeeely one-to-ongnot necessarilynvertible).

Note that for E > 0 onecantake E := /S to getE* = X*X in (i), asis
oftendone(e.g.,in [WW]). For WR X, with an |nvert|blefeedthrough)perator
Xo = Xo(+oo) anothercommonnormalizationis to take E := XO (.e,X=1;



this correspondso zerofeedthroughwhen F := | — X is usedto constructa state
feedbackpair, asin Theorem9.9.10(g1l)andCorollary9.9.11).

Proof: (a) Thisfollowsfrom Lemma5s.2.1(d)&(f).

(b) SetU := MglM € GTIC, to obtainN = NoU, M = MpU. If Ny and
My areq.r.c.,thenU € TIC, by Lemma6.5.1(c1).

(c) The parametrizatiorfollows from (b) (interchangehe rolesof (N, M)
and(Np, Mp) to seethatU~* € TIC).

I No,Mp arer.c.,i.e.,XNo — YMp = | for someX, Y € TIC, thenU 1XN—
U 1YM = I, hencethenN,M arer.c. The p.r.c. claim follows analogously
from, e.g.,Lemma6.5.2(ii).

(d) Apply (c) to D. (Of coursetheotherclaimsin (c) alsohave their duals
for (d).)

(e) It is obvious thatD = (NgE)(MpE)~! is a (J,E*SE)-inner [q.]r.c.f.
for eachE € GB(U) (see(c)), hencewe only have to study the (extended)
corverse.

LetD = NM~! bea (J, S)-innerright factorizatiorof D. SetE := My M €
TIC(U)N GTIC(U) asin (b), sothatN = NgE. Then

E*SE =E*NJJNoE =NIJN=S§ (6.110)
henceE € G‘B, by Lemma6.5.5(a);in particular NM~ is a[q.]r.c.f., by (c).
(f) For (a) we notethat X*SX = X{SXo implies that E*SE = &, where

E= XXgl € GTIC, henceE € GB, by Lemma6.5.5(a).Thecorversestrivial.
Theproofof (e) above appliesfor noninvertible Stoo. O

Next we recalltwo importantfactsfrom Lemma2.2.2(al)&(d):

Lemma6.4.6 LetE € TI(U). We haveE > 0 iff . Em, > 0. Moreover, if
m, Emt, is invertible (on 1t, L?), thensois E (onL?, i.e.,in TI(U)). O

Thecorverseto thelatterclaimis nottrue (e.g.,take E = 1(1)).
We repeatheresomeresultsfrom Lemmab.2.1.:

Lemma 6.4.7(SpF) LetE = E* € TI(U). Thenwe havethefollowing:
(@) E > 0iff E hasthespectal factorizationE = X*X for someX € GTIC(U).

AssumenowthatE € TI(U) hasa spectal factorizationE = X*SX for some
X e gTIC(U),S=S" € GB(U). Thenwe havethefollowing:

(b) The Toeplitz opemtor T Em,. is invertible on 7.L% and
X1, S IX*my isits inverse
(SeeTheoem8.4.12for the corversefor E € MTI.)

(c) If, in addition,E € Tl,(U) for somew # 0, thenX € GTICep(U).

(d) The map E¢ := AESA € TI(U) has the co-spectralfactorizationEd =
Xdg(x9)* (wheeX? € GTIC(U)). -



(This is a directconsequencef Lemma5.2.1.) Clearly EY hasa co-spectral
factorizationff E hasa spectrafactorizationj.e.,the cornverseto (d) is alsotrue.

Section8.4 containsa study on the equivalencebetweenspectralor coprime
factorizationsand the coercvity of the costfunction of a control problem; see
especiallyTheorem8.4.12for MTIC classesln Section9.1, we establisha third
equialentconditionin termsof Riccati equations.For very regular systemswe
givemoreneatresultsin Theoren®.2.14andCorollary9.2.15.SeealsoChapters
on spectrafactorization.

We finish this sectionby noting thatthe searchfor a (J, S)-innerr.c.f. canbe
reducedo a spectrafactorizationproblem:

Lemma 6.4.8((J,9)-inner r.c.f. vs. SpF) Thefollowing hold:

(a)LetD e TIC(U,Y) andJ = J* € B(Y). If X*SX is a spectal factorizationof
D*JD, then(DX~1 X1 is a (J,9)-innerr.c.f of D. Corversely if (N,M)
is a (J,9)-inner g.r.c.f. of D, thenM~1SM™1 is a spectal factorizationof
D*JID.

(b) LetD = NM~! bealq.]r.c.f,letd = J* € B(Y), andlet S= S* € GB(U).
ThenD hasa (J,S)-inner[q.]r.c.f. iff N*JN hasan S-spectal factor.

(c) LetE € GTI(U xW). ThenE*IE =) & ELE* =) & E*JHE 1 =J;.

Proof: (a) The first claim follows from (denoteM := X 1) X*SX =
D*JD < S= (DM)*J(DM) andfrom 0+ XM = |. Thecorversefollows from
thefactthatX := M—! € GTIC, by Lemma6.5.6(b).

(b) If NM' ~tis a (J,9)-inner[q.Jr.c.f., thenN = NX~1, M’ = MX~! for
someX € GTIC, by Lemma6.4.5(c),and (NX~1)*JNX~! = Simplies that
XSX = N*JN. By goingbackwardswe getthe corverseimplication.

(c) The first equivalencefollows from LemmaA.1.1(hl); the secondis
obvious (recallthatd; := [} 9 ]). O

Notes

Definition 6.4.1(a)—(c),Lemma 6.4.6, Lemma 6.4.7(a)&(b), and most of
Definition 6.4.4 and Lemmas6.4.5 and 6.4.8 are from [S98a] and [S98c] (see
also[Sbook]); mostof theseare classicalresults/definitiongexceptpossiblyfor
signs).Also Lemma6.4.2and6.4.3arewell known.

Naturally, from eachresult of this sectionon coprimenesspne can obtain
a correspondingesult on “w-coprimeness’or on exponentialcoprimenessby
shifting (seeRemark6.1.9); an analogousclaim appliesto most other results
concerningstability. R

Theclass? := {NM ! |N,M € H®(C*;C**™), detM # 0} of matrix-valued
“H*/H” transferfunctions”’hasbeenstudiedextensiely in the literature. This
classis notcontainedn, nordoesit containthe classof matrix-valuedwell-posed
transferfunctions.We canapplyourtheorytoary D € TIC(C",C™) having aright
factorization(suchafactorizations implied by any kind of stabilizability),dueto
Lemma6.5.4(d2).Conversely mostproofsin this andthe next sectionalsoapply
(mutatismutandis)o the F settingor to its generalizatiorto infinite-dimensional



input and outputspaceswith M requiredto beinvertible at leastat one point of
C™.

The monographVid] is an excellentreferenceto coprimefactorization. Its
emphasiss on rationalmatrix-valuedtransferfunctions(equivalently, onthe I/O
mapshaving a finite-dimensionatealization) but it alsocontainssomeresultson
several more generalclasses.Also [Logemann93jtreatscoprimefactorizations
in varioussubclassesf F (cf. Remark6.5.11),and[Smith] is instructive in the
general¥ setting.

During the preparationof this book, we have receved several articles on
coprime factorizationand dynamicfeedbackin a WPLS setting, theseinclude
[CWW96], [WC] and[CWWO1]. Also [Sbook]containsfurtherresults.

The notions of quasi-and pseudo-coprimenessay be new. Ruth Curtain
[Curtain02] haslately studiedthe latter using so calledreci-procal systemsone
of herresultsis statedbelon Lemma6.5.10.



6.5 Further coprimenessand factorizations

| tell themto turn to the studyof mathematicsfor it is only there that
they mightescapehelustsof theflesh.

— ThomasMann(1875-1955), The Magic Mountain”

In this sectionwe give deeperxplanationsof the natureof classical pseudo-
and quasi-coprimenesand their relationsto eachother We also give certain
furtherresultson coprimefactorizationsandinnermaps.

We first deducethe basicfactson quasi—rightcoprime mapsfrom thoseof
quasi-left-irvertible ones:

Lemma6.5.1(qg.r.c.) Assumethat N € TIC(U,Y) and M € TIC(U) are q.r.c.
Then,for anyw > 0, wehave

(@) N'N+M*M > 0.

(b1)Nu,Mu € L? s ue L?forall ue LZ(R;U) +L2(R4;U).

(b3) Thee is € > 0 s.t. s.t. g]ju]| 2 < [|NU|| 2 + [|[Mul| 2 < 7Y u]|_2 for all
ueL2(R;U)+L2(R;;U).

(c1) We have ND,MD € TIC & D € TIC (and ||D||tic < € (||ND||tic +
||M[ﬂ))||'|'|c) whenD € T|Coo(H,U).

(c2) We haveNC,MC € B(X,L?) & C e B(X,L?) (and||C|| < e~1(||NC|| +
IMC]||)) whenX is a normedspaceandC € B(X,L2(R,;U)).
(d) If N andM are [g.]r.c. and [%] € TIC(Y x U) is [quasi—]left invertible

(over TIC), thenDy [{f] and D, [IY] are [g.]r.c.; in particular, N and
M+ UN are|[q.]r.c.foranyU € TIC.

(e) For eath up € U \ {0}, we have ||Nuo||y + ||Muo||u # 0 on C* and
IIN(ir)up|ly + ||M(ir )up|lu > €||uo||u for a.e r € R andsomee > 0.

O If [] = [NO } U, andU, Ng,Mp € TIC, thenU is quasi—left-ivertible (left-
invertibleover TIC if N,M arer.c.).

Proof: This follows from correspondingclaims in Lemma4.1.8. (Set
D = [}, 9] in (d). The“non-quasi’claimsin (d) and(f) areobvious.) 0O

We goonto list somepropertiesof p.r.c. maps(henceof r.c. mapstoo):

Lemma6.5.2(p.r.c.) LetN € TIC(U,Y) andM € TIC(U). Thefollowing are
equivalent:

() NandM arep.r.c.;

(i) XM — YN = | onC* for someboundedX,Y : C+ — B;
(iii) Theris M < « s.t.for eah w > 0 there are X,? € Tlw(Y,U) satisfying
||X||T|w <M, ||Y||le <M,andXM-YN = 171,

(iv) Theeise > Os.t.||Mul|, 2 +||Nul| 2 > €[[u[[ 2 (u€ L2(R;U))forall w> 0.



Moreover, if NandM arep.r.c.,a > w> 0,andT, € R, then

(a) Condition(ii) holdswith someX, Y € ¢y (C+; ).
(b1)Nu,Mu € L2 < ue L forallue L3(R;U).

(b2) Nu,MU € Tl o) L2 < U € Tj7 o) L2 for all u € LZ(R;U).
(b3) Therise > 0s.t.

ellullg < MUl g + Nl < &7 lull gz (UELERIV)).  (6.111)

(cl)LetD € TIC»(H,U). ThenND,MD € TIC, < D € TIC,,.

(c2) LetC € B(H,L§(R+;V)). ThenNC,MC € B(H,L%) & C € B(H,LE).

(d) If NandM are[p.]r.c.,thensoare N andM+ UN for anyU € TIC.
(e)WehaveN*N+M*M > 0.

O[N] = [sﬁg] U, andU,Ng,Mj € TIC, thenU is pseudo-left-imertible on
TIC (left-invertibleif N,M arer.c.).

Note thatif dimU < o, thenU € GTIC(U) in (f), by Proposition2.2.5(3).
Thus,whendimU < oo, all commonright divisorsof [p.]r.c. mapsareinvertible.
We concludethat “p.r.c”, is a strongerproperty than “weakly r.c’; in fact,
it is strictly stronger(e.g., take f(s) = se %/(s+1), g=1/(s+ 1), so that
f,ge H®(C™;C) are“weakly r.c” butnot[p.]r.c.,becausd (+o) = 0= g(+);
thisis Exampleof [Smith]).

On the otherhand,“weakly r.c” is notimplied by “g.r.c”: t=1 andt! are
g.r.c.but not“weaklyr.c’, because~! (ort~" for ary r € (0, 1]) is theircommon
divisor andnot a unit (in TIC). We notethatalsothe definition of “weakly r.c”
usedin partlll of [Smith] is wealerthanr.c.(=p.r.c.,by Lemma6.5.3),by Lemma
4 of [Smith]. However, we shallnot usetheconcept'weakly r.c!.

Proof of Lemma 6.5.2: The equivalenceand (a)—(c2)follow by setting
D := [M], [§ _¥] := V in Proposition4.1.7 (for (iv) and (b3) we use(|r|+
19)/2||[5] 1] < (|r|+ |s])) which alsogivesadditionalequivalentconditions.

(d) If XM — YN = I, thenX(M+ UN) — (XU+ Y)N = I; use(ii) for the
p.r.c.case.

(e)By (v)A(with W= 0), wehave M*M + N*N > ¢l.

(f) Now (XM — YNp)U = I, by (ii). O

Dueto (a) and(c) belav, onedoesnot meetthe notions“p.r.c’ and“g.r.c”” in
thefinite-dimensionatheory:

Lemma6.5.3 LetM € TIC(U) andN € TIC(U,Y). Then

(@) If dimU < o, thenM andN are p.r.c. iff they arer.c.

(b) If dimU = 0, thenM andN maybep.r.c. evenif they are notr.c.

(€) If dimU < e andM,N € H®(CT; fB(U,*)A) are rationalandM € GBU),
thenM, N are q.r.c. iff they arer.c. (iff |[Mup||u + ||Nuo|ly # 0 on C* for
all up e U\ {0}).



(d) Arationalg.r.c.f.isar.c.f

See(the Corona)Theoremd.1.6for furtherresultsin casedimU < oo,

EvenwhenU = C =Y, we may haveM = e S, N = 0 sothatM andN are
g.r.c. but not p.r.c. We do not know whetherM andN canbeq.r.c. without being
p.r.c.if werequirethatM € GTIC(U).

Proof: (a) This holdsby Theorend.1.6(b). o

(b) Let M bethe mapD of Lemma4.1.10,andsetN = 0. ThenM*M +
0*0>1 onC*, henceM andN arep.r.c.,but [}f] is notleft-invertibleon TIC,
i.e., M andN arenotr.c. L

(c) (In fact, M, N neednot berational,it suficesthatdimU < o, M,N &
C(CTU{oe}; B(U,*)) NH®(C*; B(U,)) andM € GB(U).)

Sete 1= min”uO”U:L € CU{o} f(s, qu) (this exists, sinceCT U {»} is com-
pact),where f (s, ug) = ||M(s)uUo||? + |IN(S)uo||?. If € >0, thenM andN are
p.r.c.,hencer.c. (by (a)). If M andN arer.c.,thenthey areq.r.c. It remainsto
show thate = 0 impliesthatN andM arenotq.r.c.

Assumethate = 0. Thenthereare{s,}, {un} asabove s.t. f(sy,un) — 0
ash — 4. Replacesheabore sequenceby subsequencesothats, — sand
un — u for somes andu (sinceM € G‘B(U ) we have s# «). Usethe uniform
continuity of f on C* U {e} x {||v|lu = 1} to obtainthat f(s,,u) — 0, hence
f(s,u) = 0, henceM andN arenotq.r.c.,by Lemma6.5.1(e).

(d) This follows from (c) (sinceM := M(+oo) € GB(U), by Proposition
6.3.1(c)). O

By Lemma6.4.3,a scalaright factorization = NM ! is coprimeiff N does
not cancelary polesof M1, i.e.,iff M1 and> have the samepoles. Claim (c)
above is anextensionof this, belov we give similar claimsin thegenerakase:

Lemma 6.5.4(R.c. mapsdo not have commonzeros) Let M € TIC(U) and
N € TIC(U,Y) bep.rc. LetQ = {s€ C*|M(s) € GB(U)} # 0 (this setis
open,by LemmaA.3.3(A2)). Let Q' ¢ C* be openand connectedlet Q; C Q
beboundedandlet Q, C Q satisfy0 ¢ Q,. Thenthefollowing hold:

@M1 e H(Q;B(U)).

(b) Letsy bea boundarypointof Q in C*. Then|| (NM1)(s)|| — «, ass— s
andse Q.

(cl) Letso € Q andN e N. Then(s— so)N(NM 1) (s) is boundedon Q iff
(s—s0)NM~1(s) is boundecbn Q;.

(c2) Let N € N. Thens N(NM1)(s) is boundedon Q; iff sNM~1(s) is
boundedon Q5.

(c3)LetQz C Q. ThenNM1 is boundedbn Qg iff M~ is boundedbn Qs.

(d1) If D € H(Q';B(U,Y)) (resp.D € H*(Q';8(U,Y))) and D = NM* on
someopen,nonemptysubsedf QN Q', thenQ' C Q, M1 € H(Q'; B(U))
(respM 1 € H*(Q;8(U)) andD = NM 1 onQ’.



(d2) If someD € TIC,, satisfiesD = NM—1 on someopensubsef C{;, then
M € GTIC, andD = NM 1.

In the finite-dimensionaketting,a r.c.f. is often definedso thatD = NM?
is requiredonly on the setwhereM—! exists. By (d2), this is equivalentto our
definitionwheneerD is well-posed(i.e.,in TIC).

If amapD € TIC. canbewritten asD = NM~!, whereN andM arep.r.c.
andM € GTIC., thenthepolesof M~* on C+ U {»} areexactly thoseof D, and
thesepoleshave samemultiplicities, by (c1) and(c2) (the latter treatsthe point
).

In a sense,also the corverseholds (if N and M are not p.r.c., then there
are {sh} C C', so € C+ U {oo}, {un} CU sit. [un| =1 (n€N), $h = S,
and N(s,)un, M(sy)un — 0, sothat N hasa zeroandM~ hasa nonremwable
singularityat S.

Note that, by Lemma 3.3.9, for a map M € TIC(U) with U infinite-
dimensional the setof singularities(“poles”) of M-! canbe ary closedsubset
of C* (excluding C{; if we wish thatM € TICN GTIC,,; take, e.g.,N=1 to
obtainar.c.f.).

Proof: (a) Thisfollowsfrom LemmaD.1.2(b2).
(b) Thisfollowsfrom LemmaA.3.3(A3)) andthe proof of (c1)with N =0.

(cl) Let XM — YN = | on C*+ andM = ma><(||X|| 1Y]],d(Q1)) < o, as
in Lemmae6.5.2(ii). Assumethat (s— so)NM (s) is unboundedn Qg, i.e.,
that thereis {s,} C Q s.t. |[M(s))"Y| > n (n € N). Choose{u,} C U s.t.
[Vall > n and |jun|| < 1 for n € N, wherevy, := (s, — So)NM(s) *un. Note
that [V (sn)vil| < |sn — ol < M. Now

M1l (s — 50) MR (0¥ (5)~2unll = MIIR(svall > IV (s)R(s)vall - (6.212)
> ||Ivnl| — ||§§(s1)1\7ﬂ(sq)vn|| >n— M|sn—so|N — o, (6.113)

asn — oo, asdesired.

(c2) Replace(s— %) by 1/s in the proof of (cl) (andlet 0 > M >
SURcg, |1/5))-

(c3) This follows from the proof of (cl)W|th N=0,|s,—s/N=1.

(d1) By LemmaD.1.2(e),we have D= NM LonQnQ/, If therewere
somesy € Q' N0Q, thenwe would have || D(s)|| — © ass — s in Q' NQ,
by (a), henceQ’ = QU (Q’ﬂQ ). BecauseQ' is connectedthis implies that
Q'NQ° =0, henceQ' C Q; consequentl,)M e H(Q,;B(U)). If D=NM 1
is boundedbn Q’, thensois M1, by (c3).

(d2) If someD € TIC,, satisfiesD = NM~! on someopensubsetof C
then M € GH®(CJ; B(U)), by (d1), henceM € GTIC, and D = NM !
Converselyif M1 € TIC,,, thenNM ! € TIC,,. 0

We take now a look at the approachof Frank Callier, CharlesDesoerand
othersto obtaina d.c.f. AssumethatN € TIC_¢(C™Y) andM € TIC_¢(C™)N
GTIC for someme N+1,& > 0. ThenD := NM ! is meromorphicon C*,



By Lemmab.1.2(e)thesetZ := {s€ C*| detM(s) = O} hasno limit points
onC*,. Assumenow that|detM| > e whense C* and|s| > R, for someR, € > 0
(e.9.,M € UHPR). Then is not a limit point of ZN C+ (seealso Lemma
6.3.6(a2))hencethenZ N C+ is finite.

It hasbeenshown for severalsubclassesf suchtransferfunctionsthat from
thesezerosonecanconstructa rational(exponentiallystable)denominatoiMy €
H*(C*;C") s.t. D = NoMj is ar.c.f., whereNg := DM € TICep, andthat
D =Dy + Dy, whereD; € TICep and]IA)g € Hg is rational. See,e.g.,[CD78],
[CD80], [Logemann93pr [Logemann87for furtherdetailsandinformation.

Thefollowing is ageneralizatiorof a standardesult:

Lemma 6.5.5(Inner—outer is constant)

(a) If J,Se B, Sisone-to-oneN*JN = SandN € GTIC, thenN € GB.
(b) LetJ=J* € BandS=S" € GB. If Ne is (J,5)-innerandN is outer(i.e.,

N, L? is densein 11, L?), thenN € G B.

Proof: (a) Now TIC 3 SN! = N*J € TIC*, henceL := SN?! € B, by
Lemma 2.1.7, BecauseSN-1 = L on C* (see Theorem6.2.1), N-1 is a
constank B, hencesois N.

(b) Becausem(§1WJ)mNm = m. (recall that . N, = Nm,),
the range Nrt.L? is closed in 1.L? by Lemma A.3.1(v)&(iv), hence
T, Nm, L2 = i, L2. Being coercie and onto on 11, L2, N is invertible on
1, L2, by LemmaA.3.1(c3)(ii)&(i), henceN € GTIC, by Lemma2.2.3. Con-
sequentlyN € GB, by (a). O

As notedabove, “D is asstableasM™” if D = NM™? is a[p.]r.c.f. This
implies severalusefulfacts:

Lemma6.5.6( =NM™1) Let D € TIC,(U,Y) and a > w > 0. Thenthe
following hold:
(al)LetD = NM ! beap.rc.f andue L3. Thenu,Du € L2 < M tuc L2,
(a2) LetD = NM ! beap.r.c.f. Thentherise > 0s.t.
el[Mull g, < Ilull g + [Dulz < MMMl (ue LE(RiV)).
(6.114)
(b) LetD = NM ! bea[p.Jr.c.f andT € TIC(H,U). ThenD € TIC,, &M~ ¢
TIC, andDT € TICy, & MIT € TIC,,.
(c)NM~tisal[p.]r.c.f of D iff M—9N% is a[p.]l.c.f. of DA.
() IfD=NM tisa[p.r.c.f,U =U; xU,, andMy € GTIC(Uy), thenD has
a[p.Jr.c.f. of theform

/ 7 11
My, MlZ] . (6.115)

RN
D_N[O |

If 4 C TIC andN,M, M, € 4, thenwecantake N, M’ € 4; if M} € 4
andNM ! isa[p.]r.c.f over 4, thenalsoN (M') ! isa[p.]r.c.f over 4,.



(e) LetD = NM~! bea [p.Jr.c.f ThenD hasa (normalized)[p.Jr.c.f D =
NM ' stN*N+M*M =1.
() For w= 0, wecanreplace‘p.” by*“g.” in (al)—(e).

Proof: (al)&(a2)Apply Lemma6.5.2(b1)&(b3)to us := M Lu.
(b) Apply Lemma6.5.2(c)to M~1T € TIC.,.

(c) Thisis trivial (recallthatD® := AD*A € TIC,,).

(d) Now U := [Wﬂz'leZl Mfzizl] € GTIC(Uy x Up), by LemmaA.1.1(b1),

hence D = (NU)(MU)~? is obviously an [p.Jr.c.f. too. But MU =

Mg —MipMy; Moy MioMyy } asdesired
0 | : :

The 4 caseis obvious(if U,X,Y € 4, thensoareU~1X andU~1Y).
(e) By Lemma6.5.2(e)andLemma6.4.7(a) we have X*X = N*N+ M*M
for someX € GTIC. SetN :=NX"1, M := MX 1.
() UseLemmab.5.1insteadof Lemma6.5.2in the proofs of (al)—(e).
d

See Theorem4.1.6(d) on the connectionbetweenright and left coprime
factorizations.
A coprimefactorizationof a perturbedmapis obtainedasfollows:

Lemma 6.5.7(D.c.f4+TIC) LetD € TIC«(U,Y) andD e TIC(U,Y). Thenthe
following hold:

(a) If D hasthed.c.f (6.109),then

5 0 - (

-1
| O
[—15) I]) (6.116)
isad.cfofD+D.

(b) Similarly, D+ NM~! = (N+ DM)M ! isa[q.]r.c.f, wheneerNM 1 is.
) [P] =NMtisa[qg]r.cfiff N=[N] fora[gq.]r.cf D=NM1.

Thus,whenfactorizingof a regulartransferfunction D, we may assumehat
D :=D(+w) =0.
Proof: (a) Thisis obvious.
(b) Thisfollowsfrom Lemma6.5.1(e). B
(c) LetM € GTIC»(U). We have [P] = NM~1 iff N= [P|M =: [}}].
Obviously, [X] andM are[q.]r.c.iff N andM are[q.]r.c. 0

A maphasad.c.f.iff it hasar.c.f.andal.c.f..

Lemma6.5.8(D.c.ir.cf & lcf) Let D € TIC»(U,Y) havether.cf D =
NM 1! [over 4] andthel.c.f. D = M !N [over 4]. Thenthesefactorizations
canbeextendedoad.c.t

[ x

X -Y

N M

X -Y

-N M

ﬁff EQ , (6.117)



[over 4] of D. Moreover, if X,Y € TIC satisfying(6.108)are given, there are
X,Y € TIC satisfying(6.117) (the dual claim with left and right interchanged
holdsaswell).

SeeTheoren6.6.28for theequivalenceof joint stability anddetectabilityand
theexistenceof ad.c.f.
By Lemma6.5.6(e)(andits dual), we canabove requirethe normalizations
N*N+M*M = | andMM* + NN* =1.
Proof of Lemma 6.5.8 LemmaA.1.1(el)shovsthatif X, YO,SNQ Y €TIC
satlsfylng(G 108)and(6. 107) respectvely, aregiven,thenX := Xo—i-N(YXo -
XYO) andY := Yy +M(YX0 XYO) satisfy the secondequality in (6.117)

[note thatalsoX,Y € 4]. The equation[} Y] [_Xﬁ M] = | holdsin TIC.,

by LemmaA.1.1(e5),hencein TIC (by analyticextensionon C*). By taking
(causalladjoints,onegetsthedualclaim. O

(The invertibility of M was usedin the above proof; the corresponding
assumptionn LemmaA.1.1(e5)is not superfluous.)

Givenad.c.f. of a TIC., map,all d.c.f's of that map are obtainedfrom (d)
below:

Lemma6.5.9(All d.c.f’s) Let
M Y
N X

in TIC(U xY). Thenwe havethefollowing:

X -Y

N M

X -Y
-N M

M Y
MY e

@l)M € GTIC, < M € GTIC.
(a2)If M € GTICs, then(6.118)isad.c.f of NM~! = M~IN.

(b) All possiblechoicesX,Y,X,Y € TIC in (6.118) (for fixed M, N, M, N) are
parametrizedoy
X+UN —(Y+UM)

[M Y+MIU] -t
| -N M

N X+NU (U eTIC). (6.119)

(c) All completionsof [IIXH to an invertible opemtor in TIC(U x Y) are
parametrizedoy

¥ xllo v =% Wi

N xllo vl= Iy XV+NU] (UeTIC, VE GTIC).  (6.120)

(d) If (6.118)isad.c.f (i.e., if M € GTICs), thenall d.c.fsof NM~* are givenby
-1 ~ ~ -1

M Y| |W U W U X -Y

[N XHO V]‘([o V] N M ) (UeTIC, V,W € GTIC).

(6.121)




(e) Let (6.118)bead.c.f, andletM = [§;], M= [ *], X = [5*], X =[§]].
Thenall d.c.fs of NM 1 with sudy M, M, X, X are givenby (6.121)with extra
requirmentsW =[], U= [83]. V=[}z].

Proof: (a) Part (al)followsfrom LemmaA.1.1(c1l)and(a2)is trivial.

(b) Thisfollows from (c), becausdixing M andN forcesV to bel.

(c) Clearly [M¥] [} V] € GTIC wheneerU € TIC andV € GTIC. Forthe
corverseassumehat [MT] € GTIC(U xY). Set

I U|.
o vl -
We musthave V € GTIC, hencewe get (6.120) by multiplying the above
equatiorby [M ¥] to theleft.

(d) Clearly [MW ¥ = [MX] [W 9] € GTIC. By (b), all d.c.f:scorrespond-
ing to the pair (NW,MW) aregivenby [¥ £] [W 9] [§ V], andtheseareof the
form (6.121)(with WU in placeof U). Ontheotherhand,all r.c.f!s of NM !
areof theform (NW,MW) for someW € GTIC, by Lemma6.4.5.

(e) This follows by writing (6.121)out (the equationUy; = O is obtained
from theright-hand-sideandthe equationW [ *] V = [J *], or, alternatiely,
from thefactthatMy is injective). O

X -Y

-N M||N S

[M T] € GTIC.

An operatomot having ad.c.f.is somavhatpathologicalasshavn below:

Lemma 6.5.10 LetD € TIC(U,Y). Theexistenceof ad.c.f is guaranteedn the
following cases:

(a) If D is stable thenit hasthed.c.t [1 9] =[5 9].

(b1) If D is rational, i.e., D hasa finite-dimensionatealization,thenD hasa
d.ct

(c) If D belonggo theCallier—Desoerclass® B(0)™™M” thenD hasad.c.f with
M andM rational.
(d) If D hasa jointly stabilizableand detectableealization,thenit hasa d.c.f

(el) Assumehat D is DF-stabilizable(stabilizableby dynamic(output) feed-
badk; seeSection7.1). If dimU,dimY < « or someDF-stabilizing con-
troller of D hasa d.c.f, thenD hasad.c.t

(e2)If D DF-stabilizableby a stablecontroller, thenD hasad.c.f In particular,
thisis thecaseif D is stabilizableby staticoutputfeedbak.

(e3) If D hasan exponentiallyDF-stabilizablerealizationwith boundednput
and outputopemators (or asa WPLSof the form of Lemma6.8.5),thenD
hasan exponentiald.c.f in MTICg;p.

By (el), the mapsnot having a d.c.f. are not interestingfrom the point of
view of DF-stabilizationand optimization, at leastnot in the casewith finite-
dimensionainputandoutputspaces.



In cases(b) and (c), the d.c.f. can, in fact, be chosento be exponentially
coprime(andwith rationalM andM).

Accordingto [Curtain02],ad.c.f.alsoexistsif £ and=% areSOS-stabilizable,
or = and=9 arestate-and-output-stabilizablerovided thatdimU, dimY < o (or
thatwe acceptpseudo-coprimenesahdthato(A) satisfiecertainassumptions.

Proof: (a) Thisis cleat

(b) By [Vid, p. 387], the setC[s] of (compl«) rationalfunctionsover the
field C (or ary other field) is a proper Euclideandomain, hencea Bezout
domain[Vid, Fact A.4.6], so every D € C[s]"™*™ hasar.c.f. anda l.c.f., by
[Vid, Corollary 8.1.8]. (Take a minimal realization(see,e.g., Section6.4 of
[LR]) anduseTheorem6.6.28to obtainanalternatve proof.)

(c) This is containedin Theorem2.1 of [CD80]. The class“B(0)™™”
refersto C"*M-valued(matrix) functionswith elementsf form fA/Q s.t.f,ge
MTICg;p(C) andg € GTIC(C).

(d) Thisis provedin Theorem6.6.28.

(el) The first claim is Lemma 7.1.4 and the secondone is Proposition
7.1.6(d)andcontaing(e2)asaspecialcasepy (a).

(e3) Thisfollows from Theorem?.2.4(a)andCorollary9.2.13(c). O

Thefactorizatiorresultsover TIC (aswell asmostresultsof Chapter7 among
others)could as well have beenstatedover MTIC or over ary other structures
whereTIC(U) is replacedwith a ring with identity etc. (cf. LemmaA.1.1) we
statethis notionin aform thatwill beappliedin Section7.1.:

Remark 6.5.11 Let X, 4’ and 4 C 4’ be asin Definition 6.2.4. Definer.c.f's,
l.c.f’sandd.c.fsasabove with 2 in placeof TIC and 2’ in placeof TIC (i.e.,
considerZ’ astheclassof all admissibld/O mapsand 2 astheclassof “stable”
I/O maps).

ThenLemmab.4.5(b)—(d)Lemmas$.5.9and6.5.7,andmostof Lemma$.5.8
and 6.5.6 (and almostall 1/0O resultsof Section6.6 and mostof Chapter7; cf.
Remark7.0.1) hold with 4 in placeof TIC, 4’ in placeof TIC., and“q.” and
“p.” remwed.

Thisis particularly usefulwhenwelet 4 be MTIC or someof its subclasses,
and take X := {all Hilbert space$ and 4’ := TIC., or when 4 = tic and
4 =tice.

Notes

Lemma6.5.8is essentiallyfrom [S98a]. Lemmas6.5.5,6.5.7and6.5.9are
known at leastto someextent. Probablyalso mary of the other resultsare
known at leastin the casewhere “pseudo-" or “quasi-” is droppedfrom the
assumptionanddimU, dimY < «. Seealsothe referencesn the text andthe
notesto Section6.4.



X A | Bt Z X= AXg + Btu
A ClD E y=Cxo+Du

: u=Ly+u
oY
L Y+ + uL

Figure6.2: Staticoutputfeedback

6.6 Feedbackand Stabilization (2, 2, 2)

TheUniverseis populatedby stablethings.

— RichardDawkins

Oneoften wantsto stabilizeand possiblyalsoregulateor optimizea system
by feedingits stateor outputbackinto thesystenmthroughsomekind of controller,
asin, e.g.,Figure6.2. All controlproblemsof Chapters8—12areof this form.

In this section,we shall introducestatic output feedback(Figure 6.2), state
feedback(Figure 6.3) and outputinjection (Figure 6.5), hencealsothe concepts
“stabilizability” and“detectability” in their variousforms.

In finite-dimensionakontrol theory optimizationis usuallyrestrictedby the
requirementthat the (controlled) closed-loopsystemshould be exponentially
stable. However, sometimesstrongstability or someotherform of stability has
beenallowed, andfor infinite-dimensionabystemghis hasbecomeincreasingly
popularduring recentyears. Therefore,we have decidedto study all forms of
feedbackw.r.t. all formsof stability in this section.

Most of our definitionsand someof the resultsfollow [S97b], [S98a] and
[Sbook];in particular we reduceall forms of feedbacko staticoutputfeedback.
We notethatby shifting (seeRemark6.1.9)ary resulton stabilization,oneobtains
a resulton exponentialstabilization,but the corverseis not true, andresultson
(noneponential)stabilizationareoftenwealer or harderto prove.

In Section6.7,we shallpresenfurtherresultsandrelatedconceptsDifferent
formsof dynamic[partial] outputfeedbackarethe subjectof Chapter7. We have
collectedthedefinitionof all formsof feedbacko Summary6.7.1.

Now we shall introducestatic outputfeedback wherewe feed a part Ly of
the outputy of X backinto theinput, asFigure6.2 shows; hereL € B(Y,U) and
S = [%%} € WPLS(U,H,Y). Underanexternaloutputu, : Ry — U (external
input, control, disturbanceor analogous)the effective input u becomesqualto
Ly+ug. In theinitial valuesetting(6.3)with initial valuexg € H, thesignalsin the
resultingdashedlosed-loopsysten® | of Figure6.2 clearly satisfythefollowing
equations:



X(t) =A(t)xg+Bt(t)u (t>0), (6.122)
y= Cxo +Du, (6.123)

u=Ly+u.. (6.124)

Obviously, this canbe uniquelysolvedin termsof xg andu iff (I —LD) is

invertible (the correspondingsolutionis given by (6.125)). We call suchan L
admissible:
Definition 6.6.1(Admissible static output feedback) Let £ = [&2] €
WPLS(U,H,Y). An opemator L € B(Y,U) is called an admissible (static)
outputfeedbacloperatorfor X (or for D) if | —LD € GTIC(U), or equivalently
if | —=DL € GTIC(Y).

Thisisthecaseff | — DL is locally invertible,by Lemma2.2.8.ForD € ULR,
thisis equivalentto | — DL € GB(Y), by Proposition6.3.1(c). A morethorough
motivationof admissibilityis givenin [W94b, Proposition3.6].

As showvn in [W94b, Section6], thesignalsx andy in (6.122)—(6.124tanbe
interpretedasthe stateandoutputof anothemwell-posedinearsystem:

Proposition6.6.2(2) LetL € B(Y,U) beanadmissibleoutputfeedbak opera-
tor for £ = [2£] € WPLS(U,H,Y).
ThenX € WPLSU,H,Y), whee

ZL::[AL‘BL}::

A+BiL(I-DL)'C | B(1-LD)~*
CL ‘ Dy

(I-DL)™*C | D(1-LD)*

(6.125)

:z[—ll_c I—OL]D)] = {(I —|_1DI>)1LC (! —SD)J : [iﬂ ~ m
(6.126)

We call Z, theclosed-loopsystenmwith outputfeedbak opemator L. In theinitial
value setting(6.3) with initial valuexg and control u;, the controlled statex(t)
at timet and the outputy of 2 form the uniquesolutionof equations(6.122)—
(6.124). 0

Notethat(6.126)follows easilyfrom

L ol 5] o-ibre -]

(hereu,u, : Ry — U andX refersto [%%]; cf. (6.123)—(6.124)).
Repeatedeedbackbehaesin theexpectedway:

Lemma 6.6.3(Z +k = (ZL)k) Let L be admissiblefor = as above ThenK €
B(Y,U) is admissiblefor 2 iff K+ L is admissiblefor X; and in that case

> +k = (ZL)k (in particular, (2)_ = ). 0



(SeeW94b, Remark6.5] for the proof.)

Definition 6.6.4(Stabilizing L) LetL € B(Y,U) be an admissibleoutput feed-
badk opemtor for = = [%%] € WPLSU,H,Y). Theopemtor L is stabilizingfor
> if thecorrespondinglosedloop systent, is stable

Thesameappliesto all stability conceptqpreficesfor “stabilizing”) defined
in Definition 6.1.3. E.g, L is strongly internally w-stabilizingif % is strongly
internally w-stable i.e., if A, is stronglyw-stable

Analagously we call L B-stabilizingif B is stable;the sameappliesto other
componentsfz, .

We call L [exponentially] stabilizing for D if L is admissibleand males
D = D(I —LD)~! [exponentially]stable

Stabilizesmeansgs stabilizingfor.

Thus, an admissible output feedback operator L 1/O-stabilizes Z €
WPLS(U,H,Y) iff y € L? for all xo € H andu_ € L?(R;;U), andL stabilizes
> [strongly] iff x is boundedandx(t) — 0 ast — ] andy € L?(R.;Y) for all
X0 € H andu_ € L?(R,;U). The operatorlL is exponentiallystabilizing for =
iff x € L?(R;H) for all xg € H (andu_ = 0); or equivalently iff x,y € L2 for
all xo € H andu € L?(R,;U), by Lemmas6.1.10(alyandLemmaA.4.5. (Here
X = A Xo+ B_tu. andy := C_ %o+ D u_ arethe stateand outputof the closed-
loop system>| with initial statexg andinputuy.)

Usuallywe shallonly needthedefinitionsof two first paragraphsf Definition
6.6.4. Termslike “B-stabilizing” are usefulonly whenreferringto a part of a
componenbdf X (above we couldsay“input-stabilizing”). Thelastdefinitionwill
be neededn connectionwith dynamicoutputfeedbackwhenonly I/O mapsare
specified).

NotethatL is admissiblefor D iff L is admissiblefor Z, but L may stabilize
D evenif L doesnot stabilizeZ. The same of course holdsfor the admissibility
andstability conceptsierivedfrom this later.

Themapsu,,y. — U,y in astabilizingfeedbacknducead.c.f.

Lemma 6.6.5 Theopemator L € B(Y,U) is a stabilizingoutputfeedbak opetator
forD € TIC(U,Y) iff

- -

X -Y

-1
__[I -L 1
-N M|

-D. (I1-DL)™?!
(6.128)
definesad.c.f of D (still D :=D(l —LD)™1), i.e, iff theopemtorsin (6.128)are
(well-posedand)stable
If we input an extra signal y_ to the outputy (asy is output from Z in
Figure 6.2),thenthe closedloop map|y: ] — [y] is the stablemapping

HE

M N

N M| [

[UL] . (6.129)



Thisis basedntheusefulformula(l —LD)~t =14 LD .

Proof: Obviously, (6.128)is sufficient for L to stabilizelD> (becausehen
Dy is well-posedandstable),sowe will assumehatL stabilizesD andprove
(6.128).

We have M := (I —LD)~t = I +LD(I —LD)~! =1 +LD_ € TIC, and
M:=(1-DL)" =1+ (1—DL)"!DL =1 +D_L € TIC (becaus®_ :=D(I —
LD)~! = (1 —DL)~!D, by LemmaA.1.1(f6)); clearly(6.128)follows from this.

Equation(6.129)is obviously the solutionof equations

y=y.+Du (6.130)
u=u_+Ly. (6.131)
U

If D hasar.c.f., thenit is enoughto stabilizeu, +— u:

Lemma 6.6.6 LetD = NM 1 bear.c.f of D € TIC»(U,Y). ThenL € B(U,Y) is
an admissibleoutputfeedbak opefator for D iff M— LN € GTIC,(U).

An admissibleL is D-stabilizing (i.e., DL = N(M — LN)~! is stable) iff
(M—LN)~! e TIC is stable Notethatthen(l —LD) "1 = M(M —LN)~%: u_ s u.

Proof: Now | — LD = (M — LN)M~1, so admissibility is equivalent to
M—LN € GTIC(U), andwe have (I —LD)~ = M(M - LN)~! =: M, and
D :=D(l —LD)~! = N(M - LN)L,

If L is stabilizing,thenM; andD, are(stableand)r.c., by Lemma6.6.5,
andthisin turnimpliesthat(M—LN)~! = XM, — YD, is stablejf X,Y € TIC
ares.t. XM — YN = |. Ontheotherhand,if (M — LN)~? is stable thensois
D = NM - LN)~L, O

Lemma 6.6.7(A+BtC [strongly] stable) Assume  that [A|B] €
WPLSU, H,{0}) andC € B(H,L%(R;U)), andthat A+ BtC is a Co-semigoup.

If [ A | B | is[[exponentially]strongly] stable thenA + BtC is [[exponen-
tially] strongly] stable

Proof: SinceBtC is bounded the stablecaseis obvious. If [ A \ B ] is

stronglystable thensois B, by Lemmas6.1.13,hencethenA +BtC is strongly
stable.

If [ A|B] is exponentially stable, then Bt is stable, by Lemma

6.1.10(a2),hencethen (A + BtC)xo € L2 for all Xxg € H, so that A + BtC
is exponentiallystable by LemmaA.4.5. O
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Figure6.3: Statefeedbackconnection
Fromthe abore lemmawe concludethefollowing:

Lemma 6.6.8(A iff A_ stable) LetL, 2, andX, beasin Proposition6.6.2.

(a) Assumehat B and LC_ are stable If A is [strongly] stable then A is
[strongly] stable

(b) AssumehatB_L andC are stable ThenA is stableiff A is stable

(c) Assumehat B_ L or LC_ is stable If A is exponentiallystable thenA is
exponentiallystable

Proof: (a) By (6.125),A; — A = BtLCs, hencethis follows from Lemma
6.6.7.

(b) By (6.125),A; — A = Br(l — LD)1LC = B_LtC, whichis bounded,
hence(b) holds.

(c) If LC_ is stable thenthisfollowsfrom Lemma6.6.7asin (a). If B_ L is
stable thenwe applythe samefor 9 andLd. O

WhenZ andZ| arel/O-stable their stabilitiesareequvalent:

Corollary 6.6.9(Z iff 2| stable) Let the assumption®f Proposition6.6.2hold.
Letl —LD € GTIC. ThenZ is [SOS-/stongly/exponentially]stableiff % is.

NotethatD, D, € TIC = | —LD € GTIC, because +LD_ = (I —LD)L,
Proof: “Only if”: The stableandSOS-stableasefollow from (6.125);the
strongly [exponentially] stablecasefollows from the stablecaseand Lemma
6.6.8(a)[(c)].“If ”: Exchangeherolesof ~ andZ, . O

Next we shall formulateand study stabilizability and detectability A reader
more familiar with matrix presentation®f systemsthan (abstract)integral op-
eratorsmight wish to still think the systemsas groupsof generatingoperators
((é}%)), which canbe donein theregularcase(andtheformulaelook the same,
just“the font is changed”from A to A etc.,asin Proposition6.6.18).

A state feedbackcan be reducedto an output feedbackas follows. The
appropriateconnectiorhasbeendravn in Figure6.3.



Definition 6.6.10(Admissible statefeedback) 1. A pair [ K | F | is calledan
admissiblestatefeedbackpair for £ = [22] € WPLU,H,Y) if the extended
system

A | Bt
C|D
K|F

isa WPLSand | — F € GTIC,(U), i.e,, L:= [0 1] is an admissibleoutput
feedbak operator for Zey;.

We often denotethe correspondingclosedloop systemby (here M := (I —
F)~h)

S 1= (6.132)

A, ]Bbr'l [A—HBTMK | BMt ]
Z, = [ G, | D J: [ C+ DMK ‘ DM J (6.133)

K, | T, MK M- |

N AL e K Y { y} o1

2. Thepair [ K | F ] is a stabilizingstatefeedbackpair if, in addition, L is
a stabilizing outputfeedbak operator for Ze; we usepreficesasin Definition
6.6.4above and add, in addition, the prefix“ [g.]r.c.” (resp.sufix “in 47, if
N :=DM andM are [g.]r.c. (resp.N,M € 4; cf. Definition 6.2.4). The pair
| K | F | is exponentially[q.]r.c.-stabilizingfor Z if | K | F | is exponentially
stabilizingandN andM are exponentially[qg.]r.c.; equivalentlyif thereis w > 0
st. 7, K | F | is[q.]r.c.-stabilizingfor 7, (seeRemarks.1.9).

3. Thesysten> € WPLS s stabilizableif it hasa stabilizingfeedbak pair;
we usehere preficesand suficesasabove (e.g., stronglyr.c.-stabilizablg.

4. Wecall [ K | F ] stableiff K andF are stable Wecall [ K | F | WR
(resp.SR,UR,...) iff F is WR(resp.SR,UR,...).

5. Wecall K¢ an admisiibé&ompatiblestatefeedbacloperatorfor Y if (K¢, 0)

Is a compatiblepair for [KJW] We call Ky, an admissibleWR statefeedback

operatorfor ¥ if F is WRand [%’%’] geneate [212]. We usehere preficesand
suficesasabove (see2. and4.).

Thus,e.g.,astabilizing[ K | F | is stabilizingin MTIC for X iff M,DM €
MTIC, equivalently; iff [%} € MTIC; anadmissible K | F | is [ C | D |-

stabilizingfor X iff C, andD), arestable. Of course,Xet € WPLS iff [%}%} €
WPLS Thus, [ K | F | is admissiblefor £ iff [ K | F | is admissiblefor
A|B].

[ IrL the] literature, notion “K is admissiblefor A (resp.%)” often meansthat
[%} (resp. [%E}) generatea WPLS, i.e., that K “fits” to A (resp.to ). To
avoid misinterp?etationwe never usethis corvention,henceadmissibilityalways
containsthe requirementthat the correspondingeedbackis well-posed,e.g.,
[ K | F ] is admissiblefor ¥ iff it “fits” to = and | —F € GTICw. Thus,we
follow the corventionof [S95]-[S98d].



If dimH < o, thenareachablesystemis exponentiallystabilizable by p. 91
of [LR]. Thisis notthecasein generalif D € TIC(U,Y), thenthedualof (6.11)
is stableandexactly 0-stabilizablg(in infinite time) but notevenoptimizable(see
Definition 6.7.3),hencenot exponentiallystabilizable.

Any bounded is anadmissibldJLR statefeedbackoperator:

Lemma 6.6.11(BoundedK) Let> = [4{2] € WPLS(U,H,Y) and [K F] €
B(H xU,U).

Then [K F} geneamte an admissiblestate feedbak pair for Z iff | — F €
GBWU). If | —F € GB(U), then(l — F)~1K € B(H,U) is an ULR admissible
statefeedbak opemator for Z, and corresponding:losed-loopsystemsre identi-
cal moduloE := (I — F)~! (see(6.136)).

By Proposition6.6.18(d)for [ A | B | € WPLS(U,H,{0}), theclosed-loop
systemcorrespondingo K € B(H,U) is generatedby [2£2| ]
Proof: By Lemma6.3.16(c),[£{2] € WPLS(U,H,U) andF is ULR. By
Proposition6.3.1(c),| K | F | isadmissibleff | —F € GB(U).
Assumethatl —F € GB(U). SetK’ := EK, whereE := (I —F)~L. Then
K’ is admissibleandULR, by theabove. If [ gK’ | ' | is the corresponding
statefeedbackpair, then

F =K'Bt = E(KBt+F)—-EF =EF+1 —E, (6.135)

becaus&F = E — |, hencethenLemma6.6.12applies. O

A coordinatetransformin the feedbacksignaldoesnot essentiallyaffect the
system:

Lemma 6.6.12(Making F zero) Let [ K | F |, = and Z, be as in Definition
6.6.10. Let E € GB. Thenalso [ EK|EF+I—E ] is an admissiblestate

feedbak pair for Z (having samepreficesand suficesas [ K \ F } does),and
the correspondinglosed-loopsystenis givenby

A, | B,E 1
G, D,E~! (6.136)
K, | F,E"1+E~1 ]|

O

(We leave the easyverification of this andthe following two lemmasto the
readey)

Thus,if F is WR andE :=1 —F € GB(U) (thisis necessaryf F is UR or
F,F* € SR by Proposition6.3.1(al)&(b1))thenwe cantake F = 0 w.l.o.g. In
particular any UR statefeedbackis equivalent(in the senseof the lemma)to a
UR statefeedbacloperator We shall oftenusethis fact.

Thefollowing is obvious:

Lemma 6.6.13(Stableis stabilizable) The pair [0]|0] is [IO-
/SOS-/stongly/exponentially] r.c.-stabilizing for % iff X is [IO-/SOS-
I/strongly/exponentially]stable



Thus, an [IO-/SOS-/stongly/exponentially] stable systemis [IO-/SOS-
/strongly/exponentially]r.c.-stabilizablgbut not vice versa). 0

Naturally, analogouslaimsalsohold for detectabilityandfor joint stabiliz-
ability anddetectability(Definition 6.6.21).
We canalwaysusenegative feedbacko recover the original system:

Lemma6.6.14([ —K, | —F, ] for &) Let[ K | F |, = and 5, beasin Defi-
nition 6.6.10. Then[ —K, | —=F, | = [ —MK | | —M | is an admissiblestate
feedbak pair for Z,, and the correspondingclosed-loopsystems Ze ¢ with the
addedrow [ -K | —F |. 0

Remark 6.6.15(Historical definitions of exponentialstabilizability) In  most
infinite-

dimensionalclasses,one traditionally definesonly exponential stabilizability
(not stabilizability, strong stabilizability etc.) and usesa stronger definition:
onerequiresthe existenceof a boundedK € B(H,U)) exponentiallystabilizing
state-feedbdcopenator (seg e.g., [CZ]).

For Pritchard—Salamon-system&ee Section 6.9), the definition is even
stronger: %, mustbe exponentiallystablealso in the larger state space” 1,
notmeelyinH := W.

Our definition was adoptedfrom [S98a]. However, in somearticles on
regular WPLSqe.g., in [WRO00]), onerequirestheexistenceof a SRexponentially
stabilizing state-feedbdc opemtor; also this definition is stronger than our
definition of exponential stabilizability (we do not know whetherit is strictly
stronger).

In the works of I. Lasieda, R. Triggiani and others (e.g., in [FLT]), some-
timesalso“non-admissible” feedbak is acceptedi.e., themapu — u_ neednot
be well-posed;this is a specialcaseof the settingof Definition 8.3.15and Sec-
tion 9.7 (seealso(8.34)), Theefore, underthat corventiononeusuallytreatsonly
“the leftcolumnofZ,”, whichiswell posed;anyexternalinput(“u,”; e.g., distur-
banceor modelingerror) might“e xplode” the systemThisconventionmalesop-
timizability equivalentto exponentialstabilizability. (Optimizabilityis the weak-
estreasonablextensioroftheclassicalconcept'e xponentiaktabilizability”; see
Definition6.7.3.)

By Theoem9.2.12,all thesedefinitionsof exponentialstability coincidefor
systemsavingB boundedor ABu € Li+ (R4 ;H) for eadh ug € U). Notealso

loc
that by “stabilizability” oneoftenmeansexponentialstabilizability. 0

All this appliesalso to (exponential) detectability (Definition 6.6.21) and
estimatability mutatismutandis.

A statefeedbackpairinducesafactorizatiorl) = NM~ of D. However, most
suchfactorizationslo not correspondo statefeedback.

It is not enoughto find a right factorizationD = NM~?! to obtain an I/O-
stabilizing feedbackpair, theremustalso exist a suitableK for F := | — M1
Therefore,F mustbe analytic outsidethe spectrumof A (this is mostobvious
whenF = K(s— A) 1B +F is rational;in the generalcaseoneshoulduse(6.40)



with D — F andC — K onsomeright half-planeand(possibly)analyticextension
elsavhere).Hence jn thefinite-dimensionatasethe McMillan degreeof F must
not exceedthe dimensionof the statespaceH. Thus,only a smallfraction of all

right factorizationf D correspondo I/O-stabilizingstatefeedbackpairs.

The concept”[qg.]r.c.-stabilizability” is equivalentto stabilizability by such
apair [ K | F | that the right factorizationD = NM~! mentionedabove is a
[g.]r.c.f. Sincethis conceptis new, we shalllook atit morecloselybelow.

In Chaptersd.3—-12.3,the importanceof this conceptwill becomeobvious;
e.g., the Popos operatorof a sufficiently regular strongly stablesystemhasa
spectrafactorizationff thecorrespondindriccatiequatiorhasaq.r.c.-stabilizing
solution,andundersuitableassumptionsuchsolutiondeadto solutionsof several
control problemsalso in the unstablecase. Also Remark9.9.9 explains the
adwantageof g.r.c.-stabilizabilityin optimal control; somesufficient conditions
for g.r.c.-stabilizabilityaregivenin Corollary6.7.16.

By definition, [g.]r.c.-stabilizationmeanssuch a stabilizationthat the map
[D] - u, — [¥] (see(6.133)—(6.134pr Figure6.3) becomegquasi-]leftinvertible
overTIC. In particular for suchapairthemap[}] — u, is well-definedandstable.

Therefore to constructa systemthatis stabilizablebut not g.r.c.-stabilizable,
we let B have apole(at1) thatis notsharedoy]D) sothatwe mustha/eM(l) 0
to make B, := BM stable,in which caseN := DM alsohasazeroatl,i.e.,N and
M arenotq.r.c.:

Example 6.6.16 (Exponentially stabilizable but not g.r.c.-stabilizable)For the
systems := [é}ﬁ} generatedby [«H a statefeedbackoperatorK € C results
in M(s) = (s—1)/(s— 1—K) =N(s), A+ BK = 1+ K, henceonly K = 0is q.r.c.-
I/O-stabilizing (even q r.c.-SOS-stabilizing)whereasK < —1 is exponentially
stabilizing,K = —1is [ }-stablllzmg(butnotI/O stabilizing),andK > —1,K #0
is only output- stab|I|2|ng In particular this systemis not g.r.c.-stabilizablgsee
Example8.4.4of [Sbook]for alesstrivial example). This follows from the fact
that A hasanunobserablepole. <

As above, lack of qg.r.c.-stabilizability typically correspondgo situations
wherethe semigrouphasunobserable poles. Corversely one can often make
a stabilizing pair r.c.-stabilizingby cancelingthe commonzerosof N and M.
Indeed, from Lemma 6.5.4 one obseres that in the finite-dimensionalcase,
D = NM 1 is a(q.)r.c.f. iff the zerosof M coincidewith the polesof D, up to
the multiplicity. Thus,then(qg.)r.c.-1/O-stabilizatiormeand/O-stabilizationwith
aminimal numberof zeros.(SeealsoLemma6.5.3(d).) Theinfinite-dimensional
situationis similar.

For anexponentiallystabilizableanddetectablesystem(e.g.,a minimalfinite-
dimensionalsystem),ary 1/O-stabilizing state feedbackpair is exponentially
g.r.c.-stabilizing,by Theorem6.7.15(c1).This is oneof thereasonsvhy [qg.]r.c.-
stabilizabilityis notasimportantin thefinite-dimensionatase.

We do not know whetherthereis a SOS-stabilizablesystemthatis not g.r.c.-
SOS-stabilizabl¢or a (well-posedyight factorizationthatcannotbereducedo a

g.r.c.f.).



For a stable system,ary stable, stabilizing state feedbackpair is [q.]r.c.-
stabilizing(andcorversely see(c)). This andrelatedresultsaregivenbelow:

Lemma 6.6.17(Stablecase:F € TIC & r.c.-stah) LetS = [212] ¢ WPLS

(a) LetD bestable andlet [ K | F | I/O-stabilizeZ. Thenthe following are
equivalent:

() F is stable;

(i) [ K | F ] isr.c.-I/O-stabilizingfor Z;
(i) [ K | F ] isg.r.c.-/O-stabilizingfor Z;
(iv) 1 —F € GTIC.

Moreover, [ K | F | is[q.]r.c.-SOS-stabilizingf it is stable(i.e., iff K and
F are stable)andZ € SOS

(b) If £ € SOS thena SOS-stabilizingeedbak pair for X is stableiff it is
[g.]r.c.-SOS-stabilizing

(c)Let[ K | F | bea stablel/O-stabilizingfeedbak pair for Z, andlet D be
stable

Then[ K | F | is r.c.-I/O-stabilizing Moreover it is r.c.-SOS-stabilizing
iff ~ € SOS and it is [strongly/exponentially] r.c.-stabilizing iff % is
[strongly/exponentially]stable

(d) Let [ K | F ] be admissiblefor £ € SOS Then[ K | F | is r.c.-SOS-
stabilizingiff it is stableand (I —F) ! € TIC.

Proof: (a) If F € TIC, thenM := (I —=F)~! € GTIC, which makesN :=
D(I —F)~! € TIC andM := (I — F)~! € TIC r.c. (see Definition 6.6.10).
Corversely if M andN areq.r.c.,thenM~* € TIC, by Lemma6.5.6(b),hence
thenF € TIC.

LetF bestable. Thepair[ K | F ] is[q.]r.c.-SOS-stabilizingff K, := MK
andC, = C+NK arestable.But MK is stableiff K := M~ 1MK is (because
M e GTIC). If K is stable thenC is stableiff C, is.

(b) Thisfollowsfrom (a).

(c) The first two claimsarefrom (a), the last one follows from Corollary
6.6.9.

(d) Thisfollowsfrom (a) and(b). O

If B andC areboundedthenit easyto verify thatthe generator®of (6.125)

are given by A*ﬁt(gi)t)_'z)glc g((tlﬂg))j] , i.e., formally we just (remove T and)
replaceeachoperatoiby its feedthroughoperatorananalogouommentapplies
to otherforms of feedbackoo. For unbounded andC, the situationis similar

but muchtrickier, asobviousfrom the following importantresults:

Proposition 6.6.18(Generators [%%] of 2| ) Make the assumptiongnd use
the notationof Proposition6.6.2. Then(al)—(c4)hold:



(al) Dom(A.) C Hg, = Hg and HE, = HE.
(a2) For Res > max{wa, wa, } wehave

(s—A) 1—(s—A)1=(s—A)IBLC (s—A)? (6.137)
= (s—A.) BLLC(s—A) 1€ B(H,Hp). (6.138)

(a3) Thegenertors AandA, are givenby
AL = A+BLC_ : Dom(A ) = H, (6.139)
A=A_—B_LC:Dom(A) — H. (6.140)

(b1) (L) Let Z havecompatibleoutput operator pair (Cc,D) s.t.1 — LD or
| — DL is left-invertible

Thenbothl — LD and| — DL are left-invertible Z_ hascompatiblegenea-
tors (here (I — DL),,;flt maybeanyleftinverseof | — DL)

[ AL ‘ BL :|_|: A+ BLC_ ‘ BL
(Cl)c | (O)e | [ (1-DL)giCe | (I —DL),eiD

on Dom(A.) xU,

(6.141)

A=A —B.LC; € B(HB,V) (CL)c= (I — DL)@}ICC € B(Hg,Y) andB =
BL(I —LD) € B(U,V) (seethe proof for the identificationof BLU < H-,
and BU C H_1; herV is a Banad spaces.t. H CcV C H_1 andV C
HL)).
If | —LD € GB,thenB_ =B(I —LD) ' € B(U,V) andA_ = A+BL(CL)c €
B(Hg,V).

(b2) LetZ beWRandletl — LD or | — DL beleft-invertible Then(b1) applies
with (C¢, D) = (Cw, D).
If, in addition,| —LD € GB, thenB} = (I — D*L*) !B}, onDom(A, ).

(b3)LetZ beSR.Thenl — LD andl — DL are left-invertible and (b1) and(b2)
applywith (C¢,D) = (Cs, D). Moreover, thenZ is SRiff | — LD € GB.

If | —LD € GB, then

AL | BL|
[ C.|D } B
(6.142)

(seethe proof for the identificationof B [U] and B[U]), AL = A+ B(l —
LD)~1LCs € B(Hg,V), B,BL € B(U,V), wheeV is a Banah spaces.t.H
CV denselyV C H_1,V ¢ H-;. Seealso(c4).

(b4)LetZ beUR.Thenl — LD € GB, Z_ is URand(6.142)holds.
(cl) LetD beSR.ThenDy is SRiff | —DL € GB(Y).

A+BLC. | B(I-LD)™*
(I-DL)~'Cs | (1 -DL)~1D

€ B(Hg x U,V xY).




(c2) Let DL be WRand let | — DL havea left inverse (I — DL),.z. Then
(C)s (1~ DL)kCu.

(c3) Let DL be SR.Thenl — DL hasa left inverse (I — DL) ., and (Cp)s C
(I = DL)jgfCs.

(c4) Let D be SRand | — DL € GB(Y). Then(C.)s= (I —DL)"1C, and
(Bf)s= (1 — D*L*)~1Bg.

In particular, Dom((Ci)s) = Dom(Cs) and Dom((B;)s) = Dom(Bg) (with
equivalentnorms).

(c5) Let (DL)Y be SRandlet | — DL havea leftinverse Thenl —DL € GB(Y)
and (C_)w = (I —DL)1Cy.

(c6) LetD beSR.AssumehatDL € MTIC.. Thenl —DL € GB(Y), (CL)Ls=
(I-DL)~'CLs and (Bf)Ls= (I —D*L*)~'B} ¢

In particular, Dom((Ci)i,s) = Dom(Cys) and Dom((By)L,s) = Dom(B} )
(with equivalentnorms).

Make the assumptionand usethe notationof Definition6.6.10.Then

(d1) (%) Let( [%] . [B]) beacompatiblepair for Ze. AssumehatX :=1—F
hasa leftinverseM. ThenZ, is compatiblewith
A | B, A+BK: | B,
C, |D, | =| C.+DMK. | DM onHg x U, (6.143)
K, | F MKe M—I

A, = A+ BMK. onDom(A), andB = B,X onU (theremarksof (b1) apply).
By (a), Dom(A,) C Hg, = Hg.

Moreover, X(s) = X — K¢(s— A)~1B, and M(s) = M + MKc(s— A,) 1B,
If X is WR, then Ksxg = MKyAy(-)X% a.e; if X is SR,then KXo =
MKsAs ()Xo a.e, for anyxgp € H.

If X € GB, thenB, =BMonU, andA, = A+ BMK. onHg.

(d2) ((Ke,0)) Let ([Eﬂ ,[B]) be a compatiblepair for Zeq. Thens, is
compatiblewith

A | B, A+BK: | B
C |D, | =| Cc+DK. | D | onHgxU, (6.144)
Ky | R Kc 0

(theremarksof (b1) apply). Moreover, (d1) applies(with M = | = X).

In particular, —K. is admissiblefor [%H%] , andtheresultingclosed-loop
systemis [_% _ﬂ%ﬂ :
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Figure6.4: Thesettlngof Proposition6.6.18(f)

(d3) AssumehatD,F € WR andF = 0. ThenZ, hascompatiblegenegators

A | B A+BKy | B
C, | D, |=| Ch+DKy | D | ONHgxU. (6.145)
Ky | R, Kuw 0

Moreover, then (C,)s C Cw + DK, (Ky)s C Ky, X(5) = | — Ky(s— A) 1B,

M(s) = | + Kuw(s— A— BKy) 1B, and KXo = KwAs (-)%0 a.e

(d4) ((Ks,0)) AssumehatD € WR, F € SRandF = 0. ThenF, is SR,Z; is WR
with genemtors (6.145)(which holdsalsowith Ks in placeof K,,). Moreover,
then(C,)w = Cw + DKs onHg, and (K, )s = K.

If D=0, then(C,)w = Cy. If Dis SR thenZ, is SRand (C,)s = Cs+ DKG.

(e)Assumehat | K | F | is SRandthat [ 242 ] € WPLSU,H,Z). If TisWR
(resp.SR) thentheweak(resp.strong)Weissextension®f S: Dom(A,) — Z
andSW|Dom : Dom(A) — Z areidenticalon Hg.

(f) Let[ K | F | beSRandF =0. Let [ K; | Fy | beWRandadmissiblefor
Z, with closed-loopsystent s andF, =

ThenK’ := K + KthDom(A) is WR and admissiblefor =, and [%@3—'%—;}

formsthe top two rowsof the correspondingslosed-loopsystemand K/, =
Ks+Kj,, onHg, by (e)). Thepair geneatedby K’ andcorrespondinglosed-
loop mapsare givenby

[K|F |=[K+XK|F+F,-FF |, (6.146)

[ Ky | Fy | =[] MKo +K, | MM, —1 ]. (6.147)

Thus,if K andK; havesomestrongor uniformregularity property thenso
doK’ andK/s.

(9 WehaveK’'=K” (onHg)o K =K/ < [ K |F |=[ K’ | F’ ] forany
compatibleadmissiblestatefeedbak opertors K’ andK”.

Recall that (C.)s C (I — DL)Cw meansthat the latter is an extensionof
the former, i.e., that Dom((Ci)s) € Dom((I — DL);;tCw) and (Cp)sxo = (I —
DL)lgfltCon for all xo € Dom((Cy)s). In (c2)—(c5),"DL” denoteghefeedthrough



operatorof DL € WR; obviously, “DL"= D - L whenerer D € WR (sothat“D”
exists).

By (c4),we have Dom((C_)s) = (I — DL) " Dom(Cs) despitethefactthatthe
strongextensionsare computedw.r.t. differentsemigroupgeneratorgA; and A,
respectiely); therefore,(K,)s = Ks in (d4) (seethe proofs of (c3) and (c2) for
details;also(e) relatesto this).

It is notknown, whether e.g.,(c4) holdswith C_ s in placeof Cs etc.(with the
exceptionof (c6); do not mix the generatoiC, of C,_ with the strongLebesgue
extensionCy_ s of C). However, whenD is SR, we have Cs = C_ s on Hg, by
Proposition6.2.8(c1)&(c4)&(d1). Analogously mostof the above proposition
canbewritten with Lebesguextensions.

Recallalsothat compatibleoutputoperatorge.g., (C.)c and (D)) arenot
uniquein generaland may differ from (C.)w and (D.)w evenif Z_ is WR (but
(CL)w and(Dy)w areunique).

Theclosed-loomsystemz| neednotbe WR in (b2):

Example 6.6.19 If we setD := []gd ]g} € TICNWHPRandL := [§9], where

D € TICN SHPRis asin Example6.2.6, thenD = [Dﬁ?f Ig’] ¢ WR, although

| —LD=1¢ GB. Thus,if Zisary realizationof D, then(bl1) and(b2) apply but
2| isnotregular. N

This factandthe needfor closed-loopgeneratorgor Riccati equationtheory
wasour mainmotivationto introducecompatiblegenerators [Mik97a). Cf. also
Lemma6.3.11.

Proof of Proposition 6.6.18: (al) By [S97b, Proposition37], we have
Hg = Hp, 1= (s—AL)![H +BU] D Dom(A.), andH¢ = H¢ (for the stable
case;the proofsapply in the generalcasetoo; alternatvely, useshifting (see
Remark6.1.9)or see[Sbook]for thegenerakase).

(a2) This is Proposition6.6 of [W94b] (just take the Laplacetransformof
theidentity Ay — A = BTtLC_ = B_TLC, whichfollowsfrom (6.125)).

(b1) The (left-)invertibility of | — DL is equialentto that of | — LD, by
LemmaA.1.1(f6). The otherclaimsare givenin Theorem6.5.1 of [Sbook]
(originally mostlyfrom [Mik97a] exceptfor B ). We sketchthe proof below.

1° AL, (C)c and (DL)c: The formula for A was given in (a3). Set
W = max{wa,wx, }. By Theorem6.2.11(cl),Lemma6.3.10(a)and (6.125),
we have

C(s)=C(s—A), CL(s)=CL(s—A) 1, (6.148)

D(s) =D+Ce(s—A B and (I —DL)C. =C (seC). (6.149)



Thus,for ary s€ C{;, we have
(I-DL)CL(s—A) ™ =Cc((s—A) 1+ (s—A)BLC(s—A)™Y)  (6.150)

=Ce(s—A) e B(H,Y), (6.151)

by (a3), henceC_ = (I — DL)lg.LtCC on Ran(s— A_) = Dom(A.). Since(s—
A)1BL = (s— A)"1B(I — LD(s)) %, by (6.125) and Theorem6.2.11, we
obtainthat

D+Ce(s—A) *BL(I —LD(s)) = (I —DL)D(s), hence (6.152)

(I =DL) " }(D+Ce(s—A)BL) =D(s)(I —LD(s)) 1 =D (s), (6.153)

by (6.125),sothat (I — DL)~%(C¢, D) is a compatiblepair for X, (we canuse
for (CL)c := (I — DL)~1C; the sameW asfor C.), by Definition 6.3.10. (An
alternatve proofwould have usedLemma6.3.12.)

2° B_: Choosen € o(A)°No(AL)¢, sothat(a —A) € GB(H,H_1) and(a —
A)GB(H,H-)), whereH_1 := Dom(A*)*, HL, := Dom(A})*, by Lemma
A.4.6. Set

Vi=(@a@-AW, [(a—-A)xollv := [Xollw; (6.154)
Vo= (o =AW, (o= A)Xollv = [IXollw, (%o € W); (6.155)
Ji=(a—AL+BLLC)(a—A) e B(V,WL) (6.156)
Ji= (0 —A—BL(CL))(a —AL) "t e BW,V). (6.157)

It follows thatH cV C H 1, H CV|_ C HL -1, andthatV andV_ areinde-
pendentof a (ob\/lously, H = (a— A)H1 c V andV C H_1; by theresohent
equationy is independenof a asaset;by LemmaA. 3. 6, alsothetopologyof
V is independenof a, by LemmaA.4.6).

Assumingthat(l —DL) is left-invertible,adirectcomputatior(segSbook])
shavsthatJ J =1 € B(V), i.e.,that(a — A)~1J J(a — A) = | € B(W). Since
J is boundedlyleft-invertible, we have J € GB(V,V'), wereV' := J[V] C .
Thus,J definesanembedding/ — V| with rangeV’. By (a3),J|H ==,
hencewe canandwill identify V to V' (notethatthis may alterthe normof V
from the onedefinedabove, but the new normis equivalent,i.e., the topology
of V is unchanged).

ThenJ becomesghe identity on V, hencea — A= a — (AL — B LC;) €
B(W,V) (usethe definition of J). By Lemma6.3.10(g),it follows thatB €



B(U,V). Fromequation

(s—A) BL=(s—A) B(I -LD(a)) e BU,W), (6.158)

one can computethat B (I — LD) = B (and B_. € B(U,V.), by Lemma
6.3.10(9)).

If | —LD € GB(U), thenwe get the final two claims by exchangingthe
rolesof £ andX (notethatthenJJ. = Iy, hencethenV’' =V, i.e.,V =\W).

3° Remark: We do not know whethernecessarilyC)w = (CL)c := (I —
DL)gflth, or equivalently (by Lemma6.3.10(d3))D| = (D )¢, whenZ andX
areWR andl —DL € GB(Y). Of coursethisis notthecasein (6.142),where
“WR” isreplacedoy “SR”.

(b2) Thisfollowsfrom (b1),exceptfor Bf = (I —D*L*) !B}, whichis from
(c2) appliedto 39 € WR(Y,H,U) andL*, giving (B )s = (I — D*L*)~1B, on
Dom( (B} )s)-

(As notedbelow the proposition,z. neednotbe WR evenif % is WR and
| -LD € GB(U).)

(b3) (NotethatDom(A) =: H; andDom(A,) arein generalpropersubsets
of Hg; the notion“A € B(Hg,V)” in (b3) refersto A‘HB, whereA standsfor,
e.g.,its extensionto H (seeLemma6.1.16(a)).The sameappliesfor A, .)

We prove the casel — DL € GB(Y) below; therestfollows from (b2) and
Proposition6.3.1(al).

1° Theproof: Wefix a € 6(A)°*Na(AL)¢, sothat (a — A) € GB(Hk,Hk-1)
(k € Z). Let W betheclosureof H; in Dom(Cs) (equivalently, in Dom((Cy)s),
by (c4)). SinceH; is densén Dom(C_s), andDom(C_s) C Dom(Cs), we have

Hq C Hg C Dom(Cy s) CCW C Dom(Cs) C H CCV = (a—AW C H_;.
(6.159)
Analogously we seethat W is the closure of Dom(A) in Dom((CL)s) =
Dom(Cs). Now H is densein V, becauseH; is densein W. Therefore,J in
(b1) becomeghe uniquecontinuousextensionof | :H — HtoV — V.

This way, we have C; := Cs|,y, (I —=DL)™'Cc = (CL)s)yy, (I —DL)™'D
becomeshefeedthrougloperatorof D, andwe obtain(b3) from theformulae
of (b1) and(c4) (note from the proof of (b1) thatnow V =V, andB,B. €
B(U,V)).

2° An equivalentconstructionfrom [W94b], pp. 52-56: G. Weissshaws
that, for eachxg € V, theelementlxo := Vi -lim;_, ;o r (r — A)~1xg € V_ exists.
CorverselyJtxg 1= V-limr e (r— AL)—lxo €V existsfor eachxp € V| and
J= (34"t e GB(V,\). HethenshavsthatJ andJ- are(unique)continuous
extensionf | : H — H. By density they mustbe equalto the extensionof 1°
(i.e.,of (b1)). It followsthat

X0 (r—A) %= JNimr(r - A (0eV=W)  (6.160)

= limr
r— oo
(bothlimits corvergein bothH_; andH",).
By Proposition6.2.8(e),we alsohave B € B(U,Dom(B; )). We do not
know whetherDom(By o)* (andDom((B}) s)*) is alwayscontainedn V.



(b4) By Proposition6.3.1(b1),the admissibility of L implies that Z is
uniformly regularandl — DL € G‘B; therestfollows from (b3).

(c1) Thisfollows from Proposition6.3.1(a3andLemma6.2.5).

(c2) (Here"DL” denoteghefeedthrougloperatorof DL; if D € WR, then,
obviously, DL=D-L).

We usetheargumentof Proposition/.1of [W94b] (which containgc3) and
(cd)):

For xo € Dom((C_)s), by Lemma6.2.12 thelimit

CuXo = W-lim Cs(s — A) ~xg = w-lim SCxo (3) (6.161)
=w-limg(l —mon(s) = w-lims(l — ﬁ(s)L)@o(s) (6.162)

=w-lim(l — ( s)L)CLs(s—AL) " Ixo = (I = DL)(CL)sXo (6.163)

exists as s — 4o (becauseC s(s— As) 1xo — (CL)sXo strongly and (I —
D(s)L) — | — DL weakly;seealsoLemmaA.3.1(j2)), henceC,, is anextension
of (1 —DL)(CL)s. Becausd — DL is left-invertible,we obtain(c1).

(c3) By Proposition6.3.1(al)] — DL hasaleft inverse.The secondclaim
is obtainedexactly asin (c2) (with stronglimits).

(c4) The (C.)s formulafollows from (c3) and(c1) (andLemma6.6.3);in
particular Dom((Cp)s) = Dom(Cs). By LemmaA.3.6, thedomainsmusthave
equalnorms(sinceboth C H). The (B} )s formulafollows from this (asin the
proofof (b2)).

(c5) By Proposition6.3.1(al),(I —DL)* hasaleft inverse,i.e.,| — DL has
aright inverse,hencel — DL € GB(Y). Now the proof of (c2) shavs that
CwXo = (I = DL)(Cp)wXo for all xo € Dom((C)w), hence(C)w C Cy.

But ((1 —DL)~1)9 = ((1 =DL)¥)~* € SR, by Proposition6.3.1(a3)hence
onecananalogouslyerify thatC, C (Cp)w.

(c6) By Theorem?2.6.4(c2)(shifted),DL € MTICs < E := (I —DL) !
MTIC.; assumehatthis holdsandthatD is SR

It follows that E € GULR, E € GB(Y) andl —DL = E! € ULR, by
Proposition6.3.1(c)&(a3),sothatl —DL = E~% € GB(Y) andD_ € SR Set
gx :=E—E. NotethatC, = EC =EC+gxC.

Choosexp € Dom(C_ s). Thenf :=Cxg € L2 and%fé fdm=:yp+¢€(t) —
Yo ast — O+, whereyp := EC_ X0 € Y, by Proposition6.2.8(c4)&(c3). If
g € L, then,by the Fubini Theoremwe have

/g*Cdem— // N f(s—r) drds—;/otg(r)/rtf(s—r)dsdr

(6.164)

:/Ot g(r)t_Tr(yO-l-s(t—r))dr -0, (6.165)



ast — O+. Analogouslyif ¥ [|Ex||z) < «, andTy > Ofor all k € N, then

1 ' _Tk t_Tk
1 < . |
It ) Tl < T 1B o et -T) 0. (6160

ast — 0+, wherethesumrunsover {k € N | Tk < t}. From(6.164)and(6.166)
we obtainthat i [§(E—E)f dm— 0, ast — 0+. Becausel [jEfdm— Eyo,
ast — 0+, this impliesthat (C_ )L sxo exists andis equalto yp = EC_ X0, by
Proposition6.2.8(c4)&(c3).

Sincexg € Dom(C_ s) wasarbitrary we have C_ s C E(C_)Ls. Exchange
therolesof ~ andZ to obtainthat(Cy ), s C E_1CL,S. TheclaimonB; follows
by duality.

(d1) This follows from (bl), except for the X, M and K formulae,
which are from Lemma6.3.10(a)and Lemma6.2.12 (we have (K,)s C Ky
[(Ky)s = Kw], by (c2) [(c4)]). Notethatthe*(I —DL),z" of (bl)is givenby
(1=[R] [0 1= [65W'].

(d2) Thisfollowsfrom (d1).

(d3) If X € SR,thenM € SR, by Proposition6.3.1(a3),hencethenD, =
DM € WR. Therestfollows from (b1), (c2) and (d1). (Note that (6.145k¢
B(He xU,V xY xU), by (b1).)

(d4) Now Ks(s— A) 1 = sX(s)K,(s—A,) L andC,s(s— A,) L = Cs(s—
A) L+ D(s)M(s)Ks(s— A)~L (cf. (c2)); theclaimsfollow from theseequations
andProposition6.3.1(a3)becausdig C Dom(Ks) etc.).

(e) (In fact, without ary regularity assumptionsn [ K | F |, we have the
equalityon Dom((K,)s); i.e., for xo € Dom((K;)s) we have Xo € Dom(S;) <
X0 € Dom() with equalvalueson domains,asoneeasilyobseresfrom the
proof.)

SetSy i= W-lims, 10 Ss(s— A) L, ) := w-lims, 1o Sys(s— A) 2.

LetXp € Hg. Then,by (a2),we have

Sws(s—A) " Ixg = Ss(s— A)) “Ixo + Sw(s— A)TIBK,s(s— A)) “Ixg — Suxo+0,
(6.167)

becauseS,(s—A)~B — 0 andK,s(s— A))"1xg — (K;)sXo (seealsoLemma
A.3.1(j2)). Therefore,xg € Dom(S}) and S{xo = Swxo. The SR caseis
analogous.

(f) Recallfrom (al)that“Hg” isthesamefor all four systemsFromLemma
6.7.12we obtain(6.146)and(6.147).

Becauses]K’(s)xo — (Ky)wXo+ 1 Ksxo), ass — +oo, for all xo € Hp (evenfor
all xo € Dom(Ks) nDom((K;)w)), the operatorF’ is WR andKj, = Ks+ (Kj)w
on Hg (even on Dom(Ks) N Dom((K;)w)). Thus, K’ = (K\j\,)|Dom(A) =K+

(KH)W|D0m(A)'

By (6.146)andLemma6.2.5,we have F' = F + K, — R,F = 0 (sinceF is
SR).Recallfrom Lemma6.2.5thatstronganduniformregularity propertiesare
preseredundercompositionandvectoroperations.



(g) By Lemma6.3.10(d3),[ K' | F' | = [ K" | F’ | iff K" = K" on Hg.
Obviously, eitherimpliesthatK/ = K/

Assume then that K = K'. Then Al = A 4+ BtK; = A/, and
C = C+DiK = C/, henceA = A/, C =C’ andK/ = K". By (6.144),
we have 3 = 3. Since —K) = —K" is admissiblefor Z;, we obtain that
[ K |F |=[K'|F ], bylLemma6.6.14. 0

Theformulaebetweerdifferentoperatorsn Propositiort.6.18arestraightfor
wardaslongaswe stayin H (whichobviouslyincludesthedomainsandextended
domainsof C, K andB*). However, whenwrite formulaefor B andB,, or for A
andA_ with input spacesuchasHg, largerthanthe domainof the original opera-
tor, we facethefactthatH_1 # HEl in general.

Thus, theseformulaedependon how we identify a part of H_1 (containing
H +B[U]) to apartof HEl (containingH + B [U]). Wemalkethefollowing remark
onthis:

Remark 6.6.20(B=B,) (1.) TheidentificationbetweerB andB, in Proposition
6.6.18(d2)(the compatiblecasewithoutfeedthough,dueto O. Stafans[Sbook]
(or [SWO0Q]))is basedon an isometricisomorphismJ : (a — AW — (a — A))W
(seetheproofof (bl)),whichis a continuousextensiorof | : H — H; hereW D Hg

is the domainof [E‘j .

If Hy is densein W, thenH is densein (a — A)W and (a — A))W, and thus
this extensionis unique If this is not the case thenZ has several compatible
pairs for the sameW, and the identificationdependson the pair chosen. Thus,
whenapplying the formula B = B,, one shouldwrite out the spaces(a — A)\W
and(a — A,)W for thesystenunderstudy;in several applicationsit is completely
natural to identifythem.

If I —F is meely left-invertible then we can still embed(a — A)W into
(a — AW, still sothat the embeddings a continuousextensionof | : H — H,
and we obtain a wealer connectiorbetweerthe opemtors, as shownin (d1) (or
(b1)).

(2.) Theidentificationin the SRcase(e.g., Proposition6.6.18(d4)) dueto G.
Weiss[W94b], is basedon a rather natural identification;the spaceW hasbeen
chosensothat H; is densein W. Of course insteadof V, one could chooseto
closeH w.r.t. a differentnormthanthat of V andtry to obtaina spacecontaining
H + BU andembeddablénto H_1.

Still, we recommendhe readerto always ched the meaningof V before
applyingtheformulaB = B, (or theformulafor A, outsideDom(A,)).

Naturally, the casefor static outputfeedbak is analogous. Seethe proofsof
(b1) and(b3)for detailson thetwo identificationsmentionedabove

Asobservedn the proof of (b3), theidentificationof WWeissis a specialcaseof
theidentificationof Stafans. 0

If ~ canbe stabilizedby outputinjection (i.e., by feedingthe outputbackto
the systemthroughan extra input, asin Figure 6.5, thenwe call Z detectable
(we useduality to avoid a longertreatmentanalogougo that for statefeedback
stabilizability):
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Figure6.5: Outputinjectionconnection

Definition 6.6.21(Detectability) LetS = [2{E] € WPLS(U,H,Y). A pair [Z]

is an admissibleoutputinjection pair for % if the extendedsystem[21 2] is a
WPLSandl -G € GTIC., (i.e, L= [}] isadmissibldor [&1&D]).

Sudh a pair [ is stabilizingf theresultingclosedioop system

s ._ | A+HMC | HM B+HMD
T MC M-I D

(6.168)

(hereM = (I —G)™1) is stablg i.e., if L is stabilizing; in this case we call =
detectable

If [£15] geneate a WR WPLS [2}5] and [g] is an admissible(resp.
stabilizing) outputinjection pair for Z, thenH is called a WR admissible(resp.
stabilizing)outputinjection operatorfor Z.

Admissibleoutputinjection and statefeedbak pairs [%} and[ K | F ] are

calledjointly admissible€for  if they are partsof a singleWPLS
AlH B
Stotal’=| C | G D | € WPLSY xU,H,Y xU) (6.169)
K| E F

(with someinteractionoperatorE € TIC«(Y,U)). If the closed-loopsystemsof
Zrotal COrrespondingio L = [J9] and L = [} 8] are stable thenthe pairs are
jointly stabilizingandZ is jointly stabilizableanddetectable

We use preficesand suficesas in Definitions6.6.10and 6.6.4 above (e.g.,

strongly |.c.-detectablaneanshaving a admissiblepair [%} s.t. 2y is strongly

stableand M and MID arel.c.). Preficesprecedingthe word “jointly” applyto
both closed-loopsystemghenceto both pairs).

The two closed-loopsystemscorrespondingo jointly admissiblepairs are
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Figure6.7: Theclosed-loopsystem(Zota)L

easilyseeno begivenby
A+B1(I -F)'K | H+B(I -F)'E B(-F)! ]

(ZtotaL = [ C+D(l -F)~IK ‘ G+D(I-F)E D(-F)!
(1-F)~'K I-F)E (I-F)1-I

(6.170)

A+Ht(1-G)"'C | HI-G)"! B+H(I-G)™'D
(I-G)~1C ‘(I—G)_l—l (1-G)~D

(zTotaI)[ =

K+E(I-G)~lC | ElI-G)! F+E(-G)lD
(6.171)

Any [strongly/exponentially]stableX is [strongly/exponentially]jointly r.c.-
stabilizableandl.c.-detectabldtake F = 0 = G = K = H = E). Becauseof the
duality explainedin Lemma6.7.2,we omit mostleft definitionsandleft results.

Detectability meansroughly that the unstableparts of the systemcan be
detectedin the output. Obsenrability meansthat the whole statespacecan be
obsered in the output. The latter condition soundsstrongey and, indeed,an
obsenable systemis exponentiallydetectablepy p. 91 of [LR], if dimH < co.
In generalthis is not the case (recall the word “roughly” above): for ary
D € TIC(U,Y), the (infinite-dimensionalsystem(6.11) is stableand exactly O-
obsenable(in infinite time) but not evenestimatablgseeDefinition 6.7.3).

Detectabilitydoesnot imply obsenability evenfor dimH < o (just take any



exponentiallystableA with C = 0). By duality, therelationsbetweerreachability
andstabilizabilityareanalogous.

Next we shalllist afew factson joint stabilizabilityanddetectability We start
with aratherobviousremark:

Lemma 6.6.22(Jointly stabilizing = separately) If [Z] and [K | F ] are

jointly admissible[stabilizing] for someWPLSZ, then [%] and [ K | F | are
admissiblgstabilizing] for Z; all preficesand suficesapply.

Proof: 1° Admissibility: Jointadmissibilityis obviously equivalentto the
invertibility of | —IF andl — G in TIC., hencethe admissibilityclaim holds.

2° Stabilization: Compare(6.170)to (6.133)and (6.171)to (6.168)to
obtain the claim in brackets and the claim on preficesand suffices (note
that by “r.c.-” we referto M := (I —F)~! andN := DM and by “l.c.-” to
M = (I — G)~! andN := MD, is in Definitions6.6.10and6.6.21). n

Thecorverseis nottrue:

Example 6.6.23 (Stabilizing but not jointly stabilizing) If A, B andC are

asin Example6.3.24, then the output injection pair (right column)in (%%)

and the statefeedbackpair (lower row) in (%}%) are admissiblefor (%}»8), by
Lemma6.3.16and Proposition6.3.1(c), but they are not jointly admissible,by
Example6.3.24(thereis no suitableinteractionoperatofk).

By replacingA by A+ w for a suitablew € R (seeRemark6.1.9), we can
make the two pairs stabilizing but yet not jointly stabilizing (not even jointly
admissible). <

Neverthelesswe do not know whetherthereis a systemthat is [exponen-
tially] stabilizableand detectableout not [exponentially]jointly stabilizableand
detectable.[Neither do we know whetheroptimizability and estimatability(see
Definition 6.7.3)is strictly wealer thanthe above two conditions.All thesecon-
ditionsareequvalentif the systemis sufficiently regular, by Theorem7.2.4(c).]

Lemma 6.6.24 We have “exponentiallyjointly stabilizableand detectable”=
“jointly exponentiallystabilizableand detectable”and “strongly jointly stabi-
lizableanddetectable”= “jointly stronglystabilizableanddetectable”.

Proof: Let [K|F] and [Z] be jointly stabilizing, so that
| — (L - L)Drotr = [M¥] € GTIC in termsof (6.172). By Lemma6.6.3,
((Zrota)L)p_ = (ZTota))7, hence(Ztota))L is [exponentially]strongly stableiff
(ZTotar)7 is [exponentially]stronglystable by Corollary 6.6.9. O

If Cis boundedlyleft-invertible,thenonecandetecteverythingaboutthe state
from the output;in particular:

Lemma6.6.25 LetX = [g%] € WPLS,(U,H,Y) bes.t. TC = | for someT ¢
B(Y,H). ThenX is exponentiallydetectable



In standardstabilizationproblemswe have C = [!], so that one canchoose
T:=[ 0.
Proof: Take H := —rT € B(Y,H), G=0,r > w. Then [&{Z] is well-

posed by Lemma6.3.16(b),hencesois [a¢ 5], andG is ULR. Moreover,
thegeneratoof A is A+HCs = A—rl, by Proposition6.6.18(b3) hencey is

exponentiallystable by LemmaA.4.2(g2). O

In the classicalcase arny admissiblestatefeedbackandoutput-injectionpairs
arejointly admissible:

Lemma 6.6.26(K andH jointly) Let [ K | F | and [%} be admissible(resp.
exponentiallystabilizing) pairs for Z.

If K or H is boundedthen| K | F | and [%] are jointly admissible(resp.
jointly exponentiallyr.c.-andl.c.-stabilizing).

Proof: Let K beboundedtheothercases analogous)?l’hen[ K \ 0 F }
extends[ 22 5] to aWPLS, by Lemmaé.3.16(c),hence[ K | F | and [ |
arejointly admissiblg(resp.and|[ K | F | is exponentiallyr.c.-stabilizingand
[%] is exponentiallyl.c.-stabilizing,by Theorem6.6.28 (and Remark6.1.9).

U

In the uniformly regular case,jointly stabilizing pairs can be replacedby

jointly stabilizingK andH:

Lemma6.6.271f [ K | F | and [%} are jointly stabilizing for ¥ = [%%] €
WPLS(U, H,Y) with interaction operator E, thensoare [ RK | | - R(I = F) |
and ] with RE, andsoarealso[ K | F ] and [ HS | | — (I —G)S | withES,
foranyRe GB(U), Se GB(Y). All preficesandsuficesapply.

In particular, if Z1otq is UR,thenwecanhaveF =0, G=0andE = 0.

Proof: 1° We obsenre from equationg6.170)—(6.171}hat corresponding
closed-loopsystemsare equal exceptthat B, — B R %, D — DR ! and
My — M Rt (henceF — | — (1 —FL )R '=F R *+1-R1), and(Zrota);
is affectedanalogously

2° If Zyotar Is UR, thenl — F,I — G € G‘B, by Proposition6.3.1(b1),hence
wecanhaveF =0andG =0 (takeR= (I —F)™1,S= (1-G)~1in 1°). More-
over, if we replaceE by E— E, thenwe addthe elementsof the third column
of (6.170)plus[oioi1 ]T, times—E, to thesecondcolumnof (6.170),hencethe
stability of (6.170)is notaffected.An analogouslaimholdsfor (6.171).Thus,
the new pairs(thosewith F = 0, G = 0) with E — E arestabilizingexactly in
thesamesensastheold ones. O

We recallthe mainresultof [S98a]:

Theorem 6.6.28(d.c.f. & jointly) LetD € TIC«(U,Y). Thenthe following are
equivalent:

() D hasad.c.f;



(i) D hasa jointly I/O-stabilizableand I/O-detectableealization;
(i) D hasa stronglyjointly r.c.-stabilizableand|.c.-detectableealization.

Moreover, anyjointly I/O-stabilizingpairs (if any)for anyrealizationof D are
jointly r.c.-andl.c.-1/O-stabilizing

Recall from the definition that (i) meansthat both (6.170) and (6.171)
becomestrongly stableandthatD = NM~ lisarc.f.andD=M"Nisal.cf.,
whereN := MD, M := (I - G)~L.

If 2 isthecorrespondingealizationand| K | F | correspondo astabilizing
SRK € B(H1,U), thenM(s) = | +Ks(s— A)~'B andN(s) = D + (Cs+ DKs) (s—
A)~!B are SR, by Proposition6.6.18(b3). An analogousclaim obviously holds
for thewholed.c.f. Whenalso[%] corresponds$o a SRoperator (If K andH are
merelyWR, thenthe sameformulaecanbe appliedbut thefactorizationneednot
beWR.) SeeSection5 of [WC] andSection3 of [CWW96] for analogousesults
(in the SR exponentiallystabilizing case,which canbe obtainedby shifting the
aboveresult).

Proof: Thisfollowsfrom theproofof Theorem4.4of [S98a];we sketchthe
proof below.

1° “(iii) =(ii)": Thisis trivial.

2° (i) =(i)": Assume(ii) anddenotethe I/O mapsof (6.170)and(6.170)
by [GL DL} and [EL ]gi] , respectiely. Thenthe TIC(U x Y) maps

X -Y

[M Y} |:|+FL —E. -
-N M

N X|~| D I—GL] and

:[I—]FE Fy

D, |+®] (6.172)

areinversesof eachother;hereZ; is the system(6.168)(see[S98a]for details
(or usedirect computation);notethat thereY ="If,"= —E_ andY ="E;"=
—IE becauseof differentsignsin the Bezoutequationsof [S98a]). Thus,
if the pairsarejointly 1/O-stabilizing, then(6.172)definesa d.c.f. of D (and
[K|F ] and[%] arejointly r.c.-andl.c.-l1/O-stabilizing). Consequentlywe
have (i) holds.

2° (i) =(iii)":  Wework asin Lemma6.6.29:Let (6.109)bead.c.f. of D.
Startwith, e.g.,astronglystablerealization(say 2| ) of

G. D]._[I-X N
[IEE lFt] ._[_Y M_I] (6.173)

(cf. Definition 6.1.6), whereCloseit with the outputfeedbackoperatorl’ :=

8 _OI (whichis admissiblesinceM € GTIC) to obtaina WPLS Z1gt =
(ZL)L; drop the middle column and bottom line of Ztoa to obtain ~ €
WPLSU,H,Y).

Theadditionaloperatorsn 25 constitutestronglyjointly stabilizingand
detectingpairs and an interactionoperatoras in Definition 6.6.21: indeed,
(Z1otal) ' = ZL, and,by Lemma6.6.3,(6.171)is stronglystableif f

[‘I-" ﬂ—[(') —OI} [|__§g MN_.} = [_XY T\/N (6.174)



isin GTIC, by Corollary6.6.9,andthisis thecase py assumptiorfsee(6.109)).
U

By samemethodswe obtainthefollowing:

Lemma 6.6.29 If(f) D € TIC., hasa right factorization[[q.]r .c.f] D = NM1,
thenD hasa strongly|[[qg.]r .c.-]stabilizablerealization.

The corverseis alsotrue, by Definition 6.6.10.1f M € UR or M,M~! € SR
we cantake M = | above, by Proposition6.3.1(a3)&(bl)andLemma6.4.5,i.e.,
thenthe feedbackpair | K | | =M~ ] in the proof below hasno feedthrough:
[K|I-MTt]=[K]|O].

Proof: Take a strongly stable realization %, of [Ml‘jl} (e.g0. &, =

N
LT | T ™ . .
[ | M%i ] € WPLSy(U,LZ(Ry4;Y),Y)), andcloseit with L := [0 —1]
to getarealization
A \ B
Set = | C D = (%,)L € WPLS (6.175)
K| 1-M1

By Lemma 6.6.3, [ K |I—-M™1] is strongly [[q.]r.c.-]stabilizing for

> = [&2]. O

Notes

All definitionsarebasicallyfrom [S98a]; the suffices,someprefices(suchas
r.c.-stabilizationandthe concept'‘compatiblestatefeedback(or outputinjection)
operator” are new. The definition of stabilizability in [WC] and [CWW96]
is equialentto the existenceof a SR exponentially stabilizing statefeedback
operatora dualremarkappliesto detectability

Proposition6.6.2 is [S98a, Proposition3.2], which is a variant of [W94b,
Proposition3.6] (the semigrouppartof this wascontainedalreadyin [Sal87]).

Lemma6.6.3is [W94b, Remark6.5]. Part of Lemmas6.6.7 and6.6.8and
Corollary6.6.9arebasedn Lemma21 of [S97b]andonits proof.

Most of parts(al)—(a3),(b3), (c1)—(c5)and (d4) of Proposition6.6.18are
basedon [W94b] or on the methodsusedin its proofs. Most of (bl) and
(d1) are from [Mik97a]; the claimson By (includingV andthe corresponding
identification)wereaddedn [Sbook].

Example6.6.19is basedon [SWO01b]. Theoren6.6.28is essentiallyTheorem
4.4 0f [S98a](Theorems3.2and3.4 of [CWW96] presentanindependentariant
for regularWPLSSs);the proof of Lemma6.6.29is analogous.

A classicaWPLSreferencdor outputfeedbacks [W94b], whichcontainghe
rudimentsof staticfeedbackand statefeedback;the mostcompletereferenceat
presents [Sbook,Chapters/&8], whoseresultsarepartially containedn [S98a].
Most existing literaturetreatsexponentialstability ratherthanstability; however,
the resultson the latter always imply analogousesultson the former, but the
cornversedoesnothold.



6.7 Further feedbackresults
Stabilityitselfis nothingelsethana more sluggishmotion.

In this section,we presenfurtherresultson feedbackespeciallyon stabiliz-
ability. We alsodefineandstudyoptimizability andestimatabilitywhichareweak
formsof exponentialstabilizabilityandexponentialdetectability respectiely.

For thereadetrto distinguishbetweerthe several stability conceptsntroduced
above andin the next chapteywe give herea summaryof all suchconcepts:

Summary 6.7.1(Stabizability concepts) LetZ = [413] € WPLS(U,H,Y) and
weR.

(a) [6.6.4] An operator L € B(Y,U) is called a stabilizing (static) output
feedbackoperatorfor Z if L is admissible(l — LD € GTIC«(U)) and the

resultingclosed-loopsystent| = [%’%] is stable

If such anL exists,wecall X stabilizableby staticoutputfeedback

Wheneer L is s.t. B, is stable L is called B-stabilizing for Z; the applies
alsoto theothercomponentsf Z.

Evenwithoutrefelenceto X, wesaythatL is stabilizingfor D € TIC (U, Y)
whenL is admissibleandD := D(I — LD)~! is stable

(b) [6.6.10] Apair [ K | F | is calleda stabilizingstatefeedbackpair for X if
the extendedsystent e isa WPLSandL := [0 1] stabilizesZey.

If suhapair [ K | F | exists,wecall X stabilizable

Whenweaddthe prefix“ [q.]r.c.” (resp.sufix“in 4") (eg.,“[ K | F ] is
[g.]r.c.-stabilizing”), we meanthat N and M are [g.]r.c. (resp.N,M € 2),
wheeM = (I —=F)~%, N := DM.

Thepair [ K | F | is exponentially[q.]r.c.-stabilizingfor £ if [ K | F |
is exponentiallystabilizingand N and M are exponentially[qg.]r.c.; equiv-

alently, if 7,[ K | F ] is [q.]r.c.-stabilizingfor Z,% for somew > 0 (see
Remarks.1.9).

(c) [6.6.21] A pair [%] is an stabilizing output injection pair for % if
[ HY | GY ] is a stabilizingstatefeedbak pair for =.

If suc a pair [%} exists, we call Z detectable We use prefices(e.g.,

“l[g.]l.c.™ asin (b).
(d) [6.6.21] Theoutputinjection and statefeedbak pairs [%} and[ K | F |

are calledjointly stabilizingfor Z if they are part of a singleWPLS (6.169)
andbothL = [§9] andL = [} J] stabilizethis WPLS

If such pairs exist, wecall Z jointly stabilizableanddetectable
By dynamicfeedbak (DF) we meanoutputfeedbak similar to that defined

in (a) but with a dynamiccontmoller L, i.e,, L € TIC,(Y,U) neednot be static.
In dynamicpartial feedbak (DPF, aka. measuementfeedbak) we meanthe



situation wheee the input and output of the contrwoller are connectedonly to
a part of the output and input of the systemto be controlled. Maps with
internal loop are a genealized conceptof TIC., maps. This conceptmales
the algebraic stabilizationtheory more complete and it has also a reasonable
physicalinterpretation.

Theseconceptsre studiedin Chapter7, but weincludethemin this summary
for easycomparisonjhere also = is an arbitrary Hilbert space:

(e) (DF) [7.1.1] Amap @ € TICx(Y,U) is a stabilizing (DF-)controller for
D € TIC(U,Y) if L= is stabilizingfor [ J 9].

If sudhaQ exists,wesaythatD is DF-stabilizableandthat Q DF-stabilizes

D.

(€") (DF-IL) [7.2.1] AmapQ = [&1 &g] € TICx(Y x Z,U x =) isastabilizing
(DF-)controllerfor with internalloopD € TIC.(U,Y) if L = is stabilizing
for (7.20).

If sud an O exists,we saythat D is DF-stabilizablewith internalloop and
that O DF-stabilizedD with internalloop.

(f) (DPF) [7.3.1] AmapQ € TIC«(Y,U) is a stabilizing DPF-controllerfor
D € TICo(U xW,Z xY) if [J 2] is a stabilizingDF-controller for D.

(07
stabilizing(DPF-)controllewith internalloopfor D € TIC,(U x W, Z xY)

if (7.58)is an admissible[stabilizing] (DF-)contmller for D with internal
loop.

If sudhan O exists,wesaythatD is DPF-stabilizablavith internalloop and
that O DPF-stabilized® with internalloop.

(f) (DPF-IL) [7.3.1] A map O = [@11 &g} € TIC(Y x Z,U x =) is a

In (e)-(f), one can male analogous definitions with D replacedby its
realization[and Q or O replacedby its realization], seeDefinitions7.1.1,7.2.1
and7.3.1.

WhenwesaythatL is stronglyinternally w-stabilizingfor Z, we meanthatwe
do notrequire the correspondingclosedioop systen® |, to be stablebut strongly
internally w-stable; the sameappliesto all other stability conceptqprefices)of
Definition6.1.3.

Samepreficesare usedfor stabilizability by static outputfeedba& (e.g., “ =
is strongly internally w-stabilizableby static output feedbak”), and theseare
inherited by definitions(b)—(f"), where also further preficesand suficescan be
used(see2. and 4. of Definition 6.6.10). In (d), preficesprecedingthe word
“jointly” applyto bothpairs.

In (a)—(f'), we usethe word admissibleinsteadof stabilizingif L is (meely)
admissible Theword stabilizesmeans'is stabilizingfor’. SeeRemark6.7.19for
w-stabilization(w € R).

SeeDefinition 7.2.11for mapswith a coprime (thatis, a d.c.,r.c., or I.c.)
internal loop. Remark6.7.19 explains w-stabilizationfurther We usually say
“stabilizing” insteadof “admissiblestabilizing”.



Theconceptof Summary6.7.1areinvariantunderduality:

Lemma 6.7.2(Duality) Make theassumptionef Summany6.7.1.
Thenthe properties(a)—(f) of the summaryare invariant to the following
extent:

(a) L is admissiblefor X iff LY is admissiblefor 29

If L is admissible then (29« = (2.)%. Thus,eg., L is [exponentially]
stabilizingfor X iff L is [exponentially]stabilizingfor 29, etc.

(b)&(c) A pair [2] is an admissibleoutputinjectionpair for X iff [ HY | GY |
is an admissiblestatefeedbak pair for =9,

Moreover, the correspondingclosed-loopsystemgsee(6.168)and (6.133))

are dualsof eat other hence[%} is [exponentially/ exponentially[qg.]l.c.-

/ [g.]l.c.-Istabilizing for = iff [ HY | G ] is [exponentially/ exponentially
[q.]r.c.-/ [q.]r.c.-]stabilizingfor =9,
Thus,Z is stabilizableiff =9 is detectablgetc.

(d) Thepairs | K | F ] and [%} are jointly admissible(resp.[exponentially]

jointly stabilizing) for  iff [ HY | GY | and [g] are jointly admissible

(resp.[exponentially]jointly stabilizing)for =9. Thecorresponding:losed-
loop systemsare duals of ead other modulopermutationsof the two 1/0
rowsandcolumns.

Thus,X is jointly stabilizableand detectabléff 29 is jointly stabilizableand
detectableetc.

(e)—(f) Analogously Q is admissiblefor D in the senseof (e) (resp.(e’), (f),
(f) iff Q9 is admissibleor Dy in the senseof () (resp.(e’), (f), (f')).

Moreover, the correspondingclosed-loopsystemsare duals of ead other
modulopermutationsof I/O rowsand columns.Thus,Q is [exponentially]
stabilizingfor D in the senseof (e) (resp.(e’), (), (f)) iff QY is [exponen-
tially] stabilizingfor Dy in the senseof (e) (resp.(e”), (), (f)).

Analagousremarksapplyto realizationsof D (andQ).

By Dy we meanD* in caseof (e) or (e') and [];;EZ gz} in caseof (f) or (f")
21 Y11

(notethatthesecorrespondo O, notto Qy, in Definitions7.2.1and7.3.1). Cf.
alsoProposition7.2.5(d),Lemma7.2.6andProposition7.3.4(d).

Becauseof the duality betweenthe closed-loopsystems also most prefices
andsufiices(e.qg.,“internally”, “I/O-", “weakly”, “w-", and“in 4" if 4 = 49) are
presered (although*output” becomesinput”, “[g.]r.c” becomes]qg.]l.c.” etc.).
However, the “strong” properties(e.g., “strongly detectable”)are exceptionsto
this duality, becausehe adjoint of a stronglystablesystemneednot be strongly
stable.In thefollowing we will applythesefactswithout furthermention.

Proof: (a) (I —DL)Y = | —LYDY € GTIC,, iff | —DL € GTIC,, (because
()9 € GB(TIC,) for ary w € R) but alsoiff | —DILY € GTIC. Thus,L is



admissiblgff L9 is. Obviously, (29),« = (Z.)9. Theremainingclaimsfollow
from this.

(b)—(d) Thesefollow from (a), becausehe extendedsystemsare dualsof
eachothermodulothe permutationof 1/0 rows and/orcolumns(rows for (b),
columnsfor (c) andbothfor (d)).

(e)—(f) (HereQ € TIC«(Y,U) or TIC,(Y x =,U x Z).)

Thesefollow from (a), because¢hedualof (7.21)is equalto its counterpart
for 29 and =9 modulothe permutationof its two first /O rows and columns.
The well-posedcase(i.e., the casewithout internalloop) is a specialcaseof
this (alternatvely, usethe sameproofwith (7.4in placeof (7.21)).

(This appliesto “Q stabilizesD”, “Q stabilizes>” and“Z stabilizesZ”, in
the senseof ary of Definitions7.1.1,7.2.1and7.3.1,with or without internal

loop.)
(SeeProposition7.2.5(d) and Proposition7.3.4(d) for alternatve partial
proofs.) O

Optimizability is the wealestreasonablextensionof the finite-dimensional
conceptexponentialstabilizability. In the infinite-dimensionatheory the former
conceptoften takes the place of exponential stabilizability (as formulatedin
Definition 6.6.10),hencewe shallstudythis conceptoriefly:

Definition 6.7.3(Optimizability and estimatability) Let > = [%%] €
WPLS(U, H,Y).

If for eadh g € H thereis u € L?(R,;U) s.t.x:= Axg +Btu isin L2, thenwe
call = optimizable We call = estimatabléf =9 is optimizable

Obviously, = is optimizableiff [ A | B | is optimizable(oneoftensaysthat
(A, B) is optimizable).

It follows from the definitionthat > is optimizableiff the cost||x||3 + ||ul|3 is
finite for eachxg € H thereis u € L2(R,;U). Therefore,the assumptiorthat
a systemis optimizableis often called the finite cost condition. The concept
“ ragxp(xo) # 0 for all xg € H” of Section8.3is alsoequialentto optimizability.

Exponentialstabilizability (by statefeedback)implies optimizability. In fact,
even exponentialstabilizability by (static or dynamic, even partial and/orwith
internalloop) outputfeedbackmplies optimizability, by Lemma6.7.6, Theorem
7.2.3(cl)and Theorem7.3.11(c1). Therefore, optimizability is a necessary
conditionfor the solvability of any standardcontrol problemover exponentially
stabilizingstateor outputfeedbackcontrollers.

If, e.g.,B is bounded(seeTheorem9.2.12for wealer sufficient conditions),
thenoptimizability is equivalentto exponentialstabilizability (this is alsothe case
for ary discrete-timesystemsby Propositionl13.3.14).However, it is not known
whetherthis equivalenceholdsfor generalWPLSs(or equivalently, by Remark
6.9.5,for generalPritchard—Salamosystems).The situationis analogouswith
thedual propertiesgstimatabilityandexponentialdetectability

Thefollowing is obvious:

Lemma6.7.41f [ A | By B, | € WPLSiss.t.[ A | By | is optimizablethen
SOiS[A‘]B]_ ]Bz]. O



A A

By duality, if [g} € WPLSiss.t. [%] is estimatablethen[g} estimatable.
2 2

Next we prove thetwo lemmasmentionedabove.

Lemma 6.7.5 Anyexponentiallystabilizablesystems optimizable

Henceary exponentiallydetectablesystemis estimatableby duality.

Proof: Let [ K | F | be exponentially stabilizing for £. By Lemma
6.1.10(c1),L2 3 AyXo = Axo + BtK, Xy and K,xo € L2 for all xp € H (see
(6.133)),henceX is optimizable.(A secondoroof: applyLemma6.7.6t0 eyt.)

d

Lemma6.7.6(Z_ exp.stable=> X isopt. & est.) If there is an exponentially
stabilizing output feedba& operator for ¥ € WPLS, thenX is optimizableand
estimatable

We extendthis (and partially the corverse)for dynamicoutputfeedbackin
Theorem7.2.3(cl)andTheorem7.3.12.

Proof: Now (6.125)is exponentially stablefor somelL, hence,for ary

Xo € H, the functionu := LC| Xg € L? satisfiesAxg + Btu = A € L2. Thus,

Y isoptimizable.By duality (seeLemma6.7.2(a)) 2 isalsoestimatable. [J

Wehave“u,y € L2 = x € L?” for estimatablesystems:

Theorem6.7.7(u,y e L2=>x€L?) Let ¥ = [2}£] € WPLSU,H,Y) be esti-
matable Thentheris M < « s.t.if u € L2(R+; U) andxg € H ares.t.y:=Cxp +
Du € L2, thenx := Axg +Btu € L?N (o and||x||2 < M([|%ol|n + [[ull2 + [IVIl2)-

Proof: The proofwill begivenin Section8.3,seeLemmas.3.20. (Except
for the (p property this would follow from Theorem13.3.15and Theorem
13.4.4(a3)&(e3)). O

We needtwo moreimplicationsbetweerthe signals:

Lemma6.7.8(u,xe L2=yeL?) Let [%%] € WPLSU,H,Y). If u,xe 1, L?,
theny € 11, L2, whee X € H is arbitrary and ] := [%%] [9]. In fact, there is
M =Ms <o s.t.flylla < M([Jull2+[IX][2+ [IXolln)-

Converselyif ue L2(R;U), we R, x,ye L2 andD € GTIC, thenu e L2,

By combining the above lemmawith Theorem®6.7.7, we seethat “u,x €
L2 = y € L?” holdsfor arbitraryWPLSs,“x,y € L2 = u € L?" for WPLSswith
D € GTIC, and“u,y € L% = x € L?” for estimatabl&\/PLSs.
Proof: By thesecondnequalityof Theoreml3.4.4(a3)we have

S
||X||zf,(N;H) + A& U||zr2,(N;U) < M'([%olln + ||X|||_§,(J;H) + ”u”Li),(J;U)) (6.176)

for someM’ = Mg < . Combinethis with Lemma13.3.18to obtainthefirst
claim (thus,our M depend®n Z only).



Thecorversefor D € GTIC,, follows from thefactthatx andu arethestate
andoutputof the closed-loomystem[%}%} . (the“flow-invertedsystem”)

with inputy andinitial statexg (it is straightforvardto verify this, seeExample
6.2.40f [Sbook]). O

For an exponentiallydetectablesystem,output-stabilizations equialentto
exponentialstabilization:

Lemma6.7.9 Let = [412] € WPLS(U,H,Y) beestimatable

If a statefeedbak pair [ K | F | or an outputinjection pair [%] or a static
outputfeedbak operator L output-stabilize&, thenit stabilizes> exponentially

Proof: 1° Outputfeedbak: Let L output-stabilizeX. Let xg € H. Set
u:=LC X € L2 x:= A X, [}i] ;= y:= CLX € L?, sothat

X=Axg+Btu, y=Cxg+Du, y; =CixX+D1u, (6.177)

by (6.126).Consequentlyx € L2, by Theoremb.7.7.Becauseq wasarbitrary
A, is exponentiallystable by LemmaA.4.5.

2° Statefeedbak or outputinjection: Apply 1° with the extendedsystem
(whichis alsoestimatableby Lemma6.7.4)in placeof Z. O

Next we explore the connectionbetweenstability and stabilizability (see
Definitions6.1.3,6.6.10and6.6.21):

A|B
Theorem6.7.10 Lets = [&{2] € WPLS
(a) (Stability) Thefollowing are equivalent:

(i) Zis stable(i.e., = € WPLSY);

(i) D is stableand is detectableand output-stabilizable;
(i) D is stableand is g.r.c.-stabilizable;

(iv) D is stableand X is g.l.c.-detectable

(b) (SOS-Stability) Thefollowing are equivalent:

(i) Zis SOS-stabléi.e., =~ € SOS;
(i) D is stableand X is output-stabilizable;
(i) D is stableand is g.l.c.-output-detectable

(c) (Strong stability) Thefollowing are equivalent:

(i) Z is stronglystable;

(i) = is stableandstronglydetectable;

(i) D is stable X is output-stabilizableand strongly detectable;
(iv) D is stableand Z is stronglyq.r.c.-stabilizable;

(v) D is stableand Z is stronglyq.l.c.-detectable

(d) (Exponential stability) Thefollowing are equivalent:



(i) Z is exponentiallystable(i.e., ~ € WPLS, for somew < 0);
(i) B is stable(or (s— A) !B € H®) andX is optimizable;
(iii) C is stable(or C(s—A)~1 € H*) andX is estimatable;
(iv) D is stable andZ is optimizableandinput-detectable;
(v) D is stableand X is output-stabilizablendestimatable;
(vi) D is stableand X is optimizableand g.r.c.-stabilizable;
(vii) D is stableand Z is estimatableand g.l.c.-detectable;
(viii) D is stableand Z is optimizableand estimatable

Proof: In (a)—(d),obviously (i) alwaysimpliesall the otherconditions(use,
g.[ K| F ] =]0] 0]), henceweonly prove thecorverseclaims.

We give moredetailedproofsfor part(b); the otherproofsaregivenbriefly
(andthey aremoreor lessanalogougo thosein (b)).

(b) “(i)) =(i)": Assumgii), i.e.,thatD, C, andK, arestablein (6.133)(for
some[ K | F ]). ThenalsoC = C, — DK, is stable hence(i) holds.

“(iil) =)™ Assume(m) i.e., thatD is stableandthereis an admissible
outputinjection pair [ ] for = s.t. MC is stable,whereM := (I — G)~%, and

N := MD andM areq.l.c. ThenalsoD = I-1(D) is aq l.c.f. of D, hence
M=DMI e GTIC, by Lemma6.4.5(d).ConsequentlyC = (M(C) is stable,
hence(i) holds.

(@) “(il) = (i)": Assume(ii). ThenC is stable,by (b). From (6.168)we
seethatalsoB = By — HyD andA = Ay — H;1C arestable.

“(iif)y =(@)”": This follows from Lemma6.6.17(a)&(c). “(iv)=-(i)" is the
dualresultof this.

(c) “(if)y =(1)": This follows from Lemma6.6.8 (where“>":=(6.168)and
L:= [—I O]). (Note thatan analogousstabilizability resultwould require K
to be stable.) “(iii) =(ii)” & “(v)=-(ii)": Thesehold by (a). “(iv)=-(i)": This
follows from Lemma6.6.17(a)&(c).

(d) “(iii) =(i)": If T is estimatableand C(s— A)~! € H®, then X is
exponentially stable, by Proposition6.2 of [WRO00] (use discretizationand
Theorem13.3.13for analternatve proof; this alsoappliesto “(viii) < (i)").

Assumethenthat C is stableand X is estimatable. By Theorem6.7.7,
Axg € L2 for all xg € H (take u = 0 andnotethaty := Cxg € L?), henceA
is exponentiallystable,by LemmaA.4.5. An alternatve proof (for the dual
claim (ii)=-(i)) is obtainedby slightly modifying the proof of Proposition6.1
of [WRO00] (combinedto thedualof Theorem6.2.11(c2)).

“(v)=(iii)": Let [ K | F ] beoutput-stabilizingor . Then| K | F | is
exponentiallystabilizing,by Lemma6.7.9,henceX is stable by (a)(ii).

“(il) =(1)"&"(i v)=(ii)": Thesearethedualsof “(iii) =(i)" and“(v)=(iii)”
(notealsothat(s— A)~!B € H* < Bt € TIC).

“(vi)y=(ii)”: [*“(vii) =(iii)"]: This follows from implication (iii)[(i v)]=-(i)
of (a).

“(viii) <(1)": Thisis Theorem6.3 of [WRO0O]. O

Any admissiblestate feedbackpair [ K | F | for a systemZ preseres
stabilizabilityin thefollowing way: if Z, is the correspondinglosed-loopsystem



and [%%} is stabilizablein somesensethenthecomponents[éf—%f] of 2, can

be stabilizedexactly in the samesense(see(a) below). This only appliestwo

thetop two rows of the closed-loopsystemsywe needcoprimenessr exponential
stabilizationin orderto guarante¢hatalsothethird row of theclosed-loopsystem
The situationwith outputinjectionis analogougsee(b)), whereasstatic output
feedbacksee(c)) preseresanything:

Lemma 6.7.11(Stabilizability presewved) Lets = [%%] € WPLS(U,H,Y).

(@) ([ K | F]) Optimizability exponential stabilizability, and all [22]-
stabilizability properties (see (a’)) are invariant under admissiblestate
feedbak. Moreover, if X is estimatablethensois Z, (of (6.178)).

(&) The stabilizability of the “ [%}%} part” of a systemis invariant under
admissiblestatefeedbak:

Let[ K| F ] and [ K? | F? | be admissiblestatefeedbak pairs for Z,

andlet
5= C |D | and Zy:=
K, | F

bethe correspondinglosed-loopsystemsiespectively

Thenthe statefeedbak pair [ K, | F; | definedby (6.180)is admissible
for Z,, andthetwo top rowsof the corresponding:losed-loopsystenare the

two top rows [éﬁ:—%ﬂ of Z.

Moreover, with additionalassumptionghispair [ K, | F, | stabilizeseven

more (here 31 := [%H%ﬂ):

(al) Let [ K | F | be g.rc.-l/O-stabilizingfor £. Then|[ K? | F? | is
[.r.c.-]I/O-stabilizingfor Z iff [ Ky | F, | is [[q]r .c.-]//O-stabilizing
for 2} [(iff | — F, € GTIC)].

(a2)Let[ K | F | beq.r.c.-SOS-stabilizingor £. Then| K? | F? | is
[0.r.c.-]SOS-stabilizindor = iff [ K, | F; | is [stableandr.c.-]SOS-
stabilizingfor Z}.

Thus, [ K? | F? | [q.r.c.-]stabilizesZ (resp.weakly strongly) iff
[ Ky | Fy ] [[9.]r .c.-]stabilizesS! (resp.weakly strongly).

(a3)Thepair [ K? | F? ] isexponentiallystabilizingfor Ziff [ K, | F, ]
is exponentiallystabilizingfor =1

(ad) Let [ K? | F? | be exponentially[q.]r.c.-stabilizingfor %, and let
[ K | F ] bel/O-stabilizingfor %.

Then [ K, | Fy | is exponentially r.c.-stabilizing for =!, and
[ K | F ] is exponentially[q.]r.c.-stabilizingfor =.

(6.178)
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(a4’) Let [ K | F | be exponentially[[q.]r .c.-]stabilizing for £. Then
[ K? | F? | is exponentially{[q.]r .c.-]stabilizingfor Z iff [ K, | F, |
is 1/O-stabilizing (or input-stabilizing) for ZI} (in which case
[ K, | F, ] is exponentiallystable and exponentiallyr.c.-stabilizing
for Z1).

(ab) Let [ K2 \ IF? ] be exponentiallystabilizingand [g.]r.c.-stabilizing
for =, andlet [ K | F | bel/O-stabilizingfor X.

Then [ K, | F, | is exponentially r.c.-stabilizing for =!, and
[ K | F ] is exponentiallystabilizingand[q.]r.c.-stabilizingfor X.
(a6) Claims(al)—(ab)alsoholdwith %, in placeof Zbl.

(b) ([§]) Estimatability exponentialdetectability andall [&]2 ]-detectability
properties(cf. (a)) are invariant underadmissibleoutputinjection. More-
over, if 2 is optimizable thensois Z; (of (6.168).

(c) (Zp) All differentversionsof stabilizability and detectabilitylisted in Sum-
mary 6.7.1(a)—(d)(including preficesand suficesexceptthosecorrespond-
ing to 4. of Definition 6.6.10),as well as optimizability and estimatability
are preservedunder admissiblestatic outputfeedbasg, i.e., the system=
and | of Proposition6.6.2 are outputfeedba& stabilizable stabilizable
detectableor jointly stabilizableand detectableexactlyin the samesense

Proof: (a) All [%%}-stabilizability propertiesof = and %, are equal,by
thefirst claimin (a’). By (a3),Z is (equivalently, [ A | B ] is) exponentially
stabilizableff %, is (interchangeheir rolesfor the corverse).

In discretetime, optimizability is equivalent to exponential stabilizabil-
ity, by Proposition13.3.14,henceinvariantunder statefeedback. By Theo-
rem13.4.4(e3)&(el)pptimizability andstatefeedbaclkareinvariantunderdis-
cretization henceoptimizability is invariantunderstatefeedbackn continuous
timetoo.

Finally, for estimatability(of Z,, not [%%}), we canusediscretizationas
above (sinceexponentialdetectabilityis preseredin discretetime: A+ HC =
A+BMK + [H H] [¢4BMK] whereH := —HD — B). Alternatively, we can
establisithedualclaim by notingthatif u e L2 is s.t.x := Axy +Btu € L2, then
y:=Cxo +Du € L?, by Lemma6.7.8. But AyXo+ Bytu+ Hy1(—y) = x € L2,
C]E(]I)nsequentl,yif 2 is estimatablethensois Z, for any outputinjection pair

cl



(&) ExtendZ to Zgxp With thesetwo statefeedbaclkpairs,andlet Z,, bethe
closed-loopsystemof Zexio correspondingoL:= [0 | 0], i.e.,

A B A | B, A+BIMK | BM
Sextz = D| 5 _|G[D|_| C+DMK | DM |
K | F K, | F, MK M|
K? | F2 K? | F? K2 + F°MK | F2M
(6.179)

whereM := X1 := (1 -F)~! € GTICw. Becausd' := [0 0 |] makesthe
first, secondandfourth rows of Zgxp equalto 2, it follows from Proposition
6.6.3thatL’ — L doesthe samefor Z,,. Therefore the statefeedbackpair (here
M? = (I -F?) 1)

(K, |Fy | =[K-K, |F?P-F, | =] K2—X°MK | | -X*M | (6.180)
also doesthe samefor %,,, in particulay it is admissiblefor Z,, and the
correspondinglosed-loopsystem

A, +B,Ks | BM,

Sy = — | G+DKy | DM (6.181)
K, +F, Ko ]Fth
MHKH Mh — |

whereM := (I —F,)~1. In particulay the two top rows of %, areequalto the
two top rows of (Z,,) (L/—), i.e., to thoseof Z,.

Indeed, the [°] — [9] map“[_l¢, Op] ™" (cf. (6.127))of this state
feedbackconnectionis equalto that correspondingo L' — L with %, i.e., to
[Mthh N?Ih] = [Klo 1\%] seealsoformula(6.134).

Thefourthrow of Z 5 is givenby

I 0
(Ko | Fo | =[K | B[y o] =[M8-K [ M-1] G182

= [ XM?K? -K | XM? ], (6.183)

sinceM; = (1 —Fy)~! = (X2M)~1 = XM?.

(al)Now D = D,M~! is a g.r.c.f. The mapsD, andM? are[q.r.c. and]
stable,iff My = M~IM? € TIC(U) N GTIC,(U) [NGTIC(U)], by Lemma
6.4.5(b)[(c)].ButFs +1 =M € TIC(U)[NGTICU)] iff [ K, | Fy | is[r.c.]-
I/O-stabilizing[(equivalently, [g.r.c.]-I/O-stabilizing),by Lemma6.6.17(a)].

(Actually [ K, | F, | will then[r.c.-]/O-stabilizethe whole %,,, because
alsothe additionalrow | K? | F? | [m'k, o, | is equalto [ K3 | F5 ], hence
I/O-stable by assumptionA similar commentappliesto (a2).)

(a2) Becausethe secondrow of X (i.e., of %) is now stable, and
[ Ky | Fy ] is[r.c.-]/O-stabilizingfor %, undereitherassumptionby (al),we
only haveto shav thatKs is stableiff K, is stable(since| K; | F, ] isq.r.c.-
SOS-stabilizingff it is stableandr.c.-SOS-stabilizingby Lemma6.6.17(b)).



We have

NKs = (DM) (M, K? -~ K) = DM?K? -DMK = C, —C,, and  (6.184)

MK 5 = MM Ky = MM, (K? — (M?) 'MK) = M*K? - MK = K3 — K,.
(6.185)

SinceCy, C, andK, arestableundereitherassumptionit follows that MK
andNK - arestableiff Kf, is stable.But this holdsiff K is stable by Lemma
6.5.2(c2),asrequired.

(The“Thus” commentfollows from thefactthatthefirstrow [ Ay | By |
Is thesamefor Z5 and%,.)

(a3) Now %, is exponentiallystable,henceso are A,y = A andZ, by
Lemma6.1.10.

(a4) 1° “Only if”. By (a3),M; =F + 1, Z, andZ are exponentially
stable.But Mh_l = (M?) M is stable by Lemma6.4.5(b)(with U := Mh_l).
Therefore,by Lemma2.2.7,thereis € > 0 s.t. M; € GTIC_¢(U) andZ €
WPLS .

It follows thatM = M2M; ! andD, = ]D)beu‘l areexponentially[q.]r.c., by
Lemma6.4.5(c)(shiftedby —¢; cf. Remark2.1.6).

Moreover, M, is exponentiallyr.c. with ary TIC ¢(U, x) operatoi(in partic-
ular, with theotherl/O componentsf ), hence[ K; | F; | is exponentially
r.c.-stabilizingfor Z,.

By Theorem6.7.10(d)(vi),, is exponentiallystable,hence| K | F | is
exponentially[q.]r.c.-stabilizingfor Z.

2°“If " Since| K; | Fy | is exponentiallystable(sinceA, is), it follows
thatM, € GTIC (evenexponentially asin 1°). Therestfollowsasin 1°.

(a4’) SinceA,, = A5 is commonfor %, andZ s, oneof themis exponen-
tially stabilizingiff the otheris. By Theorem6.7.15(b1),| K; | F | is expo-
nentiallyr.c.-stabilizingiff it is 1/O-stabilizing(or input-stabilizing)(sinceZ, is
exponentiallystable).

Assumethatthis is the case. ThenM, € GTIC_¢(U) for somee > 0, so
that[ K? | F? | isexponentially[g.]r.c.-stabilizingff [ K | F | is,by Lemma
6.4.5(c).

(ab) Theproofof (a4)appliesgxceptthatnow we haveto applytheoriginal
(unshifted)versionof Lemma6.4.5(c).

(a6) Equation(6.181) shaws thatalso | K, | F, | of (6.181)is stable
(resp./O-stableheneer [ K, | F, | and[ Ks | My | arestable(resp.l/O-
stable).

Therefore,(a3)—(a5)and the “only if” partsof (al)—(a2)hold for %, in
placeof Zbl (for the[q.]r.c. claimsthisis trivial sincein thosecasesve always
have (exponentiallyin (a4))M, € GTIC, asshavn in the proofof (al),sothat
in thosecases| K | Fy | is r.c.-I/O-stabilizingwhenever it is 1/O-stabilizing
(exponentiallyr.c.-stabilizingin (a4))). For the“if ” partsof (al)—(a2)we note



that

]D)bl ]D)bl
Fyo| = |(M—1)M, (6.186)
My M;

is [quasi-]left-invertibleover TIC iff &; is [quasi-]left-invertibleover TIC.

(b) Thisfollowsfrom (a) by duality, i.e., by takingcausakdjoints(notethat
“strongly stable’mapsto “strongly* stable”).

(c) The preseration of optimizability andestimatabilityis shavn in Theo-
rem7.3of [WROO]; for therestwe deduceasfollows:

Let L beanadmissiblestaticoutputfeedbackoperatorfor Z.

1° For (a) of Summary6.7.1,theclaimfollows from Lemma6.6.3(whatK
is for Z, thatK — L is for 2| ).

2° Part (b) of Summary6.7.1: Usethe notationof Proposition6.6.2 and
Definition 6.6.10andL andlet [ K | F | beadmissiblefor 2. Set

(KL [FL]=[K|F][g g ip] (6.187)

(cf. (6.126); thusthis is the bottomline of (Zext);_ o). Then [ K | FL | is
admissibleor Z; . Now (we leave the detailsto thereader)

[ K, ‘ IFy ] = [ K. —LC. ‘ F. — LD, ] (6.188)
is admissiblefor 2| , because
(I-F,) = (X(1 +LDy)) ' = (I ~LD)M € GTICw(U). (6.189)

-1
Therefore,[,{Kh |,O]Fh] = [“_,_H'))MK (I—I_OD)M] Consequentlythe com-

bined[ ] — [1°] — [*9] mapis givenby

I 0 I 0 I I B V) e 0
[LCL ( —LlD))_l} [(I —LD)MK (I —LD)M} B [M]K K} B [—K | -F|"
(6.190)
Consequentlythe closed-loopsystemof 2 with the statefeedbackpair

[ Ky | F, ] is givenby

AL | B A | B
Co | D = G, D, : (6.191)
K | By 1o K, —LC, | F, —LD,

Thus, if %, is stablein somesensethensois (6.191). Moreover, D, and
(F, +1) — LD, are[q.]r.c.iff N:=D, andM := (F, +1) are[q.]r.c.,by Lemma
6.5.1(d).Obviously, D, ,F, +1 € 4 iff D, (F, +1) — LD, € 4. Thus,all prefices
andsuflicesarepreseredexceptthoseof 4. of Definition 6.6.10.

(Remark: the preficesin 4. of Definition 6.6.10neednot presere, i.e.,
[ K | F ] mightbe,e.g.,SRor exponentiallystableevenif [ K, | F; | were
not. Our claim concernsonly the stabilizabilityof ~ andX , including prefices
andsufficesothersthanthoseconcerninghedirectpropertiesof K andF.)



3° Part(c) of Summary6.7.1:thisis analogougo 2° (use[GL gtt ).

4° Part (d) of Summary6.7.1: Let ~ and (6.169) be as in Definition
6.6.21let L € B(Y,U) beadmissiblefor  andlet [%%} bethe closed-
loop systemof (6.169)inducedby the outputfeedbackoperator[ } Then

onecaneasilyverify that[ K, —LC_ | F — LDy ] and[IHIL BLL} arejointly

GL-DL
admissible(with the interactionoperatorE[ := E. — LG + F. L — LD L)
for 2| = [éﬂ%} (seethe proof of [Sbook, Lemma8.2.7] for a heuristic
derivationfor theformulae).
Straightforvard computationsshav that the closed-loopsystem corre-
spondingto outputfeedbacloperator|§ 9] is

A ‘ H -B.L B A, ‘ H, —B,L B,

(CL GL —]D)LL ]D)L = |: (Cb (Gb —]D)bL ]DD
K. —LC. | EL —LF_+G.L T [8 (I)] K, -LC, | E, —LF, —-G,L T,
(6.192)

Thus, if [ ] is stabilizingfor (6.169),thenit is stabilizingfor 5; the same
appliesall preflcesamdsuiflces(exceptfor theonesconcerninghestabilityand
regularity of [ K | F ] and [%}; cf. 2° above). A similar computationshovs
thatthe sameappliesthe outputfeedbacloperator| 9] .
Therefore,the systemZ, inheritsthe joint stabilizability propertiesof Z.
U

We often needto apply part (a) of the above lemmawith >~ and Z, inter-
changedLet usmake this explicit:

Lemma6.7.12 Let [ K|F } be an admissiblestate feedbak pair for = with

closed-loopsystent,, andlet [ K, | F, | bean admissiblestatefeedbak pair
for Z, with closed-loopsysten® . Then

(K |F ] =[K+XK|F+F-FF |=[ XK +K |F ] (6.193)

is an admissiblestatefeedbak pair for = with closed-loopsystem

As | By A, +BM'K; | BM/
5= Cs |Dy | =| G +NK, N |, (6.194)
K. | F, K, + MK, | M —|
wheeX :=| —F, M = (X') L, N =DM = ID)DX X,:=1-F,X:=1-F.

Moreover, X' = X K, =K, +MK; andM = M.

In particular X/ is equalto Z s exceptfor K/, andF. Also Lemma9.12.3(a)-
(c) apply (with sameproofs);seealsoProposition6.6.13(f).
Proof: Apply Lemma 6.7.11(a)with substitutionsz — %,, %, — Z,
Sy +— X3, so that “[ K |F |"= [ -K, | -F, |, by Lemma 6.6.14,

] |
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(K E = [ K [ By Jand[ Ky [ Fy ["=[K | F ], O

In optimization problems,one often first stabilizesa systemexponentially
and then optimizesthe exponentially stableclosed-loopsystemwith the aid of
aspectralfactorization.

Since optimizationshouldbe independenbn preliminary stabilization,one
would expectthe samefor the existenceof a spectralfactorization;thisis indeed
thecase:

Lemma 6.7.13(Exp. stabilized SpF) Let [ K | F | and [ K? | F? | be expo-
nentiallystabilizingstatefeedbak pairsfor ~ € WPLS(U, H,Y) with closed-loop
systemg, andZ s, respectively N
If D} JDy = X*SX for somel = J* € B(Y), Se GB(U) andX € GTIC(U),
thenDD; D, = (X')*JX', whee X’ '—X(I —~TF2)(1 —=F)~1 € GTICeqp(V).
Proof: By Lemma6.7.11(a),[ K, | F, ] :=(6.180)is exponentiallystable

andexponentiallystabilizingfor %, (sinceA, andA. areexponentiallystable;
seeLemma6.1.10),and it leadsto closed-loopsystemwith sametop two

rows. In particulay Xy =1 —F, = (I —F?)(1 —F) 1 € GTICep(U), and

Do =D, X, * .
ConsequentlyD; JD, = X D5 IDoX; = (X')*IX/, whereX' := XX;. By

Lemma6.4.7(c),X € GTICep, henceX' € GTICep. 0

By combiningLemma6.7.11and Theorem6.7.10we obtain the following
result:

Proposition 6.7.14(An 1/O-stabilizing L is stabilizing) LetZ € WPLS.

(@) (SOS) If Z is SOS-stabilizablethen any 1/O-stabilizing static output
feedbak opemator L for X is SOS-stabilizing

(b) ([Strong] stability) Supposehatanyof thefollowing conditionsholds:

(1.) Zis [[exponentially]strongly] g.r.c.-stabilizable

(2.) Z is [[exponentially]strongly] q.l.c.-detectable

(3.) Z is SOS-stabilizabland[[e xponentially]strongly] detectable
(4.) Z is detectableand[exponentially]stabilizable

Thenany I/O-stabilizing static outputfeedbak opemator L for X is [[e xpo-
nentially] strongly] stabilizing



(c) (Exponential stability) Supposehatany of thefollowing conditionsholds:

(1.) Z is optimizableandestimatable;

(2.) Z is optimizableandinput-detectable;
(3.) Z is estimatableand output-stabilizable;
(4.) Z is optimizableandq.r.c.-stabilizable;
(5.) Z is estimatableandq.l.c.-detectable

Thenany I/O-stabilizing static output feedba& opemator L for Z is expo-
nentially stabilizing Corversely if somel/O-stabilizing output feedba&
operator for Z is exponentiallystabilizing then(1.) holds.

Note the “missing strongstabilizability result” in (4.) correspondingo the
analogousresults” missingin Theorems5.7.10(c),7.2.3and7.3.11(we do not
evenknow whethersuch“results” aretrue).

Of coursepnecananalogoushdeducegrom Theoren6.7.10,that,e.g.,if Z is
estimatablethenanoutput-stabilizind- is exponentiallystabilizing,but theabove
resultswill be appliedto the I/O-stabilizationtheoryof Chapter7, hencewe are
only interestedf consequencesf 1/0O-stabilizationonly.

Proof: (a)&(b)(1.) By Lemma6.7.11(c),the resultingclosed-loopsystem
2| is also [SOS-/strongly/gponentially] g.r.c.-stabilizable. Becauseit is
I/O-stable,by the assumptionjt is [SOS-/strongly/gponentially] stable, by
Theorem6.7.10(notethat“qg.r.c’ is notneededn the SOScase).

The proofs of (b) assuming(2.), (3.) or (4.) are analogous. (We do
not know whetherthe (mere) “strong” versionof (4.) holds; cf. Theorem
6.7.10(c)&(d)(v).)

(c) The proof of (c) is analogougo that of (b), exceptfor the necessityof
(1.):1f L € B(Y,U) is exponentiallystabilizingfor %, thenu:= L(I —=DL) ~1Cxg
is in L2 and satisfiesAxg + Bu € L2, by (6.125). By duality (seeLemma
6.7.2(a))alsoz’ is optimizablej.e., T is estimatable. O

We now list similar (oftenwealer) resultson statefeedbackstabilization:

Theorem 6.7.15(An I/O-stabilizing [ K | F ] is stabilizing) Let = € WPLS,
let [ K | F ] beanadmissiblestatefeedbak pair for X.

(al) Let= be[q.]r.c.-stabilizable Then[ K | F | is [q.]r.c.-stabilizingfor =
iff [ K | F | is g.r.c.-SOS-stabilizinfpr Z.

(a2) Let = bestrongly[q.]r.c.-stabilizable Then| K | F | is strongly[q.]r.c.-
stabilizingfor Ziff [ K | F ] is q.r.c.-SOS-stabilizinépr %.

(b1) Let X be exponentially[q.]r.c.-stabilizable Then| K | F | is exponen-
tially [q.]r.c.-stabilizingfor Z iff it is I1/O-stabilizingor input-stabilizing
(b2)LetZ havea exponentiallystabilizingand[q.]r .c.-stabilizingstatefeedbak
pair. Then[ K | F | is exponentiallystabilizingand|[q.]r.c.-stabilizingfor

> iffit is I/O-stabilizingor input-stabilizing



(b3) Let = beoptimizable Then| K | F | is exponentiallystabilizingfor  iff
[ K | F ] isinput-stabilizingfor .

(cl) Let = be output stabilizable (or optimizable)and estimatable Then
[ K | F ] is exponentiallyq.r.c.-stabilizingfor X iff it is 1/O-stabilizing
output-stabilizingor input-stabilizing

(c2)LetZ beestimatableThen[ K | F ] isq.r.c.-l/O-stabilizingiff [ K | F |
is 1/0-stabilizing

Moreover | K | F | is exponentially g.r.c.-stabilizingiff [ K | F | is
output-stabilizing

(c3) Let = be input-detectable Then [ K | F | is exponentially g.r.c.-
stabilizingiff [ K | F | is exponentiallystabilizing

(d)Let[ A | B | be[strongly] stable If [ K | F | is output-stabilizingthen
[ K| F | [strongly] stabilizesA.

(e) If Z is exponentiallystable thenthe following are equivalent:

(i) [ K | F ] isl/O-stabilizing

(i) [ K | F ] isinput-stabilizing

(i) [ K | F ] is output-stabilizing

(iv) [ K | F ] is exponentiallyr.c.-stabilizing;
) (I-F)~teTIC.

We leave the dual results(concerningoutput injection) to the reader(see
[Sbook, TheoremB.4.11]).Notethat| K | F | is I/O-stabilizingiff N,M € TIC,
whereM = (I —F)~!, N := DM (henceD = NM1).

The conclusionof part(b1) is quite strong: any 1/O-stabilizingfeedbackpair
for T is exponentiallyq.r.c.-stabilizing(notethattheq.r.c.f. D = NM ! mentioned
aboveis exponentiallyg.r.c.); this conclusionis basecon Lemma6.1.10(al).

Recallfrom Lemma6.6.13that an exponentiallystablesystemis obviously
exponentiallyr.c.-stabilizableand estimatable,and a strongly stable systemis
stronglyr.c.-detectable.

The resultsin (a) are not as strong as their counterpartdor static output
feedback. The reasonis that we hadto assumethat [ K | F | is g.r.c.-SOS-
stabilizing, becausen I/O-stabilizing pair would only guaranteghat somepair

wouldstabilize [%H%ﬂ , by Lemma6.7.11(a)andthatis notenoughfor Theorem

6.7.10.

Proof of Theorem 6.7.15: The“only if” partsaretrivial, sowe only prove
the“if 7 parts,with the notationof Definition 6.6.10.

(al)[&(a2)] By Lemma 6.7.11(a2),some stable pair [ K, | F, | r.c.-
stabilizesX,. By Lemma6.7.10(a)(iii)[(c)(V)], Z, is [strongly] stable.

If  hasar.c.f.,thentheq.r.c.f.D = NM? isar.c.f., by Lemma6.4.5(c).

(b1)&(b2) Thesefollow from Lemma6.7.11(a4)&(a5).

(b3) If X is exponentially stabilizable,then, by Lemma 6.7.11(a3),,
is exponentially stabilizable, henceit is exponentially stable, by Theorem
6.7.20(d)(ii).



Assumethenthat T is optimizable. ThenASz, is exponentiallystable,by
thediscrete-timeversionof this claim, henceZ, is exponentiallystable.

(c1) By (c2), Z is exponentiallyg.r.c.-stabilizable Therefore the claimson
input- andl/O-stabilizationfollow from (b1); the claim on output-stabilization
followsfrom (c2).

(If = is optimizableandestimatablethen| K | F ] is exponentiallyq.r.c.-
stabilizing by discretizationof =, [ K | F | and this result (seeProposition
13.3.14).)

(c2) 1° Let [ K | F | be output-stabilizing. By Lemma 13.3.17(b),
AS[ K | F | is exponentiallyr.c.-stabilizingfor ASZ, hence[ K | F | is ex-
ponentiallyq.r.c.-stabilizingfor Z, by Theoreml13.4.4(el).

2°Let[ K | F | bel/O-stabilizing.By Lemmal13.3.17(c)AS[ K | F | is
exponentiallyr.c.-stabilizingfor ASZ, hence| K | F | is exponentiallyq.r.c.-
I/O-stabilizingfor Z, by Theorem13.4.4(el).

(c3) By thedualof (c1), ary input-stabilizable[%] is exponentiallyg.l.c.-
stabilizing, hencez is exponentiallydetectable.Therefore,(c3) follows from
(cl).

(d) This follows from Lemma6.6.8. (Note thatif [ K | F | is SOS-
stabilizing,thenit is [strongly] stabilizing.)

(e) This follows from (c1) andthefactthatD andF arenecessarilyexpo-
nentially) stable(by Lemma6.1.10(al)). O

SinceSOS-q.rc.-stabilizabilityis ratherimportantfor optimizationtheory(un-
lesswe requirethe closed-loopsystemo be exponentiallystable) we summarize
below threecasesn whichthis propertycanbe deducedrom otherstabilizability
anddetectabilityproperties:

Corollary 6.7.16(qg.r.c.-stabilizable) If Z is[strongly/SOS-]stabler Z is jointly
[strongly/SOS-]stabilizablend 1/0-detectable or X is output-stabilizableand
estimatablethenX is [strongly/SOS-]q.c.-stabilizable 0

(This follows from Lemma6.6.13(r.c.), Theorem6.6.28(r.c.) and Theorem
6.7.15(c1)exponentiallyg.r.c.).)

We notethatcertainkind of similarity transformsdo not affect the properties
of asystem:

Lemma 6.7.17(Permutations) Let ¥ = [4{2] € WPLSU,H,Y). Let also
U’, H" and Y’ be Hilbert spacesF € GB(U',U), E € GB(H',H), and G €

GB(Y',Y). Thenthe following systemsare also WPLSsand have the exactly
the samestability, stabilizabilityand detectabilityproperties(thoselistedin Sum-
mary 6.7.1,including preficesand suficesand optimizabilityand estimatability)

as2 has:
[A\]B%F] {A\]B] (6.195)
"|Cc|DF ]’ [GC|GD ]’ '

E'AE | E'B
CE | D

If, instead wedo notrequire F and G to beinvertible thentheabove systems
are still WPLSsand havesamestability propertiesand Z (but the stabilizability
and detectabilitypropertiesmaybewealer or stronger in geneal).



Thesameholdsfor

LAR | LB 6.196
= To] 6199

if Re B(H',H) andL € B(H,H’) ares.t.LR= I;; and CPAP = CAP, PAPB =
PAB and PAPAP = PAP, whee P :=RL € B(H).

Obviously, invertible E, F andG do not essentiallyaffect the otherproperties
of a systemeither In particular permutationgof the above form) of rows and
columnsdo not affectthe propertiesof a system(matrix).

Proof: (We will use this lemma only for properties(a)—(d) of Sum-
mary 6.7.1, so the readerneednot worry aboutthat (e)—(f) have not been
studiedthisfar.)

We only prove the “if 7 claims; the corverseswill follow from this by
applyingE ! (resp.F 1, G™1) in placeof E (resp.F, G).

It is obviousthatthethreesystemsof (6.195)arein WPLS,, if Z is (for ary
weR).

For E, the operatorsstabilizing/detectingz will stabilize/detecthe first
systemin (6.195)in ary case.

For F, we may useF~IL in (a) to obtain [ét %H asthe closed-loop
system; similar remarksprove the other casestoo (with the notations of
the correspondinglefinitions,use [ F~'K | F~IFF ] in (b), F~'Q in (c),

multiply (7.20)by H := [E |Y25} to the right andby its inverseto the left (so

thatL = | = H=1IH is stabilizingfor theresultingsystempy (a))to prove ("),
andsoon.
Oneeasilyverifiestheclaimon (6.196)by usingLemmaA.4.2(h2). O

In the dynamicoutputfeedbacktheoryof Chapter7, we will often combine
aplant; € WPLSU,H,Y) andits controllerZ; € WPLSY,H,U) to form a
larger systemin the following way (with the third andfourth rows interchanged
for corvenience):

Lemma6.7.18 Let 3; = [g%] € WPLS(Uj,H;,Y;) fori=1,2. If £; and 3,
havesomeproperty(with someallowablepreficesandsufices)listedin (a)—(d) of
Summang.7.1,thensodoestheir parallelconnection

Ay OB O
0 Ab| 0O By
2= 6.197
C, 0 |D O ( )
0 G| 0 I

Moreover, 1 and 2, are optimizable(resp.estimatable)ff Z is optimizable
(resp.estimatable).

Proof: Thisis obvious,becaus¢herequiredstabilizing/detectingperators
for Z canbe combinedfrom thosefor Z; (i = 1,2); e.g.,we uselL := ['bl |_02}



and [K | F | := [ & | £] (the symbolscorrespondto thosein Sum-
mary6.7.1). O

The concept” w-stabilization” is sometimesusedin the literature. All our
stabilizationresultscanbe shiftedto w-stabilizationresults:

Remark 6.7.19(w-stabilization) It followsfromRemark6.1.9thatanyfeedbak
or injection X (seeSummary6.7.1)is w-stabilizingfor Z € WPLS iff T X is
stabilizingfor 7" ,> (all preficesandsuficesapply).

In particular, onegetsdirectlya corollary aboutw-stabilizationof any of the
resultsin this section(or in thoseto follow).

For example if D = NM ! is a r.c.f. over TIC,, thenL w-stabilizesD iff
(M~ LN)~1 € TIC,,, by Lemma6.6.6. Thesecorollaries can be usedto deduce
resultson exponentialstabilization. 0

Recallthat“exponentially”meansfor somew < 0” andthathence‘exponen-
tially strongly”is equivalentto “exponentially”.

Notes

Most of Lemma®6.7.2is well known. Optimizability has becomepopular
since(or before)[FLT], estimatabilityis from [WR00]. Lemmas6.7.5and6.7.6
arefrom [WROO] (in fact, from earlier conferenceversionsof [WRO00]). While
writing thesenotes,we found anindependentopy of Lemma6.7.8in [WROO].
Theimplicationu,y € L2 = x € L2 of Theorem6.7.7wasgivenin Lemmal4.1
of [ZDG] for finite-dimensionakxponentiallydetectablesystems.

In the spring of 1999, the manuscriptof this monographcontained(a) and
the g.r.c. andq.l.c. partsof Proposition6.7.14; parts of Theorem6.7.10and
Lemma6.7.11(c)wereimplicitly containedn its proof. O. Stafansadoptedhese
into [Sbook] andexpandedthemto early variantsof Theorem6.7.10(including
(c)(i)&(iii) andwealer variantsof (a)(ii) and(d)(ii)&(iii)) andof Lemma6.7.11.
We thenadoptedheseand expandedthemto Theorem6.7.10by addingfurther
resultsand (d)(iii) from Theorem?7.4 of [WRO00] (which extendedCorollary 1.8
of [Rebarber]),and the H” partsof (d)(ii)&(iii) from Propositions6.1&6.2 of
[WROQ].

The claimson optimizability andestimatabilityin Lemma6.7.11(c)arefrom
Theorem?.3 of [WRO0O0]; mostof therestis from Lemma8.2.7of [Sbook]. Much
of Lemma6.7.11(a)&(b)andLemma6.7.12is basedon Lemma4.5 of [S98a].

Ther.c. partsof (al)and(a2)andthe(r.c.) /0 partof (b1) of Theorem6.7.15
arefrom Theorem8.4.110f [SbooK].

Several of the above resultscanbe foundin [Sbook] (probablyevenmorein
its final version)with a moredetailedproof; see[Sbook]alsofor furtherresults.
Thearticle[WRO0O] includesfurtherresultson optimizability andestimatability



6.8 Systemswith ABuy € LP([0,1];H)

| mustCreatea Systemor beenslavd by anotherMan'’s;
| will notReasorand Compae: mybusinesss to Create

— William Blake (1757-1827),The Wordsof Los"

In this sectionwe shall studythe propertiesof systemswvhosesemigroupis
smoothingn thesensalescribedelow. In Section9.2,we shallestablisharather
completeRiccatiequationtheoryfor suchsystems.

If BisboundedB € B(U,H)) or Ais smoothingthenwe mayhave A(t)Bu €
H for a.e.t > 0 wheneer up € U (this is typical for parabolic-typesystems)jn
which caseactuallyAB € C((0,»);B(U,H)), asshovnin (b1) belon. However,
unlessBuy € H, we have ||A(t)Bw||n —  ast — 0+. Neverthelesspneoften
has ABuy € LP((0,¢);H) for some(henceall) € > 0O; in that casewe actually
have ABuy € L) (R4 ;H) for any w > wa. If the abore conditionis satisfiedfor
all up € U, thenAB € B(U,L{(R;H)) for all w > wa andwe have a number
of additionaltools andregularity propertiesat hands,as one obsenesfrom the
resultsof this section.Naturally, ananalogouslaim appliesto the dual property
A*C*yo € LP((0,€);H) (Yo €Y).

As above, by “ABuy € LP([0,T);*)” we mean just that mjo1)ABUy €
LP([0,T); ) (i.e., this expressiondoesnot say arything aboutrir ) ABlp). The
reademightwish to recall Proposition6.3.4beforegoingon.

Bzmnss.[sl;gfs € B(U,LP)) Letz = [A12] e WPLS(U,H,Y), w>wa, T >
(a) We haveAB € B(U, LY (R, ;H)) iff ABug € LP([0, T)' ) forall up € U.
Thisholdsfor p = 2iff (s— A) B € H0nd Csh: B
(b1) For anyt > 0, thefollowing are equivalent:

(i) A'B[U] C H;

(i) A™[H] c Dom(B},);

(iii) A" [H] C Dom(B} J);

(iv) B*A'" extendsto B(H,U).

If () holds, then AB € B(U,H), A%* € B(H,Dom(B () and
(A°B)" = B[ A% for all s>t, AB € (([t,»);B(U,H)) and A* €
C([t,); (H Dom(Bi )))-

(b2) A'Bup € H fora.et € [0, T), for all up € U iff B*A'* extendsto B(H,U)
fora.ete[0,T).

Assumein addition, that ABup € H a.e on [0,T) for all up € U, and that
ge(l,2,aeR.

() AB € (C((0,0);B(U,H)), A" € C((0,);8(H,Dom(B} o)) and
C|_ SABUO €
L ((0,00);Y) N L([T,);Y) (in particular, ABug € Dom(C_ ) a.e on
R, ) for all up € U.



(d1) We haveC sAB € B(U,LA(R.;Y)) iff CLsABuy € L9([0,T);Y) for all
Up € U.

Thisholdsfor q = 2iff D — D € HZ,,,{Cg; B(U,Y)).

(d2) We haveC sAB € B(U, Q%(YB,Lﬂ)(R+))) iff (CL sABuo, Yo)y € LY([0,T))
forallupe U,y €Y.

Thisholdsfor q = 2iff D — D € H2,.,(Cd; B(U,Y)).

(el)If Fup :=CL sABu € L9([0,T);Y) for all ug € U, thenD € SLRNSVR
(and D € ULR if q> 1), D=F+D and Du = F x u+ Du for all
finite-dimensionalu € L2(R;U) + L2 _(Ry;U) (for all u e L3(R;U) +

L2.(R4;U)if F € LP(Ry;B(U,Y))).
(e2)Corversely if D = F + D for someF € B(U,LR(R,;Y)), thenF =C_ sAB.

If, in addition, F € L(R4+;3B(U,Y)), then AB € B(U,Dom(C_s)) a.e
and C_ sAB = F a.e, hencethen C_sAB € e* LR+ B(U,Y)) N
L(R4:B(U,Y)).

(e3) Claims (el)—(e2) also hold with replacementsﬂs(u,LQ(R+;Y)) >
B(U, B(YB,LE(RL))), LE — Lieae L9 LE s Lirong Liveaie SLR—
WLR, SVR— WVR (andC_ s+— C_ \ in the“in addition” paragraph).

(f) We have ;Dr_u = 11 (C_ sAB * T_u) € C((0,);Y) for any finite-
dimensional € L2 (R;U).

Actually, in (a) we have AB € L{iongw(R+:B(U,H)), by (c). Notealsothat
LP([0,T);H) c LP([0,T);H) for p' € [1, p], hencethe casep = 1 is thewealest
one(this appliesto Lemma6.8.3(a)too).

We rephraseghe mostimportantresultsof (d1), (e1l)and(e2)asfollows:

Corollary 6.8.2(D =D+C sAB«x) Let [%}%} € WPLSU,H,Y) beWRands.t.
ABuw € H a.e for all up € U. ThenD— D is a strong corvolutioniff Cy,ABuy €
L9([0,T);Y) for someq € [1,2] andall ugp € U.

If thisis the case thenCyAB = C_sAB € B(U,L(R4;Y)), and (D—D)u =
CwABxu = C_ sAB«u for eath w > wa andead finite-dimensional € Lﬁ,. 0

(Note that “CyABUy € L9([0,T);Y)” includesthe assumptiorthat A'Buy €
Dom(Cy) for a.e.t € [0,T). SinceL9([0,T);Y) c L2([0,T);Y) for g € (2, ], we
could allow for ary q € [1,] in the above equivalence(but possiblynot in the
latterparagraph).)

In derving (b)—(f), we take adwantage of the fact that C is “almost
LZronge(R+; B(U,H))", i.e.,C € B(U,LZ(R;H)). SinceC needhotsatisfycor
respondinguniform” condition,we cannotpresentomplete‘uniform” analogies
of (b)—(f) in Lemma6.8.3.

The readermight wish to consultLemmasF.2.2—F2.4 (resp.LemmaD.1.7)
for corvolutions correspondingto (a) (resp.to Lemma 6.8.3(a); the former
(“strong”) convolutionscoincidewith thesestandard“uniform”) convolutionsfor
LP functions).



Proof of Lemma 6.8.1: (The logical orderof the proof goesasfollows:
(@)—(b2),(c), (), (d1)&(d2)T°, (e1)—(e3)(d1)&(d2)2.)

(a) 1° Thefirstequivalence:*Only if” is obvious, so assumehat ABuy €
LP([0,T);H) for all up € U.

Let up € U andchooset € (0,T) s.t.x := A'Bug € H (recallthat ABug €
C(R4;H_1), sothatA! By is well-definedfor eacht > 0).

Then A" 'Buy = Ax € LE(R;H) N C(Ry;H), by LemmaA.4.5. Con-
sequently A" Buy € L)(Ry;H). Becauseup € U was arbitrary we
have AB[U] c L(R,;H). But, AB € B(U,LE(R,;H_1)), hence AB ¢
B(U,LY(R;;H)), by LemmaA.3.6.

2° The claim on Hgong We have ||(s— A)'Buollechm) =
V21| ABuo|| 2, by (D.36).

(b1) Note first that A'B € B(U,H) follows from (i) and A'™* ¢
B(H,Dom(B[ )) follows from (iii), by Lemma A.3.6. Because
A7t € C([t,»); B(H)), these imply that AB € (C(]t,);B(U,H)) and
A* € C([t,»); B(H,Dom(B} o)), and we have A°B € B(U,H), A*" €
B(H,Dom(B} )) for all s> t.

(

1° ()& (ii), (A'B)* = Bi'i,sAt*: For eachxg € Hy, we have
(%0, A'BUO)y i _yy = Nim (r(r =A%) D0, A'BLo) (6.198)
= Iir51+(B*r(r—A*)_1At*xo,uo)U = (B, A" %0, Up), - (6.199)
r—

If (i) holds,thenthe above limit existsfor all Xo € H, hencethen(ii) holds
and(A'B)* = Bf A'".

Corversely if (i) holds,then(6.198)is boundedw.r.t. ||xo||n for all up € H,
i.e.,A'Bup € H for all up € H (seeDefinition A.3.23).

2° Therest: BecauseDom(B; o) C Dom(Bj,), we have (iii) =(ii). Obvi-
ously, (i) =(iv). Finally, assumdiv), i.e.,thatB*A'* € B(H;,U) hasanexten-
sionRe€ B(H,U). Then

1 0 1 0
B*F/ AS* ATy ds = RA”F/ AS*Xods — RA o, (6.200)
0 0

by continuity, henceB} [A'xo = RA" exists,for ary xo € H, i.e., (iii) holds.

(b2) “Only if” follows from (b1). Assumethenthat A'Buy € H for a.e.
t€[0,T),forallup €U. Letug € U bearbitrary ThenA'Bug € H for arbitrarily
smallt > 0, andfor sucht we have A'""Buy = A’ A'Bup € C(R4;H). Thus,
ASBug € H for all s> 0.

Becauseup € U wasarbitrary we have ASB[U] C H for all s> 0, hence
B*AS* extendsto B(H,Y) for all s> 0, by (b1)(i)&(iv).

(c) Let up € U. For arbitrarily smallt > 0, we have A'Buy € H, hence
A" Bu = A'A'Bw € C(Ry;H), i.e., T ,)ABUy € C([t,+);H), A*"Bug €
Dom(C_g) for a.e.r > 0, andC_ sA"™""Bup = C(A'Buwy)(-) € L2(R4;Y), by
Lemma6.2.12(a).

In particulay A'B[U] C H for any t > 0, henceAB € C((0,+); B(U,H)),
andA* € C((0,); B(H,Dom(B{ ¢))), by (b1).



Now we have establishedc) for q= 2. If g < 2, replacew by some
a € (wp, ) andrecallthatLZ([T,o);Y) C L([T,);Y).

(d1) 1° Thefirst claimfollows from (c).

2° We have D — D € HZ,,,(C&;B(U,Y)) iff D = F for someF €
B(U,L2(RT;Y)), by LemmaF.3.4(d). Thus,“only if” follows from (e1)and
1°, and“if ” from (e2).

(d2) The proof of (d1) appliesmutatismutandis.
R (e1) We have F € B(U,L3(R,;Y)) for ary a > wa, by (d1). Thus,

D := F definesan operatorf) € TIC,(U,Y) with the propertiesclaimedin
(el), by Proposition6.3.4(a3)(&(al)).By (f), densityandcontinuity, we have
1. Dt = 1. D1t , henceD = D+ D, by Corollary2.1.8.

(e2) 1° By Proposition6.3.4(a3),we have (D — D)u = F x u for finite-
dimensionalu € L2(R;U). Letup € U. Substitutef := %x[fr,o) to (6.204)
to obsene that

1
(D= D)X[-r,0)Uo — CL,sA'Buo (6.201)

for eacht s.t. A'Buy € Dom(C_s), hencea.e. By combining this with
Proposition6.3.4(a3),we obtainthat Fup = CL,SA‘BUO a.e. Becauseayg € U
wasarbitrary we have F = C|_,SAt B aselementf B(U, Lg).

2° Assume that, in addition, F € L(Ry;8B(U,Y)). Then the limit
CL sA'Bup = F(t)up existsfor all up € U ateachLebesguepointt of F, by the
computationsn 1°. Therefore A'Buy € Dom(Cy_s) (henceC_ sA'B € B(U,Y))
andCi sA'B = F(t) for sucht, hencefor a.et € Ry.

(e3) Theproofsof (e1)—(e2)apply mutatismutandis:addA € YB to theleft
of suitableterms(i.e., useW insteadof [ etc.).

By (bl) (appliedto =9), we may use C_s insteadof C_, everywhere
exceptpossiblyin the “in addition” claim of (e2) (we only know that AB €
B(U,Dom(C_ w)) a.e.,henceC_ wAB € B(U,Y) a.e.;we donotknow whether
C_ sA'B is definedfor all up € U atary t € R;).

(f) Letu= fup, f € L2(R_), ug € U (thegenerakaseollowsby linearity).
For a.e.t > 0, we have (use2.&4. of Definition 6.1.1, (6.24) and Lemma
6.2.12(c1)&(c4) andnotethatxg := A'Bug € H))

(Dre_u)(t) = (CBu)(t) = CL s(A'Bu) = C_¢(Bt'u) = C_ s(ABxu)  (6.202)

0 co
=Cuis / A'"°Bu(s)ds=Cy s / ASA'Bwf(—s)ds  (6.203)
— o0 0
- / CL sASA'BLof (—5) ds = (CL sAB U)(t). (6.204)
0

(We did not have to write limt_, .« [ in (6.203),sincewe had A~ xof () €
LY(R_;H), becausé\~'xp € AL2 = L2 ,.)

Since A'Buy € C((0,»);H), by (c), CLsA" = C € B(H,L2) and
f(—) € L%, we have C_sA A'Bupf(—-) € C((0,»);LY(Ry;Y)), hence
(6.204% C((0,);Y). 0



Next we present‘uniform” counterpart®of the “strong” claims presentedn
theabovelemma:

Lemma6.8.3(AB € LP) Lets = [2{E] € WPLSU,H,Y), 0> wa, T > 0and
p € [1,00].

(a) Thefollowing are equivalent:

(i) AB € L(Ry;B(U,H));

(i) AB € LP([0,T); B(U,H));

(i) ABu = Fup a.e on [0,T) for all up € U and some F €
LP([0,T); B(U,H));

(iv) Bt @ug = (Fup* @) (T) for all up € U andp e ¢2((0,T)), andsome
F e LP([0,T);B(U,H))+LL(R ;B(U,H_1)).

(v) ByA* € LY(R+;B(H,U));

(vi) Bj,A* € LP([0,T); B(H,U));

(vii) B*A*Xp = Fxg a.e on [0,T) for all X € Hf and someF ¢
LP([0,T);B(H,V));

If (i) holds,thenA* e C((O, o); B(H,Dom(B[ )), hencethenwemayabove
replaceBy, by B[ ¢, B[ ,, or Bs.

(b) If Cxo = Fxpa.e on [O,T) for all xo € Hy andsomeF € LP([0, T); B(U,H)),
thenA € C((0,); B(H,Dom(C s)) andCp_ sA € L{(R;B(U,H)).

(c) If CyA € B(H,Y) and AB € B(U,H) a.e on [0,T), and C,AB €
LP([0,T); B(U,Y)), thenC_ sAB € LE(R;B(U,Y)) N C((0,); B(U,Y))
andD € MTICL (U, Y).

Naturally, if we apply(a)to =9, then(v)—(vii) turnto resultsonC andA. Thus,
we mayuseC, w, Cs or Cy insteadof C_ s in (d) and(e). Sometime®nemayalso
wishto usethefactthat B/ s is thedualof B (seeProposition6.2.8(e)).

Notethatthe assumptlonsm (a)—(c)aresatisfiedby parabolicsystemsf the
typedescribedn Hypothesi®.5.1.

Proof: (a) 1° (i)=-(iv): Thisfollowsfrom (6.23).

2° (i) < (i): Fixt > 0s.t.A'B e B(U,H) andwork asin theproofof Lemma
6.8.1(a).

3° (iii) =(ii): For ary t > 0, we have A'B[U] € H, by Lemma6.8.1(b),
henceAB € C((0,0);B(U,H)), by (b). But F(t)up = A'Bug for all up at
every Lebesguepointt of F, henceAB = F a.e.on [0, T), hencerg1)AB €
LP([0,T); ).

4° (iv)=(iii): By (6.23),we have fo (ABuy — Fup)dm= 0 (theintegralis
takenin H_;) for all ¢, henceABuy = Fug aselementsof L1([0,T);H_1), by
TheoremB.4.12(d),hencea.e.on [0, T), i.e., (iii) holds.

5° Therest: By Lemma6.8.1(b)&(c),ary of (i)—(ii) and(v)—(vii) implies
that B*A'" extendsto B(H,U) a.e., A* € C((0,»); B(H,Dom(B_s))), and
(Bf A")" = AB € C((0,); B(U,H)).

ThereforeBW andB s areinterchangeableverywherein (a), andwe have
theequivalencies' (|)<:>(v) “(ii) <(vi)”, and“(vi) < (vii)” (because¢heunique



extensionF (t) of B*A'* mustbe B}, A'" wherever the equality holdsin (vii),
hencea.e.).

(b) Becaus€A € C(R;B(H1,Y)), wehave CAlxg = F (t)Xo for all X € Hy
at eachLebesguepointt of F. Thus, CA' extendsto F(t) € B(H,Y) at
thosepoints,sothatA € C((0,); B(H,Dom(C_ s))), by Lemma6.8.1(b),and
CA! = F(t) atthosepoints;in particular C_ sA € LP([0,T); B(U,H)).

Leta € ((JL)A,(JO). SetM = ||e_wC|_,SA|||_p([O7T);$), Mg = ||e‘°"A||oo. If
p = o, then

leCLeAlls < lle “TCLAT [[le ™ TACT|,  (6.205)

which is boundedfor t > T. Thus,|e"“C_ sA|| is thenbounded. Assume
thenthatp < . Then

00 T
/||e“*’tC|_,SAt||§;dt:Zw/ |e™*CL sA'||5 dt[|e”@T"AT" B (6.206)
0 En /o

< MP Zw MPe P(@-)TN o (6.207)

ne
(c) By Lemma 6.8.1(b1) (applied to = and =%, we hae AB ¢
C((0,); B(U,H)) andC sA € C((0,%); B(H,Y)). In particular C_ sAB €
C((0,); B(U,Y)), CLsAT/? € B(H,Y) and AT/?B € B(U,H). Therefore,
||e™C sAT/2A' AT/?B]| 5y v is boundedor eacha > wa. Consequently

CLAT/2AAT/2B e LY(R,; B(U,Y)), (6.208)

hence CLsAB € LP([0,T);B(U,Y)) n 1T TLHRBU,Y)) =
LP(R,;B(U,Y)). ConsequentlyD € MTICL'(U,Y), by Lemma6.8.1(el)
anddensity(seeTheoremB.3.11). O

The Lgtrong propertiesandall LP propertiesdescribedabore areunafectedby
boundedstatefeedbackoperators:
Lemma 6.8.4(BoundedK) Assuméhats = [£2] € WPLS(U,H,Y) andK €
B(H,U), andlet 5, bethecorrespondinglosed-loopsystemsothat [ A, | B, |
is genemtedby [ A+BK | B |. Letp e [1,c].
(al) If AB € LP([0,1];B(U,H)), then AB €
L&(R4; B(U,H)) for all w> wa,.
(@2) If AB € LL(Ry;B(U,H)) and M € TIC,(U) for somew € R, then
A,BeLL(R,;B(U,H)) andM € GMTICL (U).
(b) If ABuy € L?([0,1];H) for all up € U, then AyBug € LZ(R.;H) for all
W > wa andup € U.
(c1) If AB € L([0,1); B(U,H)), CL <A € LY([0,1); B(H,Y)) and C_ sAB €
L1([0,1); B(U,Y)), thenD, € MTICL (U, Y) for anyw > wy, .
(c2) If AB € L1([0,1); B(U,H)) andC__ sABug € L1([0,1);Y) for all up € U,
thenD, — D € B(U,LL(R;;Y))* (i.e,, (C)LsABuw € LE(RL;Y) for all
Up € U) for all w> wa,.



(c3) If ABu, C|_ sABly € L2([0,1];%) for all up € U, then D, — D ¢
StrOng(C U ,Y)) for all w> wa,.

(d) Assuméhatwa, < 0. ThenB, 1,M € ULRNSHPRIn (a1)—(c3);in (c1)—(c3)
wealsohaveD, € SHPR(andD, € ULR in (c1)and(c3)).

Note that the assumptionin (c2) holds iff Bt € MTIC%Ol and D - D €
B(U,L§(R4;Y))x for somea € R. AsusualM := (I —=F)~!, where[ K | F ]
is generatedby K.

Proof: (As in Definition 6.6.10,we have setM := | —F, where[ K | F |
is the statefeedbackpair correspondindo K. SeeProposition6.6.18(d3)for
thegeneratoref %,.)

(a2) By Lemma6.1.16(b),we have Btu = AB x u; by (6.46), we have
F = KBt = KAB+. But KAB € LL(R,;B(U,H)), henceF € MTICL (U) C
TIC,(U).

Thus, X := | — F € GTIC,(U) N MTICL (U), henceM™! = X €
gMTIC(LDl(U), by Theoremd.1.1(b)(i)&(ii) andRemark6.1.9.

But thenB,T = BtM € MTIC(L;(U,H) (by LemmaD.1.7), i.e., A,B, =
ABeLL(Ry;B(U,H)) (seeLemma6.8.3(a)¥)&(i)).

(al)Obviously, we mayreplacel.® by LN LP in (a2)andits proof.

Choosesomea > maxw,wa}. By Lemma6.8.3(a), we have AB €
LINLE(Ry;B(U,H)). ButZ, is w-stable,henceM € TIC,,. Consequently
ABeLINLE(R,; £B(U, H)), by (a2) (modified,asnotedabove). By Lemma
6.8.3(a)A,B € LNLY(R,; B(U,H)).

(b) By Lemma6.3.3(b1)we have M € B + Hstmngm, henceIB/b\t —BiM e
B+ HZronge DY Lemma6.3.3(b1). But B,1(+00) = 0, henceB, T € Hrongeo-
By Lemmas.8.1(a)we have A, Bup € L2(R4;H) for all > wa, andug € U.

(c1) (As one obseres from the proof, we have C_A,B € LP if
AB,C_ sAB € LP andC_ sA € L1 on[0,1).)

We have

C, =C+DKA, e L1+ LPxL® c Lt (6.209)

on [0,1) (becauseTy ) L1 Tho,1) Ll c To,1) L1, by LemmaD.1.7,andKA, €

C C LY. Therefore,CL sA € LY, by Lemma6.8.3(b). But A,B € L1 and
M e MTICL—O (U.Y), by (a1),henced, = DM € MTICL (U, Y). Consequently
D, € MTICL (U, Y), by Lemma6.8.3(c).

(c2) By (al),we have KA, B € L1([0,1]; B(U)), henceM € MTIC- ., (U).
SinceD € SMTICL, by the assumptionhenceD, := DM € SMTIC-',, and
D, =D, by Theorem2.6.4(al1)&(h1)&(d). Thus,we obtain(c2) from this and
Lemma6.8.1(e2)&(d1)

(c3) Thisfollows from (b) andLemma6.8.1(d1).

(d) Choosesomew € (wp,,0). In (al)and(a2),we have A,B,KA,B € L,
henceB, 1,M € MTICL' ¢ ULRNUHPR In (b), we have A,B,KA,B € L2,
henceB, 1,M € ULRN SHPR by Proposition6.3.4(a3).



The claim on D, follows analogouslyfrom (c1)—(c3): use Proposition
6.3.4(al)&(a3)for (cl)&(c2), respectrely, and Proposition6.3.3(a)for (c3).
U

The systemsdescribedn the following lemmaarein certainsensethe most
generalclassof systemsto which we can extend the full connectionbetween
optimal controlandexponentiallystabilizingsolutionsRiccati equationswvithout
ary apriori factorizationor stability assumption¢seee.g., Theoren9.2.18):

Lemma 6.8.5(AB,CyA,ChAB € L},) Assume that 3 = [&12] €
WPLSU,H,Y), pg € [Leo], AB € LP([0,t);B(U,H)), CuA €
L9([0,t); B(H,Y)), andCyAB € LP([0,t); B(U,Y)) for somet > 0.

(@) ThenAB € L, CL A € LdandCL sAB € L onR
(in particular, Bt,D € MTICL (U, x) ¢ ULRNUVR) for any > wa.

(b) If L € B(Y,U) is an admissibleoutput feedbak operator for X, then
A BL €L, (CL)LsAL € L3 and(CL)LsALBL €LY onR, for anyw > wp, .

(c) LetK =SC+T, Se B(Y,U), T € B(H,U). ThenK is a ULR admissible
statefeedbak operator for Z, and also the correspondingextendedsystem

>t and hencethe closed-loopsystemz, satisfythe assumptionf this
lemma.

(d) If p= g, thenalsoX¢ satisfieshe assumptionsf this lemma.

(Naturally, we canreplacethe exponentsp andq in the conclusionpartsby
smallerones.)

We concludethat the above type of systemsare closedw.r.t. static output
feedbaclkandw.r.t. statefeedbaclof kind describedn (c) (which oftenappearsn
connectiorwith Riccatiequationsandoptimalcontrol). We obsene from Lemma
9.5.4andProposition6.6.18(b3xhatananalogouslaim holdsfor systemsof the
(parabolic)type of Hypothesi®.5.1aswell asfor thoseof thetype of Hypothesis
9.5.7(3.).

Proof: (We shall use the facts that LP([0,t);*) c L([0,t);*) and that
A e CNLY(R+;B(H)) for ary se [1,0] andw > wa. SeeLemmaD.1.7 for
convolutions. We obsene from the proof that we could usea third exponent
r € [1,] (insteadof p) for CyAB andC_ sAB, but then(b) and(c) would no
longerhold.)

(a) Let w > wa. By Lemma6.8.3(a)(appliedto =9 and), we canreplace
Cw by CL sandwehave AB € L§)(R.; B(U,H)) andC_ sA € L$(R; B(H,Y)).
By Lemma6.8.3(c),it follows thatC sAB € L§(R+;B(U,Y)) (in particulay
A(t)B € B(U,Dom(C_g)) for a.et € R). We concludethatBr, D € MTICL,,
by Corollary 6.8.2. Recallfrom PropositionG.3.4(a1)thatMTIC(';,1 C ULRN
UVR.

(b) Let a > max{wa,wp }. SetX:=1-LD € GTIC,(U). ThenD €
B(U,Y)+ (LINLEY)«, by (@), henceX € B(U) + (LENLY)x.

We have D, X, D € TICq. SinceM := X 1 =1+ LD, € TIC,, we obtain
from Proposition6.3.4(al)that M € B(U) + (L1 NLY)*. Analogously we



concludethat (I —DL)** € B(Y) + (LY NLE)*. ConsequentlyseeProposition
6.6.18)

BLT=B Mt =BtM e L« (I +L8x) =LY, (6.210)
DL =DM € (D+(LLNLY)*)(M+LE+x) c DM+ LE*, and (6.211)
CL=(-DL) Ce(B+LIxLE=LE. (6.212)

We concludefrom Corollary6.8.2thatA By, (CL)L sAL B € L§(R1; B(U, %)).
Apply (a)to Z, to obtaintherestof (b).

(c) By Lemma6.3.17 K is admissibleandULR for 2. Obviously, SC_ s+
T C K_s (in particular Dom(C. s) € Dom(Ky s)), henceK sA = (SC_ s+
T)A € LP([0,t); B(H,U)) (where the equality holds a.e.). Analogously
KL sAB = (SCL s+ T)AB € L5([0,t); B(U)) (sinceSC sAB € L"([0,t); B(U))
andTAB € LP([0,t); B(U))), wheres:= min{p,r}. Thus,Ze: (see(6.132))
satisfieghe assumption®f this lemmawith sin placeof r, hencesodoess,,
by (b).

(d) By Lemma 6.8.3(a)(ii)&(vi), we have B;,A* € LP([0,t); B(H,U))
and A*C* € LP([0,t); B(Y,H)). By Lemma 6.8.3(c), F := C4AB €
LO(Ry;B(U,Y)), henceF* € LE(R.;B(Y,U)), by LemmaB.3.6.

By Corollary 6.8.2, D — D = Fx, henceD — D* = (D — D)% = F*x,
by Proposition6.3.4(al),henceF* = B} A*C*, by Corollary 6.8.2. Thus,
Bi,A*C* € LP([0,t); B(Y,U). O

Notes

Pritchard—SalamoifPS) systemsoften satisfy the assumptionsof Lemma
6.8.5for p= 2= q(cf. Lemma9.5.2),andin asensdhelemmaallows for twice
asmuchunboundednesssthe axiomsof PS-systemdyut in generaka PS-system
might violate the assumption®f the lemma(but not thoseof Hypothesis9.2.2,
henceour complete*smoothRiccati equationtheory”, which usesthe properties
establishedh this section,coversalsoPS-systems).

In the control theory of optimal control of partial differentialequationspne
often makessimilar assumption®n CAB with C bounded.E.qg.,in Section8 of
[LTOOb],I. LasieckaandR. Triggiarny do notposetheassumptioron ABug € Lfc’,c
(up € U) andcompensatethis by a strongerassumptioron C. They requirethe
original systemto bea WPLS but do not studythe well-posednessf closed-loop
systems.

The well-posednes®f a closed-loopsystemmeansthat under ary error,
disturbanceor otherexternalinput to the feedbackoop (the signalu, of (6.124),
the state effective controlandoutputof the systemremainwell definedandtheir
dependencen this externalinput is continuous(from L2 to H, L2 andLZ_,
respectiely). In particular finite inputenegy cannoteadto infinite outputenegy
(or to undefinedstateandoutput)underafinite periodof time. If, in addition,the
closed-loopsystemis strongly stable,thenthe effect of ary external L2 signal

vanishesasymptoticallywith time.



6.9 BoundedB, boundedC, PS-systems

'And death’,said Thingol,’thoushouldstaste
hadl notswornan oathin haste
thatbladenor chain thy fleshshouldmar.

Yet captiveboundby never a bar
undhained,unfetteedshaltthoube

in lightlesslabyrinths,endlessly

— J.R.R.Tolkien (1892—-1973);The Lay of Leithian"

In this sectionwe shallshaw thata transferfunction D hasa realizationwith
aboundednput operatorB iff D — D(+4) € Hgtmng over someright half-plane.
We also establishanalogougesultsfor realizationswith a boundedC and for
Pritchard—SalamorealizationsIn additiontoU, H andY, also‘?’ and ‘%’ denote
(arbitrary)Hilbert spacesn this section.

By Proposition6.3.3(a).ary D € H2_..(C; B(U,Y)) is the transferfunction
of someD € TIC,¢(U,Y)NULR with D = 0 (for ary € > 0). By strengthening
the assumptiorslightly, we geta necessaryndsufficient conditionfor D being
thetransferfunctionof aWPLSwith abounded or C:

Theorem6.9.1(D € Hgt,ong@ B bounded) Letwe R andD € H(C{; B(U,Y)).

(@) Dis thetransferfunctionof thel/O mapofsomez € WPLS, withabounded
Biff D—D € H*(CE; B(U,Y)) NHyond Chi B(U,Y)).

(b) Dis thetransferfunctionofthel/O mapofsomex € WPLS, withabounded
Ciff B()* —D* € H(C&i B(Y,U)) N HZond Csi B(Y,U)).

(c) Thecorrespondingealizationscanbe chosensothatthey are minimal and
they satisfy||B|lsw 1) < [IDllz, i (@), (or [Cllam,y) < DO

strong strong

(b)), wheeH |sthestatespaceofthecorrespondlngeallzatlon

(d1) If wedrop the assumptiorfl) —D € H, then(a)—(c) still hold exceptthat
B andD in (a) (or C andD in (b)) are only knownto be w/-stablefor any
W > W.

(d2) We canreplace’ ¥ € WPLS," by" S = [&4]2] € WPLSs.t.C andD are
w-stable” in (a).
Analogously in (b) it suficesto require X = [%}%} € WPLSbes.t. B and
D are w-stable We mayrequire X to be strongly w-stablein (b).

Thus,D hasa realizationwith a boundedB andD = 0 iff D(- — w) € Hgtmng
for somew € R (seeLemmaF.3.2(a));a dualclaim holdsfor C.

Proof: (a) 1° “Only if": Let £ = [A{2] € WPLS,(U,H,Y) and

B € B(U,H) (in fact, Z € SOS, is enough). W.l.o.g., we assumethat

D = 0 (see also Lemma 6.3.16(b)). We hae D € H°°(C$;QS(U,Y)),

by Theorem 6.2.1.  Moreover, C € Hstrong(c B(H Y by The-

orem 6.2.11(c2), hence D = C(- — A)™'B € HZ;ndC:; B ) (and

D],z (CHBUY)) S V2m|C]||[B]| < ).

stron



2° “If . Apply “2°” of (b) to DY. In fact, by applyingLemma6.7.17with
E = 4 for theresultingrealizationof D, we seethatthe input operatorof the
stronglyw-stableWPLS

z::[mT\mDm
| | D

] € WPLS,(U,L2(R,;Y),Y) (6.213)

is bounded.

(b) 1° “Only if”: Apply “1°" of (a)to Dd.

2° “If . W.l.o.g.we assumehatw = 0. It sufficesto shav the stable(and
exactly reachablejealization

[A E}-—[ s ‘TL]EWPLSO(UHY) (6.214)
c|p] [mbr | D T '

onH :=L?(R_;U) hasaboundedutputoperatolC. By LemmaF.3.7(b2) the
map

Cxo 1= (CX0)(0) = (11 DT x0) (0) = (DX0)(0) (6.215)

satisfiesC € B(H.,Y), ||C| < ||®(T)”H§trong (recall from (6.26) that C is an
extensionof the outputoperatorC € B(Hs,Y) of (6.214),andthatC is called
“bounded”iff it hasan extensionto B(H,Y) (which is necessarilynique,by
density),andthat C is identified with this extension(i.e., we write C =C €
B(H,Y))).

(c) We prove this for (a); use duality for (b): Let Hp be the closure
of ,Drt_[LZ] in LZ(R.;Y) (i.e., the reachability subspace). Let P be
the orthogonalprojection L2(R.;Y) — Hg. By Lemma6.3.26(e),%’ :=
[ nlﬂ } METL } € WPLYU, Hg,Y) (notethattt, t[Hg] C Hp) is reachable
andalsoZ’ hasboundednput operator Because’ is (exactly w-)obsenable,
it is minimal.

(d1) We prove this for (b); useduality for (a):

ObsenrefromtheproofthatCis boundethene/er]ﬁ)(T) € Hgtmng butif we
do notassumehatD € H*, thenwe only know thatC (by LemmaF.3.7(b2))
andD (by LemmaF.3.2(a))arew-boundedor any w > 0.

(d2) One obsenes from part 1° of the proof of (a) that = neednot be
w-stable,it suficesthatC andD arew-stable.Part2° of the proof of (a) shavs
thatZ canberequiredto be stronglyw-stablein (a) (andstrongly" w-stablein
(b)). O

We shallsoonshaw thata transferfunctioncanberealizedasa PS-systenif f
it hasa (WPLS)realizationwith boundedB andonewith boundedC. Beforethis
we mustdefinePS-systems:

Definition 6.9.2(PS-systems)A systemZ = [é Bl € WPLS(U,7.,Y) is a

Pritchard—Salamosystem(PS-systemjff B € B(U, /) and there is a Hilbert
spaceW C ¥V s.t.1. theembeddingi/ — 1/ is denseand continuous 2. Algy

S



is an w-stableCo-semigoupon W, 3. B € B(L?([0,t);U), W) for some(hence
all) t > 0, and4. someC’ € B(W,Y) satisfie<C'A = C on ‘W.

If, in addition,w € R is s.t.Z € WPLS,(U, V,Y) "WPLS,(U, W,Y), then
Z is called an w-stablePS-system If Dom(A) C 7/, thenZ is called a smooth
PS-system

(We alsosaythatZ is aPS-systema.r.t. U, %/, 7 andY.)

Remark 6.9.3 Definition 6.9.2 is equivalentto the standad definition of PS-
systemgsee e.g., [KMR] or Definition2.3 of [Keu]).

(Notethatit is notalimitation that[K eu]assumesheHilbert spaceso bereal
— arny complec Hilbert spaces alsoarealHilbert space.)
The above definition of w-stability makes also “exponentialstability” (i.e.,
beingw-stablefor somew < 0) equivalentto the standardne,by Lemma6.9.4.
Proof: Sufficiengy is ratherobvious. Corversely if Z is a PS-system,
thenthe axiomsof the above definition are satisfiedas follows: The mapsin
(2.4) and (2.5) of [Keu] definemapsB andC. By (2.6) of [Keu], we have
[2] € WPLS let [&] be its generators. Then [&]5] generatea WPLS
> € WPLSU, 7,Y), by Lemma6.3.13. Obviously, X is the original (PS-
)system. O

Thus,givena PS-systenanda minimizationproblem,we “have abounded”
(w.r.t. 7,i.e.,B€ B(U, 7)). However, wedonotnecessarilyhave abounded=":
if, for example,we aregiven a function suchas 7(xp,u) := ||x||EZ(R+.q/) +|ull3
to be minimized, we would more be interestedin C € B(7,Y) ratherthanin
C € B(W,Y) in orderto usethe tools correspondindo a “boundedC”, andC
neednot belongto B(7,Y). (To minimize, instead,IIXIIEz(R+.W) +||ul|3, one
couldusethesystem> € WPLSU, W,Y) which doeshave a“boundedC”.)

Sometimeghefollowing characterizatiolof PS-systems moreuseful:

Lemma 6.9.4(PS-systems)A systemz = [%}%] € WPLYU, 7,Y) is an w-
stablePS-systeniff 1. ¥ € WPLS,(U, V,Y) "WPLS,(U, W,Y), whee W C V
denselyandcontinuously2. ¥ € WPLS,(U, 7,Y) hasa boundednput operator,
and3. X € WPLS,(U, W,Y) hasa boundedutputoperator.

Any PS-systems ULR and w-stable for somew € R; in particular, it is
exponentiallystable(i.e., w-stablefor somew < 0) iff A is exponentiallystableon
W andon V.

Thesystemin 3. is obtainedfrom thatin 2. by justreplacing?’ by W (asthe
domainand/orrangespaceof A, B andC).

Proof: Thefirst claim is obviously true (the operatorC’' € B(W,Y) is the
outputoperatorof £ € WPLS,(U, W,Y)). By Lemma6.3.16(b)(or (c)), the
I/O mapof aPS-systenLR.

Assumethat X is a PS-system.Choosew € R s.t. A is w/-stableon W
and ¥V for somew < w. Oneeasilyverifies(cf. the reasoningon p. 158) that
B € B(L2, W); it follows that> € WPLS(U, W,Y). By Lemma6.1.10,both



systemsare w-stableWPLSs,henceX is an w-stablePS-systenw.r.t. U, W/,
v andY. O

PS-systemarea strict subsebf WPLSs;e.g.,any Hg, transferfunctionhasa
realizationasa WPLS (seeDefinition 6.1.6),but the samedoesnot hold for PS-
systemspy Theorem6.9.6. For a PS-systemthe unboundednessf C severely
limits the possibleunboundednessf B, andvice versa:

Remark 6.9.5(B and C of PS-systemsnay be asunboundedasthoseof WPLSSs)

f [A|B]eWPLSU,H,{0}), then (§}5) (or (&}Z) for any [C D] €
B(H_1xU,Y)) is a PS-systemv.r.t. ¥ :=H_; and W := H, by Lemmas5.9.4
and6.3.16.An analagousclaim holdsfor any [2] € WPLS(U, H,{0}).

Thus, the input and output operators in a PS-systemmay be exactly as
unboundedasin a WPLS but not simultaneouslysinceB mustbe “compatible”
with % andC with 7. N

For example,any parabolicsystemof Hypothesis9.5.1with “unboundedness
distanceof C andB” y— 3 < 1 is aWPLS, but we mustrequirethaty—f < 1/2
in orderto make surethatit is a PS-system.Note alsothe while B canbe as
unboundedv.r.t. W astheinput operatorof ary WPLS, the operatorB mustbe
boundedw.r.t. 7.

FromTheoren6.9.1we obsere thatD andDd mustbeHstrongoversomeright
half-planefor D to have a PS-realizationThis conditionis alsosufficient:

Theorem 6.9.6(D, D4 € Hgm,,,g@ PS-realization) Let w € R and D : Ch —

B(U,Y). ThenD is the transferfunction of the I/O map of somew-stable PS-
systemwith D = 0 iff D € H*(Cg; B(U,Y)) NHZ, 1 Ch; B(U,Y)) andD(* €
strong(C Q(Y U

We notetwo sufficient conditions: R

1.if D(- — w) € H3(C*; B(U,Y)) for somew € R, thenD hasa (w+ &-stable)
PS-realizatior{with D = 0).

2. By LemmaF.3.3(c2),7L2 strongC Hstrong henceD hasaPS-realizatiorfwith
D = 0) whenever Du = F « u (for all u), wheree=®F,e”“F* ¢ Lstrongfor some
w € R (this hasalreadybeenshavn in [KMRY]).

Most PStheory (e.qg., [Keu]) cover only smoothPS-systemsfor which the
above theoremgivesonly necessargonditions.In this monographa PS-system
satisfiesthe regularity assumption®f almostary result(seeTheorem8.4.9§)),
hencethe above conditionsaremorethansufficientfor our results.

TherequiremenD = 0 simplifiesthetheorembut doesnotrestrictgenerality:
given an arbitraryD, setD := D(+4) (regularity is a necessarygondition) and
apply Theorem6.9.6to D — D.

Proof of Theorem 6.9.6:
Part | —*“only if”: Thisfollowsfrom Lemma6.9.4andTheorem6.9.1.

Part I — “if . We shall shav that conditions1.-3. of Lemma6.9.4
aresatisfied. SetH := LZ(R;Y), andlet [2]£] € WPLS,(U,H,Y) bethe



strongly w-stablerealization (6.11). Let %/ be the space“H”:= B[X] of
Definition 6.1.6.

1° 2 € WPLS,(U, W,Y): Thisis shovnin Lemma6.1.7.

2° Theeis C' € B(W,Y) s.t.C'A = C: As notedin the proof of Lemma
6.1.7,T =B, : X — W satisfiesT € GB(X, W), where X := Ran(B)*.
ConsequentlyC' € Hom(7,Y) becomeswell-definedby setting C'Bu :=
(Du)(0) (ue X), becausehen

IC'Bully < ||HA3’(3*||H§t,ong(cg;a;(u,Y))||U||Lg) (ue X), (6.216)

by Lemma F3.7(b2), so that actually C' € B(W,Y) (note that C' =
(DT ~1.)(0)). Now, for u € X, we have

CA'Bu = CBt'u = (Drt'u)(0) = (Du)(t) = (T, Dr_u)(t) = (CBU)(t) (6.217)

fort > 0,i.e.,C'Axg = Cxg (= %o € W) for all xg € B[X]| = W,

(Now we have establishedll claimsof Lemma6.9.4thatdo notinclude 7/,
andwe cancompletethe proof by establishingalsothe partconcerning?’.)

3 X e WPLS,(U, 7,Y) (with a boundedinput operator): Let ¥ be the
closureof % in H (note also that W C H continuously hence W C V
continuously).By 1°, A'xg € W for all xo € W; sinceAl € B(H), it follows
thatA'[ 7] C W, i.e.,thatAlxy € ¥ for all xo € V/, for ary t > 0. Therefore,
A is a(strongly)w-stableCy-semigroupon 9/ (sinceA is a (strongly)w-stable
Co-semigroupon H, asnotedin Definition 6.1.6).

Moreover, RanB) = W C V. Therefore,Z € WPLS,(U, 7,Y) (the
propertiesl.—4. of Definition 6.1.1areinheritedfrom ¥ € WPLS,(U,H,Y)).

By (the proof of) Theorem 6.9.1(a), the input operatorB of Z &
WPLS,(U,H,Y) is bounded(B € B(U,H)); by uniqueness(see Lemma
6.1.16(b))the input operatorof ~ € WPLS,(U, 7/,Y) is againB (€ B(U, V),
i.e., werestrictits rangespaceto 7). O

Thus,if dimY < o, thena systemwith a boundedC hasa realizationwith a
boundedB:

Corollary 6.9.7 Let [%%} € WPLS,(U,H,Y). If Cis boundedanddimY < oo,
or Bis boundecanddimU < «, thenDD hasan w-stablePS-ealization.
In fact, it suficesthatC is boundedB andD are w-stableanddimY < oo.

Proof: As the proof of Theorem6.9.1shaws, we only needthe w-stability
of C andD for boundedB, andthe w-stability of B andDD for boundedC.

By Theorem6.9.1, we have D(- — w) — D € H* N H?, henceD hasan
w-stablePS-realizationby Theorem6.9.6. O

Finally, we presenthe simplestcase:

Corollary 6.9.8 Let dimU,dimY < oo, w € R andD € TIC,(U,Y). Thenthe
following are equivalent:

(i) Theris f € L3(R,;B(U,Y)) s.t.Du= fxu+Duforallue L3(R,;U);



(i) D hasan w-stablerealizationwith boundedB;
(i) D hasan w-stablerealizationwith boundedC;
(iv) D hasan w-stablePS-ealization;

(v)D—D € H3(C§; B(U,Y)).

(Without the assumptionD € TIC, we would lose an € of stability in (i)
and(iv). E.g.,for anarbitrary f € L2(R;B(U,Y)) we would only know that
u~ f xuhasanw-stablePS-realizatiodor any o > w.)

By analogousagumentsone obsenes that if m:= dimU < o« (so that
B(U,Y) 2YM), thenwe have (i) < (iii)) <(iv); if dimY < oo, then(i)< (i) < (iv).

Thecondition“Du = f «xu+Dufor somef : R, — B(U,Y) s.t. fug, f*yp € L2
for all up € U andyp € Y” is not necessaryor generall andY (seethe notes
below).

Proof of Corollary 6.9.8: (Naturally in (i) it would suffice to assume
Du = fxuforallue &([0,T];U) for someT > 0.) Wetake D = O w.l.0.g.

By Corollary 6.9.7andits proof, (ii))—(iv) areequivalent. Setm:= dimU,
n:=dimY. By Theorem6.9.1, condition (ii) holdsiff (v) holds, i.e., iff
D € H2(C}; C"™*M). Butthelatterholdsiff D = f for somef € L2 (R ;C"™M),
by Theorem3.3.1(b). On the otherhand, TG = DG on C;, ; (henceon C3) iff
Du = f xu, by LemmaD.1.11(c’) (becausd € Lclo-i-l)' O

Notes

The equvalenceof (i)—(iii) of Corollary 6.9.8 is essentiallycontainedin
Theorem5.2 of [Sal89], and his proof coveredthe casesvhereB wasbounded
anddimY < o or C washoundedanddimU < co, asnotedin [WW].

In [KMR] it wasstatedand“proved” that) hasa PS-realizatioriff Du = f xu
(ue L?), wheref, f* € L0y the corvolution existing asa weak (i.e., Pettis)
integral. However, thatconditionis only sufficient but not necessary

Thefaultwasin the claim thattheterm f := CB would bewell defined(a.e.)

asafunctionR; — B(U,Y) (we do have f € B(U,L2) sinceB is bounded).

IndeedJetU = £%(N) andD e Hgtrong(CJf; B(U)) beasin ExampleF.3.6,sothat
]13)(3* € Hgtmng(c+; B(U)). By Theoren6.9.6,thereis anw-stablePS-realization

[%%] of D for ary o > 0. Moreover, f := CB € B(U,L2) satisfiesf = D, by
(el)(or (e2))of Lemma6.8.1,hencef equalsthe operator- of ExampleF.1.10,
hencef doesnot have a representationf form R, — B(U,Y) (asshavn in the
example this would leadto the contradiction|| f (t)[| gy y) = o for a.e.t > 0).

Neverthelessthe paper[KMR] is anelegantintroductionto PS-systemsand
it inspiredusto write Theorem6.9.6. Moreover, the definitionof %/ in the proof
Theorem6.9.6is from [KMR] (the restof our techniquesaredifferentandkeep
anexacttrackon stability).

The existencepartsof the resultsof [Sal89], [KMR] and oursare basedon
the shift semigroupsystem(seeDefinition 6.1.6).We do notknow corresponding
conditionsfor smoothPS-realizationgthis refersto the additionalconditionthat
Dom(A,) C ‘W).






