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Chapter 6

Well-PosedLinear Systems(WPLS)

It mustbe remembered that there is nothing more difficult to plan,
more doubtfulof success,nor more dangerousto manage, than the
creationof a new system.For the initiator hastheenmityof all who
would profit by the preservationof the old institutionsand merely
lukewarmdefenders in thosewhowouldgainby thenew ones.

— NiccoloMachiavelli (1469–1527)

In this chapter, we shall presenta theory on most aspectsWPLSs; only
dynamicstabilizationis left for thenext chapter.

Section6.1 treatsthebasicpropertiesof WPLSs:stability, realizationtheory,
generatorsanddualsystems.

In Section6.2,we list thebasicfactson regularity, whichmeanstheexistence
of a feedthroughoperatorin a weak sense. This leadsto generalizationsof
classicalstate-spaceand frequency-spaceformulaefor the mapsthat comprise
thesystem,e.g.,of equationsx

���
Ax
�

Bu� y
�

Cx
�

Du for thestateandoutput
andequation

����
s	 � D

�
C
�
s 
 A	�� 1B for thetransferfunctionareestablishedin

aweaksenseusingtheWeissextensionof C.
Not all WPLSshave a feedthroughoperatorD, but therearealwayswaysto

definea compatiblepair
�
Cext � D 	 s.t. theabove formulaebecomevalid; however

this theoryis lessfruitful andhencelessimportantthanthat of regular WPLSs.
Compatiblepairsarestudiedin Section6.3,wherewealsopresentfurtherresults
on regularity, [strongor weak] Lp impulseresponsesandHp transferfunctions,
relationsbetweenaWPLSandits generators,andreachabilityandobservability.

In Sections6.4 and6.5, we defineandstudycoprime,spectraland lossless
factorizations.Theimportanceof thesefactorizationsis duethefactthatin many
control problems,the existenceof a (nonsingular)solution is equivalent to the
equivalenceof sucha factorization;also dynamic feedbackis intimately con-
nectedto coprimefactorization.We alsopresenttwo weakformsof coprimeness
thatareusefulin infinite-dimensionalsettings,theweakerof thembeinginvariant
under(inverse)discretizationandhenceallowing us to reduceseveral resultsto
thesimplerdiscrete-timetheory.

Sections6.6 and6.7 treat statefeedback,output injection and staticoutput
feedback.In Section6.8,we studysystemswhosesemigroupis smoothing(e.g.,


Bu0 � Lp
loc
�
R � ;H 	 for all u0 � U ).
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154 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

In Section6.9, we show that a transferfunction
��

has a realizationwith
boundedB if f

�� 
 ���� � ∞ 	 � H2
strongoversomeright half-plane.Wealsoestablish

analogousresultsfor realizationswith boundedC and for Pritchard–Salamon
realizations.

To getashorterintroductionto WPLSs,justreadthepartsof Sections6.1,6.2,
6.4and6.6thatseeminteresting.Throughoutthischapter, thelettersH, U , W, Y,
Z, Hk, Uk andYk (k � N) denotearbitrary(complex) Hilbert spaces.
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 �
τ� ��x0 �u� x x

� 

x0
� � τu� y y

� �
x0
� �

u

Figure6.1: Input/state/outputdiagramof thesystemΣ

6.1 WPLS theory

Foolproofsystemsdon’t take into accounttheingenuityof fools.

— GeneBrown

We start by defining WPLSs; seep. 22 for a motivation. Our formulation
follows thatof Olof Staffans.Thecorrespondenceto Weiss’notationis explained
on pp.158and166.RecallalsothatL2

ω
�

eω � L2
���

f �� e� ω � f � L2 � .
Definition 6.1.1(WPLS and stability) Letω � R. Anω-stablewell-posedlinear
systemon

�
U � H � Y 	 is a quadruple1Σ

����� ��  "! , where



,
�

,
�

, and
�

are
boundedlinear operatorsof thefollowing type:

1.

 �

t 	 : H # H is a stronglycontinuoussemigroupof boundedlinear opera-
torson H satisfyingsupt $ R %'& e� ωt 
 � t 	 &)( ∞;

2.
�

: L2
ω
�
R;U 	*# H satisfies


 �
t 	 � u

� �
τ
�
t 	 π � u for all u � L2

ω
�
R;U 	 and

t � R � ;

3.
�

: H # L2
ω
�
R;Y 	 satisfies

�*
 �
t 	 x � π � τ

�
t 	 � x for all x � H andt � R � ;

4.
�

: L2
ω
�
R;U 	+# L2

ω
�
R;Y 	 satisfiesτ

�
t 	 � u

� �
τ
�
t 	 u, π � � π � u

�
0, and

π � � π � u
� �*�

u for all u � L2
ω
�
R;U 	 andt � R.

We write Σ � WPLSω
�
U � H � Y 	 (or Σ � WPLS if we do not wish to specify

stability).
Thedifferentcomponentsof Σ

�,�-� ��  "! are namedasfollows: U is the input
space, H thestatespace, Y theoutputspace,



thesemigroup,

�
the reachability

map,
�

theobservability map, and
�

the I/O map(input/outputmap)of Σ.

Weallow therightcolumn(or thebottomrow) to beempty, e.g.,wecall
��� � !

aWPLSiff 1. and2. aresatisfied;this is equivalentfor
� � �

0 0
! beingaWPLS(for

any Y). Thesameappliesto
� � � ! .

Intuitively, the reachabilitymap
�

mapspastcontrolsinto the presentstate,
the observability map

�
mapsthe presentstateinto futureobservations,andthe

I/O map
�

mapsinputsinto outputsin a causalway. Thecondition“4.” imposed
on
�

requiresthat
� � TICω

�
U ;Y 	 andthat the Hankel operatorinducedby

�
is equalto

�.�
. Thedefinitionsof this sectionaremoreextensively explainedin

[Sbook](or in [S97b]–[S98c]).
1This is anordinarymatrixwith operator-valuedelements(cf. AppendixA). Therule linesare

just for makingtherecognitionof elementseasier, especiallyin thecaseof multiblockelements.
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Obviously, axioms2. and3. imply that
�

π � � 0
�

π � � . Sinceπ � L2
ω / π � L2

ω 0
andπ � L2

ω 0 / π � L2
ω, continuously, for any ω

�21
ω, wecanincreaseω in Definition

6.1.1(usealsoLemma2.1.11)whenwe identify
�

,
�

and
�

with their unique
continuous(restricted)extensions:

Lemma 6.1.2(WPLSω / WPLSω 0WPLSω / WPLSω 0WPLSω / WPLSω 0 ) Let
�-� ��  ! � WPLSω for someω � R. Then��� ��  "! � WPLSω 0 for all ω

�31
ω. 4

(This is Lemma2.4of [S98a].)
Wealsonotethatif

�-� ��  ! � WPLSω and
�-� 5� 6 ! � WPLSω, then

��� 57�� 68 ! �
WPLSω. However, having

� 
 � ! � �9� �*! � WPLSdoesnot imply that
�-� ��  "! �

WPLS for any
�

(unlessB or C is bounded;seeLemma 6.3.16), by Exam-
ple 6.3.24.

Definition 6.1.3(Stability) Let Σ
�:�-� ��  "! � WPLS

�
U � H � Y 	 andω � R.

If axiom1. (resp.2.,3., 4.) of Definition6.1.1holds,thenwesaythat



(resp.�
,
�

,
�

) is ω-stableandΣ is internally(resp.input,output,I/O) ω-stable.
If Σ is [internally] ω-stableand e� ωt 
 � t 	 x # 0 strongly (resp.weakly)as

t # ∞ for all x � H, thenΣ is [internally] strongly(resp.weakly)ω-stable, and



is strongly(resp.weakly)ω-stable. Wecall
�

strongly(resp.weakly)ω-stableif
�

is ω-stableand
�

τt u # 0 strongly(resp.weakly),ast # � ∞, for all u � L2
ω
�
R;U 	 .

For
�

and
�

, “stronglystable” or “weakly stable” means“stable”.
If Σ � WPLSω for someω ( 0, thenΣ is exponentiallystable.Theprefix “ 0-

” is usuallyomitted(e.g., Σ is strongly stableiff it is stableand

 �

t 	 x0 # 0 as
t # � ∞, for all x0 � H).

An output stable and I/O-stable WPLS is called a Stable-Output(Well-
PosedLinear) System(or SOS-stable);we denotesuch systemsby SOS (or
SOS

�
U � H � Y 	 ). Thus,WPLS0 / SOS / WPLS:

�<;
ω $ RWPLSω.

Sometimes“strongly stable”is called“asymptoticallystable”and“exponen-
tially stable”is called“uniformly stable”.Obviously, “exponentiallystrongly” is
equivalentto “exponentially”.

If Σ is minimal andfinite-dimensional,thenit is stableif f it is exponentially
stable. Whenever dimH ( ∞, the systemis strongly (or weakly) stableif f it is
exponentiallystable(if f theeigenvaluesof thegeneratorof



have negative real

parts). Therefore,in finite-dimensionalcontrol theory, “stable” usually means
“exponentiallystable”(andthesameappliesto stabilizabilityanddetectability);
this practise is common also in earlier infinite-dimensionaltheory, but less
commonin thetheoryof WPLSs.

TheWPLSΣ is exponentiallystableif f



is exponentiallystable,by Lemma
6.1.10(a1),but theω-stabilityof



doesnot imply thatof Σ. If Σ is stronglystable,

thensois
�

(and



), by Lemma6.1.13that
SOS-stabilitymeansthat the systemmapsany initial statex0 � H andinput

u � L2 � R � ;U 	 continuouslyto the outputy
� �

x0
� �

u � L2. It is theweakest
assumptionthat allows one to use the stable casemethodsfor most control
problems(thisassumptionwasmadein [WW] too).

Wedefinedualsystemsasin Proposition6.1of [WW]:
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Lemma 6.1.4(Dual systemΣdΣdΣd) Let Σ
� �9� ��  "! � WPLSω

�
U � H � Y 	 , ω � R.

Thenits dualsystem(or (causal)adjoint system)

Σd :
�>= 
 d � d� d � d ? :

�A@ 
+B �CB
R

R
� B

R
� B

RD (6.1)

is in WPLSω
�
Y� H � U 	 . Moreover,

�
Σd 	 d � Σ. 4

(We leave the simple verification of the lemma to the reader.) For the
generators(

� AE C E
BE ! or

� AE C E
BE D E ! ) of Σd, seeLemma6.1.16andLemma6.2.9(b).

Notethatour dualsystemsarecausalunlike thosein [S95]–[S98d].
Here

�
Ru	 � t 	 :

�
u
� 
 t 	 (hence R: L2

ω # L2� ω is an isometricisomorphism).
Theadjointsaretakenwith respectto theL2 innerproduct(i.e.,without a weight
function);e.g.,for

� �7F � H � L2
ω
�
R;Y 	G	 we have that

�CB �7F � L2� ω
�
R;Y 	H� H 	 and

(cf. LemmaA.3.24)I �
x � yJLK L2

ω M L2N
ω O : �QP R

I � �
x	 � t 	H� y � t 	9J Y dt

� I
x � � B yJ H �

x � H � y � L2� ω
�
R;Y 	G	HR

(6.2)
(Equivalently,

� B � � He� 2ω � , where
� H is theadjointof

�
w.r.t.

I-S � S J L2
ω
; notealso

that
�CB � �"B

π � ,
� H

� � Hπ � .) This makes Σd independentof ω (cf. Lemma
6.1.2),and

� d becomesα-stableif f
�

is α-stablefor any α � R; thesameapplies
to



,
�

and
�

.
Note that L2� ω is the dual of L2

ω with respectto this (weightless)L2 inner
product. Notealsothat thestandardinvolution rulesapply, e.g.,

�T� � 	 B � �UB � B
and

� �.� 	 B � �.BV�UB regardlessof ω.
In control theory, oneusuallyassumesthesystemto have an initial value(at

t
�

0, w.l.o.g.) anda control(on
�
0 � ∞ 	 ). Sometimesthesystemis assumedto be

controlledfrom 
 ∞ to ∞ (usuallythelattersettingis only usedin proofsof results
for theformersetting).We formulatethis in detail:

Definition 6.1.5(Stateand output —
�-� ��  "! : W x0

u XZY# W xy X ) In the initial value
settingwith initial time zero, initial value x0 � H, and control (or input) u �
L2

ω
�
R � ;U 	 , the controlled statex

�
t 	 � H at time t � R � and the output y �

L2
ω
�
R �[� Y 	 of Σ aregivenby (cf. Figure6.1)@ x � t 	

y D �\@ 
 � t 	 �
τ
�
t 	� � D @ x0

u D �\@ 
 � t 	 x0
� � τ

�
t 	 u�

x0
� �

u D R (6.3)

In the time-invariantsetting, the controlled statex
�
t 	 � H at time t � R and

theoutputy � L2
ω
�
R;Y 	 of Σ with control (or input)u � L2

ω
�
R;U 	 aregivenby@ x � t 	

y D �A@ � τ
�
t 	 u�

u D R (6.4)

SometimesweusetheSalamon–Weissnotation(τt :
�

τ
�
t 	 and)@ 
 t � t� t � t D :

�\@ 
 �
t 	 �

τ
�
t 	 π ] 0 M t ^

π ] 0 M t ^ � π ] 0 M t ^ � π ] 0 M t ^ D :
@ x0

u D Y# @ x
�
t 	

π ] 0 M t ^ yD R (6.5)
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Becauseof (6.3),wesometimesdenoteΣ by
�-� � τ�  �! (naturally, “Σ : W x0

u XVY#_W xy X ”
refersto

�9� � τ�  ! ).
To treatbothsettingsat once,we sometimesallow for u � L2

ω
�
R;U 	 in (6.3)

(but we areinterestedonly in caseswherex0
�

0 or π � u
�

0). By causality, the
stateandoutputarewell definedfor u � L2

loc
�
R � ;U 	 too (with y � L2

loc
�
R � ;Y 	 );

cf. Definition2.1.1.
G. Weiss et al. use symbols `Ga t Φt

Σt b t c :
� ` � t � t� t  t c , and define WPLSs by

requiring this quadrableto be linear and continuousH d L2 � R � ;U 	'# H d
L2 � R � ;Y 	 (i.e., by requiringΣ to be locally continuous)and to satisfy, instead
of (2.)–(4.),thealgebraicconditions� s� t � ue sv	 � 
 t � su

� � t v� (6.6)� s� t x0
� � sx0 e s

� t 
 sx0 � (6.7)� s� t � ue sv	 � � sue s
� � t � su

� � t v	 �
u � v � L2 � R � ;U 	f� x0 � H 	 ; (6.8)

here ue sv :
�

π ] 0 M ŝ u
� τ � tv (



is still required to be a C0-semigroup). By

discretization(seeTheorems13.4.4and13.4.5,or the proof of Lemma6.1.10),
it thenfollows from Lemma13.3.3(b)thatΣ is ω-stablefor any ω

1
ωA (where

ωA is thegrowth rateof



), hencethe two definitionsof WPLSs(andthatof D.
Salamon)areequivalent(see[Sbook]for details).

Of thesetwo notations,we try to usetheone(often“
�-� ��  "! ”) that leadsto a

simplerformula.Obviously, (6.3) impliesthat,for s� t g 0, wehave@ τsx
�
t 	

π � τsyD �h@ x � t � s	
y
� S �

s	 D �A@ 
 t � t� � D @ x
�
s	

π � τsuD R (6.9)

Fromaxiom4. of Definition6.1.1weconcludethat

π ] t M∞ ^ � π i � ∞ M t ^ � τ � t �*� τt �
t � R 	fR (6.10)

“Shift semigroupsystems”areoften usedasrealizationsof given I/O maps;
thesesystemsareusefulfor WPLSstoo; indeed,every well-posedI/O maphasa
realizationasaWPLS:

Definition 6.1.6(Realizations) Let
� � TICω

�
U � Y 	 , ω � R. If Σ

�j��� ��  ! �
WPLS

�
U � H � Y 	 for someHilbert spaceH, then we call Σ (togetherwith H) a

realizationof
�

.
Wecall the(stronglyω-stable)system

Σω :
� @ π � τ π � � π �

I
� D � WPLSω

�
U � L2

ω
�
R � ;Y 	f� Y 	 (6.11)

theexactly ω-observablerealizationof
�

.
ThesystemΣω � WPLSω

�
U � H � Y 	 , whereH :

�<�
π � � π � u �� u � L2 � R;U 	 � and& x0 & 2H :

� & x0 & 2L2
ω

�
inf

u $ L2
ω M π %  π N uk x0

& u & 2L2
ω

�
x0 � H 	f� (6.12)

is theminimal ω-stableexactly ω-observablerealizationof
�

.

(Notethatwehave identifiedthetwo systems(“Σω”), althoughthesemigroup
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and the outputmapof the latter systemareactually restrictionsof thoseof the
former (andthe rangespacesof the semigroupandthe input maparerestricted
analogously).Thesituationwith Lemma6.1.2wassomewhatanalogous.Despite
the name, the latter realization is not the only minimal ω-stable exactly ω-
observablerealizationof

�
.)

Analogously, the ω-stable realization Σω :
� � τπ N π N

π %  π N  ! is exactly ω-
reachable(seeDefinition6.3.25).

The minimal ω-stablerealizationsof
�

correspondnaturally one-to-oneto
“admissible”ω-stablefactorizationsof theHankel operatorπ � � π � , asshown in
[S99] (combinedwith Remark6.1.9).

Obviously, Σω is a WPLS over
�
U � L2

ω
�
R � ;Y 	f� Y 	 . It is also a WPLS over�

U � H � Y 	 :
Lemma 6.1.7 Let

� � TICω
�
U � Y 	 , ω � R. The minimal ω-stable ex-

actly ω-observable realization of
�

is an ω-observable, exactly ω-reachable
(henceminimal) ω-stable WPLS.This realization is exactly ω-observableiff
π � � π � W L2

ω
�
R;U 	 X is closedin L2

ω
�
R;Y 	 .

Proof: Set
�-� ��  ! :

�
Σω. Set l :

�
Ker

� � 	Lm / L2
ω, so that & � u & 2H :

�& � u & 2L2
ω

� & u & 2L2
ω

for all u � l . Thus,T :
� �on p

: lq# H becomescoercive,

henceT �Qr)F � l7� H 	 . Consequently, H is complete,hencea Hilbert space.
Moreover, H /c L2

ω.

Wehave π � τ
� � 
 t � � π � τt � π � � � τt π � � t 1 0), hence& 
 t � u & 2H � & τt � u & 2H � & τtu & 2L2

ω s e2ωt & � u & 2H (6.13)

for u � l , t g 0, by (2.2), hence & 
 t &ut i H ^ s eωt , i.e.,

 n

H is an ω-stable
semigroupon H (it neednot be stronglyω-stable,but it is weakly ω-stable),
becauseits semigrouppropertiesare inheritedfrom



and its strong(or C0-

)continuityon H follows from the fact that τt � u # �
u andτtu # u in L2

ω, as
t # 0

�
.

Becausel / L2
ω is closed,the orthogonalprojectionP : L2

ω #\l is con-
tinuous,henceso is

� �
TP �vF � L2

ω � H 	 . Obviously,
�

remainscontinuous
with this strongertopology of H / L2

ω and the other propertiesof the ex-
actly ω-observable realizationof

�
are preserved (except that Σ is exactly

ω-reachableif f
�

is coercive on l , equivalently, if f
�

hasa closed-range,i.e.,
if f the Hankel operatorπ � � π � (on L2

ω) hasa closedrange). It follows that
Σ � WPLSω

�
U � H � Y 	 . 4

Example 6.1.8 The exactly observable realizationof
�

:
�

τ
� 
 1	 � TIC

�
C 	 is

givenby

Σ :
� @ 
 �� � D :

� @ π � τ τ
� 
 1	 π ] � 1 M 0̂

I τ
� 
 1	 D � WPLS0

�
U � H � Y 	f� (6.14)
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whereU
�

C
�

Y andH :
�

L2 � R � ;Y 	 . Thus,@ 
 t � t� t � t D �j= π � τt τt � 1π ]maxi 0 M t � 1̂ M t ^
π ] 0 M t ^ τ � 1π ] 0 M t � 1̂

? :
@ x0

u D Y# @ x
�
t 	

π ] 0 M t ^ yD (6.15)

and

Σd :
� = 
 d � d� d � d ? :

� = τ
� 
 S 	 π � R

τ � 1π ] � 1 M 0̂ R τ
� 
 1	 ? R (6.16)

SeeExamples6.2.14,6.3.7,8.3.12and9.8.15for moreon Σ. w
We often assumethat ω

�
0; the correspondingresultsfor generalω canbe

obtainedby shiftingstability (we extendhereRemark2.1.6):

Remark 6.1.9(Shifting stability) Let α � ω � R. Let x α bethestability shift (or
scalingoperator) y Y# eα � y e� α � . Thenx α is anisometricisomorphismof TIω onto
TIω � α andof TICω ontoTICω � α (becauseW π � X L2

ω � α
�

eα � W π � X L2
ω, isometrically).

Obviously, x απ z � π z*x α, x ατ
�
t 	 � τ

�
t 	ux α, τ

�
t 	 eω � � eωteω � τ � t 	 (t � R), and

wehavex α
� y|{*	 � � x α y.	 � x α {}	f� x α

�
β y � γ {.	 � β x α y � γ x α {~� (6.17)� x α y.	 � 1 � x α y � 1 � � x α y*	 B � x � α y B � (6.18)� x α y.	 d � x α y d � �x α y � τ

� 
 α 	 �y�R (6.19)

The operator x α can be extended to a bijection of WPLSω
�
U � H � Y 	 onto

WPLSω � α
�
U � H � Y 	 , by therule

Σ
�\@ 
 �� � D Y# Σα :

�\@ 
 α
�

α�
α

�
α D :

�A@ eα � 
 �
e� α �

eα � � eα � � e� α � D R (6.20)

This extendedbijection preservesall propertiesof Σ modulothe change in
stability; e.g, thebijectiondoesnotaffectthenormsof



,
�

,
�

and
�

(remember
that their domainsarechangedbytheamountα), nor theregularity of

�
(because�x α

���
s	 � ���� s 
 α 	 ), asoneeasilyverifies(see[Sbook]for details).

Moreover, this shift commuteswith themultiplicationby staticoperators and
with the valid sumsand compositionsof operators, hencethe shift of a system
(and its admissiblestateor outputfeedback operators) correspondsto the same
shift of the closed-loopsystem(an analogousremarkappliesto all closedloop
systemscorrespondinganydefinitiongivenin Summary6.7.1). 4

(SeeSection6.2 for regularity andSummary6.7.1for feedback.Theformula�x α y � �y � S 
 α 	 refersto Theorem3.1.3(a1);for y � TIC∞ it alsocoversTheorem
6.2.1.)

In Lemma6.2.9(c)wewill show thatthegeneratorsof x α
�-� ��  "! are

� A� αI C
B B !

(or
� A� αI C

B D
! if Σ is WR). Note that α

1
0 decreasesstability, i.e., shifts the

transferfunction to the right. If
�

u
�

µ � u for all u � L2
ω for a measureµ then�

αu
� �

eω � µ	�� u for all u � L2
ω � α (seeDefinition 2.6.3andLemmaD.1.12(d)for

details).
A systemis almostasstableasits semigroup:
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Lemma 6.1.10(Exp. stability) LetΣ
���9� ��  "! � WPLS

�
U � H � Y 	 and 
 ∞ ( ω (

ω
� ( ∞. Then

(a1) Σ is exponentiallystableiff



is exponentiallystable.

(a2) Σ � WPLSω and
�

τ � TICω
�
U � H 	 whenever ω

1
ωA.

(b1) If
�

is ω-stable, then
�

τ and
�

are ω
�
-stable.

(b2) If
�

τ is ω-stable, then
�

and
�

are ω-stable.

(b3) If
�

is ω-stable, then
�

is ω
�
-stable,

� W L2
c X / L2

ω, andhenceLemma2.1.13
applies.

(c1) If



is exponentially stable, then

 � � ��F � H � L2 	 and

�
τ � � �

TICexp
�
U ����	 .

(c2) If
�

is exponentiallystable, thensoare
�

and
�

τ.

(c3) If
�

is exponentiallystable, thensois
�

.

SeeLemmaA.4.5andTheorem6.7.10(d)for furtherequivalentconditions.
WhenA is bounded(or



is compactor differentiable),exponentialstabiliz-

ability is equivalentto theconditionσ
�
A	 / C � ; for generalinfinite-dimensional

systemsthe latter conditionis strictly weaker, asillustratedin Example5.1.4of
[CZ].

(The“spectrumdeterminedgrowth condition”supReσ
�
A	 � ωA holdsfor any

boundedA andany compactor differentiablesemigroup;see[CZ] or [Sbook]for
details.)

Proof: (Part (a1)wasindependentlyprovedby D. SalamonandG. Weiss.)
All this follows from Lemma 13.3.8 through discretization,seeTheorems
13.4.4and13.4.5. 4
If
�

is stable,then
�

is “almoststable”,by (b3) above. We oftenusethis fact
combinedwith Lemma2.1.13,hencewe givetheconclusionshereexplicitly:

Lemma 6.1.11 Let
��� ��  ! � WPLS and let

�
be stable. Then

� W L2
c X / L2; in

fact,
�

π ] � T M T ^ ��F � L2 	 for all T
1

0. Moreover,
� � TICω for all ω

1
0.

SeeLemma2.1.13for furtherimplications.
Proof: We have

�
π ] 0 M 1̂ � � 1 � τ � 1 �*� 1 ��F � L2 � W 0 � 1	 ;U 	H� L2 	 , hencethe

claimsfollow from Lemma2.1.13. 4
A mapis stableif f it mapsstableinputsto stableoutputs:

Lemma 6.1.12 Let
�9� ��  "! � WPLSandω � R. Then

�
is ω-stableiff

� WH X / L2
ω,

and
�

is ω-stableiff
� W π � L2

ω X / L2
ω.

Proof: Let
�

H / L2
ω. Then

� ��F � H � L2
ω 	 , by LemmaA.3.6, because� ��F � H � L2

α 	 for α :
�

max
�
ωA
�

1 � ω � . Theconverseis trivial. Theclaim on�
is Lemma2.1.10(e). 4

If(f)
�

is stable,thenthestrongstabilityof



impliesthatof
�

:
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Lemma 6.1.13(Strongly stable
� � �

) Let
� 
 � ! � WPLS

�
U � H � � 0 � 	 . Then

thefollowing areequivalent:

(i)
�

is stronglystable;

(ii)
�

is stableand
�

τt u # 0, ast # � ∞, for all u � L2
c
�
R � ;U 	 ;

If
� 
 � ! is stronglystableor

�
is exponentiallystable, then

�
is strongly

stable.

Proof: 1� (i) � (ii): Obviously, (i) implies (ii). Assume(ii). Thenwe may
allow for any u � L2

c
�
R;U 	 (ii) (replacet by t

�
T for suitableT � R)), hence

for any u � L2 � R;U 	 , by continuity;thus,(i) holds.
2� If

� 
 � ! is strongly stable,and u � L2
c
�
R � ;U 	 , then

�
τT � tu

�
 t � τT u # 0, ast # � ∞, thus,then
�

is stronglystable,by 1� .
3� If

�
is ω-stable,ω ( 0, then & � τt u & H s M & τtu & L2

ω s Meωt & u & L2
ω
# 0,

ast # � ∞, for all u � L2
c
�
R � ;U 	 . Thus,then

�
is stronglystable,by 1� . 4

Assumefor a while thatdimH ( ∞. Then



is stableif f σ
�
A	 / C � and



is strongly(or exponentially)stableif f σ

�
A	 / C � . However, for a non-strongly

stable



(sayH
�

C andA � iR), maps
�

,
�

and
�

areunstableunlessthenon-
stronglystablepolesof



areunreachableor unobservable.

The strongstability of



doesnot imply that of
�

,
�

or
�

, not even for
boundedA � B � C andD (cf. Lemma6.1.16):

Example 6.1.14 (

 
 


strongly stable �� �.���)� ��� �*���'� ��� �.���)� �
stable) (It follows from Lemma

6.3.26(f)(or (d)), thatall systemsbelow areminimal.)
(a)LetY :

�
H :
�

U :
���

2 � N � 1	 (with naturalbase
�
ek :
�

χ � k � � ∞
kk 1). Define

A ��F � H 	 by settingAek :
� 
 k � 1ek

�
k � N

�
1	 .

Then & A & s 1 and

 t ek :

�
eAtek

�
e� t � kek

�
k � N

�
1 � t g 0	 , hence& 
 t & s 1

(t g 0). Because



is stableand



ek # 0 for all k, thesemigroup



is strongly
stable,by LemmaA.3.4(H1).SinceA

�
A
B
, wehave


 � 
�B
.

By Lemma6.3.16(a),the operators
�
A I
I 0
! ��F � U d U 	 generatea wpls Σ :

���� ��  ! � WPLS
�
U � U � U 	 . By Theorem6.2.11,�
 ����

τ
� �� � �� � �

s 
 A	 � 1 � diag
�G�

s
�

k � 1 	 � 1 	 k $ N � 1 R (6.21)

Because



is obviouslynotexponentiallystable,wehave
�
 �� H∞ and

�
 �� H2
strong,

by LemmaA.4.5, hence
�

,
�

and
�

τ are unstable. Since
� � � d, also

�
is

unstable.
(b) If, instead,we take Cek :

�
k � 1� 2ek, then

�� �
s	 ek

� ����
s	 ek

� k1� 2
sk� 1ek (k �

N
�

1), hence & �� x & 2H2

�
∑k � iR n xk

k1� 2
sk� 1

n
2
�

π∑k

n
xk

n
2
�

π & x & 22 for eachx � H,

so that then
�9� �*! is stronglystablebut still

�
is unstable(since & �� ek & ∞ � k1� 2

(k � N
�

1)).
Onecouldshow thatthissystemis exponentiallystabilizable(takeK

�
2) but

not detectable.
(c) ExchangeC andB

�
I in (b) to have

� 
 � ! stronglystablebut
�

and�
unstable.
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(d) By Example9.13.14(see

U�

and

 d� ), we canhave



,
�

and
�

strongly
stablebut

�
and

�
τ unstable,and



,
�

,
�

τ and
�

stronglystablebut
�

unstable.
(e)By (d),wecanhaveΣ minimaland

�
τ stablewithoutΣ beingexponentially

stable. w
(Thisstill leavestheopenquestionwhether

�
canbeunstablewhenboth

�
and�

arestable(andΣ is well-posed;cf. Example6.3.24).By usingrealization(6.11)
we obtain that this is the caseif f someunstable

� � TIC∞ hasa stableHankel
operatorπ � � π � ; thus,it mightbethattheanswerto our questionis known.)

As onecaneasilyverify, in [S97b], [S98b] and[S98c] the stability assump-
tionson



and

�
werenot important:

Remark 6.1.15(SOSand [Staffans]) In [S97b], [S98b] and [S98c], exceptin
[S97b,Lemma21] and [S98a,Lemma3.5(ii)], wemaydrop theassumptionson
thestabilityof semigroupsandinput maps,if wedo thesameon conclusions. 4

In the sequel,we will refer to thesearticleswith theseweaker assumptions
without any furthermention.

(We could, in addition, replacejoint stabilizability anddetectabilityby r.c.-
SOS-stabilizabilityIn particular, Sections5–7of [S98b] aretrue with thesetwo
replacementsandfor indefiniteStoo,cf. [S98c,Remark7.7]; however, wedonot
needthis.)

Next we will presentthe generatingoperatorsA, B andC of a WPLS; the
existenceof a feedthroughoperatorD dependsontheregularityof thesystemand
is thereforestudiedin Section6.2. As mentionedabove, theseleadto classical
formulaex

���
Ax
�

Bu, y
�

Cx
�

Du and
����

s	 � D
�

C
�
s 
 A	 � 1B andothersin a

weaksense.
Following thecustomarypractice,weshallset

H1 :
�

Dom
�
A	f� H

B
1 :
�

Dom
�
A
B 	H� H � 1 :

� �
H
B
1 	 B � H

B� 1 :
� �

H1 	 B � (6.22)

whereA is thegeneratorof



. Weshalltakeadjointsw.r.t. thepivot spaceH; e.g.,
H � 1 d H

B
1 # C denotestheuniquecontinuousextensionof the restrictionof the

innerproductH d H # C to H d H
B
1 , seeDefinitionA.3.23for details.

A detaileddescriptionof this processis given in the lemmaand definition
below.

Lemma 6.1.16(
� A B
C

! , H1, H � 1
� A B
C

! , H1, H � 1
� A B
C

! , H1, H � 1) Let Σ :
���-� ��  "! � WPLSω

�
U � H � Y 	 , ω � R.

LetA bethegenerator of



andlet α � σ
�
A	 c.

We set H1 :
�

Dom
�
A	 with & x & H1 :

� & � α 
 A	 x & H (this is equivalentto
the graph norm), and defineH � 1 to be the completionof H under the norm& � α 
 A	 � 1 S & H (thusH1 / H / H � 1; H1 andH � 1 are independentof α modulo
an equivalentnorm).

Thefollowinghold:

(a) Theuniqueextension



H N 1 of



ontoH � 1 is a semigroupisomorphicto the
original



andthegenerator of



H N 1 anextensionof A; weidentifythetwo.

Thesituationwith



and

 n

H1
is thesame.
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Thus,

 �

t 	 is in F � H 	 , F � H1 	 and F � H � 1 	 for t g 0, A �<F � H1 � H 	 ,
and A ��F � H � H � 1 	 . However, by Dom

�
A	 we alwaysdenoteH1

���
x0 �

H �� Ax0 � H � . Themapα 
 A is an isometricisomorphismof Hn ontoHn � 1

(n
�

0 � 1).

(b) There is a uniqueinputoperatorB ��F � U � H � 1 	 s.t.�
τ
�
t 	 u � � 
 B � u	 � t 	 ��P t

0


 �
t 
 s	 Bu

�
s	 ds � H

�
u � L2

loc
�
R � ;U 	f� t g 0	

(6.23)
(aboveandbelow, theintegration is carried out in H � 1). Consequently,�

τ
�
t 	 u � � 
 B � u	 � t 	 � lim

T � ∞

P t� T


 �
t 
 s	 Bu

�
s	 ds � H

�
t � R � u � L2

ω
�
R;U 	G	f�
(6.24)

where the limit can be taken in H. Moreover, x
� 


x0
� � τu satisfies

x
�}�

Ax
�

Bu in H � 1 a.e. on R � and x
�
t 	|
 x0

� � t
0
�
Ax
�

Bu	 dm for all
t g 0, x0 � H, u � L2

loc
�
R � ;U 	 .

(c) There is a uniqueoutputoperatorC ��F � H1 � Y 	 s.t.� �
x0 	 � t 	 � C


 �
t 	 x0

�
x0 � H1 � t g 0	fR (6.25)

We saythat Σ is generatedby
� A B
C

! , andwecall
� A B
C

! thegeneratorsof Σ; they
are independentof α andω (aslongasΣ � WPLSω). Alsothefollowinghold:

(d)
� A B
C

! determine
�-� �� ! uniquelyand

�
moduloan additiveconstantfromF � U � Y 	 (cf. Lemma6.2.9(a)andLemma6.3.10(d)).

(e)Thegeneratorsof Σd aregivenby
� AE C E
BE ! .

(SeeDefinition 6.2.3andLemma6.2.9(a)for
� A B
C D

! and   A B
C D ¡ , andDefini-

tion 6.1.17for
� AE C E
BE ! .) Thespecificnumberα chosenabove is irrelevant;only

the topologyof H � 1 mattersin application,not the particularnorm of H � 1 (the
normscorrespondingto differentα’sareequivalent).

Notefrom (c) thatC is determinedby

Cx0 :
� � �

x0 	 � 0	 �
x0 � H1 	H� (6.26)

andB is determinedby B
B
x0 :
� � � dx0 	 � 0	 � � �.B x0 	 � 0	 � x0 � H

B
1 :
�

Dom
�
A
B 	G	 .

We notefor (b) that the (convolution) integralsconverge in H � 1, i.e.,

 �

t 
S 	 Bu
� S 	 � L1 �G� 
 ∞ � t 	 ;H � 1 	 , for eacht � R � , by the Hölder Inequality(we have


B �7¢ � R � ; F � U � H � 1 	G	 / L2
loc). However, thevaluesof the integralsbelongto

H too. Recallfrom (B.18) thatif any integralconvergesin H, thenit convergesin
H � 1, with thesamevalue.

In Theorem6.2.13(a1),we shall show thatx is theuniquestrongsolutionof
“x
� �

Ax
�

Bu, x
�
0	 � x0” in thesensethatAx

�
Bu is thedistributionalderivative

(and derivative a.e.) of x For further details and formula x
�|�

Ax
�

Bu (and
“y
�

Cx
�

Du”), seeTheorem6.2.13andChapter4 of [Sbook];for thegenerators
of closed-loopsystems,seeProposition6.6.18.

As above, we will denotethe generatorswith samelettersascorresponding
operators(asin [S95]–[S01]and[Sbook]).
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Proof: (a) SeeLemmaA.4.6.
(b) Formula (6.23) and the existenceclaim for B and follow easily from

Theorem3.9 of [W89a] (note that π � τ
�
t 	 u � L2

ω for any ω � R and that� � �
π � , by Definition 6.1.1). Formula (6.24) (cf. Remark30 of [S97b])

follows from (6.23), becauseπ ] � T M∞ ^ u # u in L2
ω, by Corollary B.3.8. The

restis from Theorem3.9of [W89a] (andLemmaB.7.6).
(c) This is from Theorem3.3of [W89b].
(d) This is obvious(usedensityandcontinuity).
(e) By LemmaA.4.2(f), the generatorof


 B
is A

B
. It is easyto verify

that
I
u � � B x0J H � I u � 
 S 	f� BB 
 � S 	 B x0J L2 for u ��¢ c

�
R � ;U 	 , x0 � H

B
1 (cf. 6.1.17).

By density(notethatB
BL
 � S 	 B x0 ��¢ � R � ;U 	 ), �*B x0

�
B
BL
 � S 	 B x0 for x0 � H

B
1 ,

henceB
B

correspondsto R
�.B

. By exchangingtherolesof Σ andΣd, we obtain
thatC

B
correspondsto

�CB
R. 4

As explained above, the spacesH
B
1 and H

B� 1 are definedas H1 and H � 1,
respectively, but with A

B
in placeof A, andH

B� 1 d H1 # C is theuniquecontinuous
extensionof H d H1 # C. The adjointsC

B
andB

B
aredefinedw.r.t. thesetwo

sesquilinearforms(seeLemmaA.3.24),sothatI
Bu0 � x0J K H N 1 MH E1 O � I u0 � BB x0J U for all u0 � U � x0 � H

B
1 � (6.27)I

y0 � Cx0J Y � I C B y0 � x0J K H EN 1 MH1O for all y0 � Y� x0 � H1 R (6.28)

Let usstatethis andabit moreformally:

Definition 6.1.17(B
B
, C
B
, H
B
1 , H

B� 1, HB, H
B
CB

B
, C
B
, H
B
1 , H

B� 1, HB, H
B
CB

B
, C
B
, H
B
1 , H

B� 1, HB, H
B
C) Let the assumptionsof Lemma

6.1.16hold. WesetH
B
1 :
�

Dom
�
A
B 	 / H / H

B� 1 :
�

thecompletionof H underthe
norm & � ᾱ 
 A

B 	 � 1 S & H .
We extend

I
h � xJ K H1 MH EN 1O :

� I
h � xJ H for all h � H1 � x � H continuouslyto

H1 d H
B� 1 to get an interpretation of H

B� 1 as the dual of H1, and we do the
samefor

I
h
B � xJ K H E1 MH N 1O : � I hB � xJ H for all h

B � H
B
1 � x � H (all thesepairings are

sesquilinear).
The adjointsC

B �vF � Y� H B� 1 	 and B
B �vF � H B1 � U 	 are taken with respectto

thesepairings. As above, A
B

meansthe adjoint A
B

: Dom
�
A
B 	)# H of the

unboundedoperator A aswell asits uniquecontinuousextensionA
B �£F � H � H B� 1 	

(for which
I
Az� xJ H � I z� AB xJ K H1 MH EN 1O for all z � H1 � x � H). Finally, wedefinethe

Hilbert spaces(seeLemmaA.3.16)

HB :
� �

α 
 A	 � 1 WH � BU X �¤� x0 � H �� Ax0
�

Bu0 � H for someu0 � U � / H
(6.29)

with & z & HB :
�

inf
� � & x & 2H � & u & 2U 	 1� 2 �� � α 
 A	 � 1 � x � Bu	 � z� , and H

B
C :
� �

ᾱ 

A
B 	 � 1 WH � C

B
Y X / H with & z & H EC :

�
inf
� & � x � y	 & H ¥ Y �� � ᾱ 
 A

B 	 � 1 � x � C
B
y	 � z� .

Thus,H1 / HB / H / H � 1 andH
B
1 / H

B
C / H / H

B� 1, continuously(seeCorollary
A.3.7).

WesetH
B
C M K :

�
H
B ¦
C
K § when ` A B

C
K c generatea WPLS.

All spacesin this definitionare independentof α � σ
�
A	 c moduloan equiva-

lent norm,by theResolventEquationandCorollary A.3.7.
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A mnemonic: H
B
1 :
� �

H
B 	 1 �� �

H1 	 B � �
H
B 	 � 1

�
: H
B� 1. Seealso Lemma

6.1.16(e).Example6.2.14containsexamplesof spacesand(extended)operators
definedabove,but usuallysufficesto remember(6.27)–(6.28).SeeLemma6.3.18
and[Sbook,Lemma4.2.18]or [S97b,Lemma32] for furtherdetails.

Wefollow thestandardconventionto callBboundedandwrite “B �¨F � U � H 	 ”,
whenB �¨F � U � H � 1 	 is suchthatBu0

�
B0u0 for all u0 � U for someB0 ��F � U � H 	

(equivalently,
� 


x0
� �

u	 �Z� Ax
�

B0u a.e.for all x0 � H andall u � L2
loc
�
R � ;U 	 ).

Cf. alsopart1� of theproof of Theorem9.9.6(a).Similarly, we call C boundedif
“C ��F � H � Y 	 ”. Obviously, B is boundedif f B

B
is bounded.

We call B or C unboundedif it is not bounded. For B, this doesnot agree
with the meaningof unboundednessin functionalanalysis(but it doesagreefor
C and for B

B
). In physical examples,unboundedinput and output operators

appeartypically in connectionwith boundarycontrol or boundaryobservation,
respectively.

WehavefollowedtheWPLSformulationof O.Staffans([S97a]–[S01]),hence
wesharemostof hisnotation,but weusethepartof thenotationof G. Weissthat
we feelmoreelegantor practical(cf. Definition6.1.5).

Readersfamiliar with existing WPLS literature might wish to consult the
following “translation table” betweenthe notation of this book, Staffans and
Weiss. Here“H1

S�
W

W�
X1” meansthat we useH1 for theW of [S95]–[S98d],

which in turnequalstheX1 of [W94a], [WW] etc.Weexcludethesign“
S�
” when

thesymbolof [S95]–[S98d]coincideswith thatof thisbook,e.g.,by “H
W�

X” we
meanthatStaffansandweuseH (for thestatespace)whereWeissusesX.

Systemtheory(Chapter6):
Our notation

S�
Staffans’notations

W�
Weiss’notation:

H
W�

X (thestatespace),U
W�

U (theinputspace),Y
W�

Y (theoutputspace)
(thesearecomplex (possiblyunseparable)Hilbert spaces).
 t :

� 
 �
t 	 W��©

t ��F � H 	 for all t g 0 (the semigroup),A
W�

A (the infinitesimal
generatorof



).� ��F � W π � X L2

ω
�
R;U 	 ;H 	G	 (the reachabilitymap) is the (unique) operatorfor

which wehave
� t :

� �
τ
�
t 	 π ] 0 M t ^ W� Φt ,� W� Ψ∞ ��F � H ��W π � X L2

ω
�
R;Y 	G	 (theobservability map)(

� t :
�

π ] 0 M t ^ � W� Ψt),� ��F � L2
ω
�
R;U 	 ;L2

ω
�
R;Y 	G	 (the I/O map)is the (unique)causal,time-invariant

operatorfor which π � � π � W� { ∞ (andhence
� t :

�
π ] 0 M t ^ � π ] 0 M t ^ W� { t ); seeLemma

2.1.3.
H1

S�
W

W�
X1 :

�
Dom

�
A	 , H � 1

S�
V

W�
X� 1 :

�
cl ª i α � Â

N
1 � ª � H 	 , henceH1 /c H /c

H � 1;
H
B
1

S�
V
B W�

Z1 :
�

Dom
�
A
B 	 , H

B� 1
S�

W
B W�

Z� 1 :
�

cl ª i ᾱ � AE ^ N 1 � ª � H 	 , analogously.

B
B
s

S�
B
B W� �

B
B 	 Λ � B

B
Λ
�

s-lims� � ∞ B
B
s
�
s 
 A

B 	�� 1, henceH
B
1 /c Dom

�
B
B
s 	 /c

H;
Cs

S�
C

W�
CΛ :

�
s-lims� � ∞Cs

�
s 
 A	 � 1, Ks

S�
K

W�
FΛ, (seeProposition6.2.8).�� W��« � H∞ � C �ω ; F � U � Y 	G	 (thetransferfunction;seeTheorem6.2.1).

Optimizationtheory(Chapters 8–12):����
s	 B J ���� s	 W� Π � L∞

strong
�
iR; F � U � Y 	L	 (the Popov function for stable

�
),
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X ��F � H 	 (theRiccatioperator);­ W� Ξ �®r TIC

�
U 	 (thespectralfactor, seeDefinition6.4.4)

X
W�

D ��F � U 	 (its feedthroughoperator, seeDefinition 6.2.3; in particular,
X
B
SX

W�
D
B
D for S ¯ 0; in applicationsweoftentakeX

�
I , hencethenS

W�
D
B
D

andX
W�

D � 1Ξ);
K

W�
F ��F � H1 � U 	 (thestatefeedbackoperator)D

B
JD

W�
R �7F � U 	 (seeRemark

9.1.14).

SeeRemark9.1.14for further differences.The notationin recentworks of
Staffans(e.g.,[Sbook])is closerto thatof Weissandthisbookthanthatof [S95]–
[S98d]. Most otherexisting WPLStheoryseemsto usenotationcloseto thatof
Weisswith someexceptionsin thedirectionof this book.

Notes
Thehistoryof WPLSsis explainedin thenotesto Chapter2 of [Sbook]; see

alsop.23. Theearlyhistoryis explainedin [Helton76a];thefinal riseof thetheory
is due to [Sal87], [Sal89], [W89a], [W89b] and [W89c], whosecontributions
includeLemma6.1.16,hencethealternativenameSalamon–Weisssystems. Ruth
Curtain[Curtain89]givesadetailedaccountof thisprocessandits relationsto the
restof controltheory.

This abstractformulationhasfor long beenwidely usedalso in the special
caseof boundedinput andoutputoperators,wherealsothedefinitionof asystem
throughgeneratorswould bepossible.Naturally, in thatcasethetheorybecomes
much simpler and more elegant, althoughvery restrictive, henceit serves as a
nice introductionto thegeneralcase;see[CZ] for a matureandratherextensive
presentation.

This book is systemtheory oriented,but the literature is full of practical
applicationsof WPLSsand its specialcases,dating back to [Sal87] (seealso
[CZ]).

The nameWPLS, part of Lemma6.1.13,Remark6.1.15and most of each
definition in this sectionaredueto Olof Staffans. Lemmas6.1.2and6.1.12and
Lemma6.1.10(a)arewell-known. Realization(6.11)is from Section4 of [Sal89].
Variantsof realization(6.12) and Lemma6.1.7 were presentedin [KMR] in a
Pritchard–Salamonsetting. The main new contribution of this sectionare the
relationsbetweenthe stabilitiesof differentpartsof a system(mostof 6.1.10–
6.1.14).

The readerinterestedin a more detailedstudy on WPLSsthan that of this
chaptermustread[Sbook].ThatmonographalsotreatsthecasewhereL2 signals
arereplacedby Lp signals

�
1 s p s ∞ 	 andU , H andY areallowedto beBanach

spaces.Althoughmostresultsandproofson systemtheoryandfeedbacktheory
arethe samein this moregeneralcontext asin our L2 Hilbert spacesetting,the
latter seemsnecessaryfor fruitful optimization theory and henceit is the one
usuallytreatedin theliterature;this hasalsomotivatedourchoice.
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6.2 Regularity ( °²±³:´¶µ
∞ · )

Thatis theusualmethod,but notmine–
My wayis to begin with thebeginning;
Theregularity of mydesign
Forbidsall wanderingastheworstof sinning.

— Lord Byron (1788–1824),"TheBride of Abydos"

learningor genius,reader,
In this sectionwe definecertainregularity conceptsfor anI/O mapandstudy

thebasicimplicationsof regularity, includingtheclassicalformulaey
�

Cx
�

Du
and

����
s	 � D

�
C
�
s 
 A	 � 1B. This sectiondoesnot contain essentiallynew

results. Furtherresultson regularity andthe relationsbetweena systemandits
generatorsaregivenin Section6.3.

If   A B
C D ¡ is a finite-dimensionalsystem(cf. (1.7)), thenits transferfunction

D
�

C
� S 
 A	 � 1B has the limit D at infinity. In general,well-posedtransfer

functions having such a limit are called regular. For a mnemonic,we write
formally � � TIC∞ is regular ��¸ ���� � ∞ 	 ; (6.30)

seeDefinition6.2.3for exactdefinitions.
Mostsystemtheorycanbewrittenin termsof “integralmaps”

��� ��  "! , but part
of the theoryrequiresfeedthroughoperators.In particular, theRiccatiequations
usedto solve optimal control problemsare written in termsof the generators,
including the feedthroughoperator, of the systeminvolved. Suchproblemscan
besolvedin termsof factorizationof theI/O map,but this approachis lessuseful
in practicalapplicationsand thereforeusually only serves as a path to Riccati
equations. Fortunately, all transfer functions of practical interestseemto be
regular.

TheLaplacetransform,definedby
�
u : s Y# � R e� stu

�
t 	 dt � U , mapsfunction

u � L2
ω ontoH2

ω, andis anisomorphismonto,isometrictimesthefactor ¹ 2π; see
AppendixD for details. Well-posedI/O mapscorrespondto transferfunctions
thatareboundedon someright half-planeC �ω :

�¤�
s � C �� Res

1
ω � , i.e., thatare

proper;we recallthis factfrom Theorem2.1.2:

Theorem 6.2.1(Transfer functions) Letω � R. For each
� � TICω

�
U � Y 	 there

is a uniquefunction
�� � H∞ � C �ω ; F � U � Y 	G	 , calledthetransferfunction(or symbol

or Laplacetransform)of
�

, s.t.
��
u
� ��

û on C �ω for all u � L2
ω
�
R � ;U 	 . The

mapping
� Y# ��

is an isometricisomorphism. 4
We often identify functionsandcorrespondingmultiplication operators,i.e.,

weconsider
��

bothasafunctionandasanoperatoronH2
ω. Notethat

� �ºr TICω

if f
�� �®r H∞

ω, in particular �� � 1
� � �� 	�� 1 if

� �vr TICω.
Next we recallthelastclaimof Lemma3.3.8:

Lemma 6.2.2(
� d� d� d) Let

� � TICω
�
U � Y 	 . Then

� d :
�

R
� B

R� TICω
�
U � Y 	 and�»� d 	 d � � . Moreover,

�� d � s	 � ���� s̄	 B for s � C �ω . 4
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GeorgeWeisshasgiveneightequivalentcharacterizationsof strongregularity
in [W94a, Theorem5.8] andfor weakregularity in [SW01a]; a more thorough
study on theseconceptsis given in [Sbook]. We have chosenthe simplest
characterizationsasthe definitions: the transferfunction shouldhave a limit at
infinity. However, someapplicationsrequirethat this limit convergesin a very
strongsensewhereasothersallow for a weaker convergence,thereforewe define
twelvedifferent(combinationsof) attributesof regularity:

Definition 6.2.3(Regularity) Let ω � R,
� � TICω

�
U � Y 	 , and

� ��F � U � Y 	 .
Themap

�
is called regular (R) with feedthroughoperator

���� � ∞ 	 :
�

D �F � U � Y 	 if
����

s	|# D ass # � ∞ on
�
ω � � ∞ 	 .

If
����

s	|# D asRes # � ∞ on C �ω , thenwecall
�

line-regular(LR).
If
�

is regular andthereis α
1

ω s.t.
����

β � iy 	¼# D asy # � ∞, for all β
1

α,
thenwecall

�
vertically regular(VR).

If
�

is stable(or
� W L2

c X / L2) and
����

s	½# D ass � C � and
n
s
n # ∞, thenwe

call
�

half-planeregular(HPR).
In theabovedefinitions,wemodifytheword “r egular” with theword weakly

(W), strongly (S) or uniformly (U) according to the senseof convergence(of����
s	|# D).
Thus,WR meansweaklyregular, SHPRmeansstrongly half-plane-regular,

ULR meansuniformlyline-regular etc.
We call (

��
and) Σ

� �9� ��  "! � WPLS strongly regular and write “
� � SR”

if the I/O map
�

is strongly regular, and we do analogouslyalso for the other
regularity conceptsdefinedabove.

WhenΣ is WR,thegeneratorsof Σ refer to theoperators
� A B
C D

! , wesaythat� A B
C D

! generateΣ andwefollow theclassicalconventionto denotea systemby its

generatorsasin “ Σ
�   A B

C D ¡ ” (cf. Lemma6.1.16andDefinition6.3.8).

(Sometimesin theliterature,theterm“regular” means“strongly regular”, and
nootherformsof regularityaredefined.TheoperatorD in “VR” refersto theone
in “R”, henceD is alwaysthesamefor differentformsof regularity.)

As above, we shall denotefeedthroughoperatorsby sameletters as the
correspondingWR operators(D :

� ���� � ∞ 	 ). The samealso applies to the
generatorsof theothercomponentsof WPLSs,asin Lemma6.1.16.SeeLemma
2.1.13for moreon thecondition

� W L2
c X / L2.

We shall now make a few remarkson thesedifferent forms of regularity.
Obviously, weak regularity is weaker than any other form of regularity. The
definitionof weakregularitymeanstheexistenceof D ��F � U � Y 	 s.t.I

y0 � ���� s	 u0J¾# I
y0 � Du0J ass � � ω � � ∞ 	 ands # � ∞ � for all u0 � U � y0 � YR

(6.31)
It is apparentthat whenever

� � TIC∞
�
U � Y 	 and

����
s	 u0 convergesweakly as

s # � ∞, for eachu0 � U , then the limit is necessarilyDu0 for some(unique)
D ��F � U � Y 	 satisfying & D & t i U MY ^ s & � & TICω i U MY ^ , hencethen(andonly then)

�
is WR.

Similarly,
� � ULR

�
U � Y 	 with feedthroughoperatorD �8F � U � Y 	 if f & ���� s	¾


D & # 0 as Res # � ∞. Most systemstreatedin the literatureare ULR; this
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includesthe systemsof [FLT], [LT00a] and [LT00b] (seealso Lemma6.3.16).
We notethat

�
is HPRiff

�� � H
�
C � ; F 	 and

��7¿
φCayley hasa limit at 
 1.

Althoughweakregularity sufficesfor mostresultson regularity, only uniform
line-regularity makes the invertibility of a map equivalent to the invertibility
of its feedthroughoperator, as notedin Proposition6.3.1(c),and henceallows
for several resultssimilar to the finite-dimensionalones. Therefore,“WR” and
“ULR” arethemostimportantonesof thetwelveconceptsabove.

If n :
�

dimY ( ∞, thenweak,stronganduniformconvergencecoincide(with

thecomponentwiseconvergenceof
� � =  1

... 
n
? ).

A scalarexampleof anirregulartransferfunctionis
����

s	 :
�

cos
�
logs	 (dueto

KirstenMorris), but wedonotknow any physicallymotivatedexamples(crossing
our fingersin hopethat therewerenone). On theotherhand,a boundedcontrol
operatorB or observation operatorC makesa systemULR, by Lemma6.3.16;
in particular, any Pritchard–Salamonsystemis ULR, by Lemma6.9.4. Further
examplesof assumptionsthatguaranteea certainamountof regularity aregiven
in Sections2.6,6.3and6.8.

We shalloftenwrite inclusionssuchas F / ULR / TIC∞ or F / H∞� 1 / H∞

withoutspecifyingtheinputandoutputspaces(recallthatT �£F is identifiedwith�
T � TIC definedby

�
T u :

�
Tu for all u � L2); thedefinitionbelow makesthis

notationrigorous.(Weoftenapplyit with substitutionsl :
���

all Hilbert spaces� ,À �
:
�

TIC∞ (or somesmallerclass)and
À

equalto somesubclassof TIC.)

Definition 6.2.4(
À / a À �À / a À �À / a À � ) Letboth

� À �Ál8	 and
� À � �ÁlÂ	 beasin LemmaA.1.1(or

asin RemarkA.1.3).
If
À �

U � Y 	 / À � � U � Y 	 for all U � Y � l , thenwecall
À

analgebraicsubclass
of
À �

andwrite
À / a À � .

Thus, UHPR / a ULR / a SLR / a SR / a TIC∞ etc. Note that it follows thatÀ �
U � Y 	 is a subgroupof

À � �
U � Y 	 and

À �
U 	 is a subringof

À � �
U 	 , for each

U � Y � l (wherel is, e.g.,thecollectionof all Hilbert spaces).
Becauselimits commutewith mostbasicoperations,suchoperationspreserve

regularity:

Lemma 6.2.5(Regularity preserved) Anyformof regularity is preservedunder
sumsand scalar multiplication, under (left or right) multiplication by static
operators,andunderconvergencein TICω (ω � R).

All stronganduniformpropertiesare preservedundercompositionof maps.
All weak and uniform propertiesare preservedunder taking causal adjoints
(
� Y# � d :

�
R
� B

R).
In general, uniformly � � � strongly � � � weakly � , when � is anythingsuit-

ablefromDefinition6.2.3;similarly, � half-plane-regular
� � � line-regular

� �� regular, � half-plane-regular
� � � vertically regular

� � � regular.
Furthermore,

� y is WRwith feedthroughDE (but y � neednot beWR)if
�

is WRand y is SR(or
� d is SRand y is WR).
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Thus,TICω
�
U � Y 	2Ã WR is aclosedsubspaceof TICω (ω � R), thesameholds

for SR, UR, ULR or any otherregularity propertyin placeof WR, and
� Y# D is

aboundedlinearoperationon any suchsubspace.
Proof: Obviously, thelimits commutewith sums,scalarmultiplicationand

multiplication by staticoperators(e.g., for L �ºF , the mapL
�

or
�

L has(at
least)thesameregularitypropertiesas

�
has).

Clearly & D & s & �� & H∞
ω

� & � & TICω. Thus, if
�

n # �
in TICω

�
U � Y 	 , and�

n � WR for all n, then
�
Dn
� convergesin F � U � Y 	 , andoneeasilyverifiesthat�

is WR andDn # D weakly. An analogousclaimholdsfor any otherweakor
uniformregularityproperty.

Similarly strongand uniform limits commutewith composition;e.g., if� �Äy � SR,then
� y � SRwith feedthroughDE (seeLemmaA.3.1(j2)).

FromLemma6.2.2weobservethatweakanduniformlimits commutewith
causaladjointing(e.g.,if

�
is WR, then

� d is WR with feedthroughD
B
).

Theclaimson
� y andy � follow from LemmaA.3.1(j2)andExample6.2.6

(with
� Y# � d, y Y# �

). 4
As theformulationof theabovelemmahints,strongregularity is not inherited

by adjoints,andweakregularity is notpreservedundercomposition:

Example 6.2.6 (
�"� d�[� d�"� d is not WR) Let N :

���
0 � 1 � 2 � 3 �GRGRLR � , U

�Å�
2 � N;C 	 , Y

�
C,

f
�
s	 :
�

s
� �

1
�

s	 2, and ����
s	 u :

�
∑
n $ N f

�
10� ns	 un R (6.32)

Then
� � TIC, D

�
0,
�

is strongly half-plane-regular,
� d � WR Æ SR and�"� d �� WR. w

(The above claimsareexplicitly or implicitly containedin the computations
of Example8.1of [SW01b].)

It follows that weak regularity is not preserved under feedbackor cascade
connection(seetheremarksbelow Proposition6.6.18).

We have calledD :
� ���� � ∞ 	 thefeedthroughoperatorof

�
. This is justified,

sincethestepresponse
�

π � u0 is closeto Du0 neart
�

0 (in theaverage):

Proposition 6.2.7(“
� t u0 # Du0
� t u0 # Du0
� t u0 # Du0”) A map

� � TIC∞
�
U � Y 	 is WRiff

w-lim
t � 0� 1

t

P t

0

� χR % u0dm
�

: Du0 (6.33)

existsfor all u0 � U. If this is thecase, thenD
� ���� � ∞ 	 . Analogously,

�
is SRiff

(6.33)convergesstronglyfor each u0 � U. 4
(This is given in Theorem4.6 of [SW01a]andTheorem5.8 of [W94a]; it is

theoriginal definitionof regularity.)
To obtain the convergence

�T� χR % u0 	 � t 	C# Du0 (insteadof the above con-
vergencein the average),we seemto needa strongerassumption;e.g., for� � SMTIC∞,

� χR % u0 becomescontinuouswith valueDu0 at zero,by Theorem
2.6.4(i3).
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Recallfrom Lemma6.1.16andDefinition6.1.17thatH1 /c HB /c H /c H � 1 for

any
��� ��  "! � WPLS

� ��� H ����	 , andthatH1 is thedomainof theoutputoperatorC.
When

� � TIC∞ is the I/O map of a WPLS, the weak regularity of
�

is
equivalentto theexistenceof the(weak)WeissextensionCw of theoutputoperator
of thesystem,asshown below. This extremelyimportantoperatorallows oneto
write the outputof the systemin the form y

�
t 	 � Cwx

�
t 	 � Du

�
t 	 (a.e.),andthe

transferfunctionas
����

s	 � D
�

Cw
�
s 
 A	 � 1B, asshown laterin this section.

Proposition 6.2.8(Cw, Cs, CL M s, CL Mw, B
B
w, . . .Cw, Cs, CL M s, CL Mw, B
B
w, . . .Cw, Cs, CL M s, CL Mw, B
B
w, . . . ) Let Σ

� ��� ��  "! �
WPLSω

�
U � H � Y 	 havegenerating operators

� A B
C B ! (cf. Definition 6.1.17),and

let ω � R.

(a1) Σ is WR iff HB / Dom
�
Cw 	 :

�Ç�
x0 � H �� ¸ Cwx0 :

�
w-lims� � ∞Cs

�
s 


A	u� 1x0
� .

If Σ is WR,thenCw �ÂF � HB � Y 	 .
(a2) Σ is SRiff HB / Dom

�
Cs	 :

���
x0 � H �� ¸ Csx0 :

�
lims� � ∞Cs

�
s 
 A	 � 1x0

� .
If Σ is SR,thenCs ��F � HB � Y 	 .

(a3)Σ is regular in a certainsenseiff Cwx0 :
�

lims� � ∞Cs
�
s 
 A	 � 1x0 converges

in the correspondingsense, for each x0 � � α 
 A	 � 1BU (here α � C �ωA
is

irr elevant).

(b1)Weset & x0 & Domi Cw ^ : � & x0 & H � supsÈ ωA � 1 & Cs
�
s 
 A	�� 1x0 & Y.

Consequently, Dom
�
Cw 	 becomesaBanachspaceandDom

�
Cs	 becomesits

closedsubspace. TheoperatorsCs : Dom
�
Cs	É# Y andCw : Dom

�
Cw 	|# Y

arecontinuousandH1 / Dom
�
Cs	 / Dom

�
Cw 	 / H continuously.

(b2) Part (b1) holds for any operator C ��F � H1 � Y 	 and any C0-semigroup
generator A.

(c1) Σ is WR iff HB / Dom
�
CL Mw 	 :

� �
x0 � H �� ¸ CL Mwx0 :

�
w-limt � 0� 1

t C � t
0

 r x0dr � .

(c2)Wehavex0 � Dom
�
CL Mw 	 iff limt � 0� 1

t

I �CB
χ ] 0 M t ^ y0 � x0J H existsfor all y0 � H;

if this is thecase, thenthis limit is equalto
I
y0 � CL Mwx0J Y.

(c3)Wehavex0 � Dom
�
CL Mw 	 iff w-limt � 0� 1

t � t
0
� �

x0 	 � r 	 dr exists;if this is the
case, thenthis limit is equalto CL Mwx0.

(c4) The strong forms of (c1)–(c3) also hold; the corresponding(strong
Lebesgue)extensionof C is denotedbyCL M s.

(c5)Weset & x0 & Domi CL Êw ^ : � & x0 & H � supt $ i 0 M 1Ë & C1
t � t

0

 r x0dr & Y.

Consequently, Dom
�
CL Mw 	 becomesa Banach space, and Dom

�
CL M s	 be-

comesits closedsubspace. We haveCL Mw ��F � Dom
�
CL Mw 	f� Y 	 , andCL M s �F � Dom

�
CL M s	H� Y 	 . Moreover, H1 /c Dom

�
CL M s	 /c Dom

�
CL Mw 	 /c Dom

�
Cw 	/c H.

(c6) Dom
�
A	'Ì 1

t � t
0

 r x0dr # x0 in Dom

�
CL M s	 , as t # 0

�
, for each x0 �

Dom
�
CL M s	 . In particular, Dom

�
A	 is densein Dom

�
CL M s	 .

(d1)C / CL M s / Cs / Cw, C / CL M s / CL Mw / Cw, henceB
B / B

B
L M s / B

B
s / B

B
w.
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(d2)Thedomainsof all operatorsof (d1)aredensein H.

(e) We haveB ��F � U � Dom
�
B
B
L M s	 B 	 , and its adjoint is B

B
L M s (whenDom

�
B
B
L M s	 B

(notH � 1) is consideredastherangespaceof B andH (asalways)thepivot
space).

In particular, for any u0 � U, the functionalBu0 � Dom
�
B
B
L M s 	 B /c H � 1 :

�
Dom

�
A
B 	 B is therestrictionof anyof

�
B
B
L Mw 	 B u0,

�
B
B
s 	 B u0 and

�
B
B
w 	 B u0.

(f) A ��F � HB � Dom
�
B
B
L M s	 B 	 .

By C / Cs we meanthat Cs is an extensionof C (i.e., H1
�

Dom
�
C 	 /

Dom
�
Cs	 andCsx0

�
Cx0 for all x0 � Dom

�
C 	 ). By B

B
w (resp.B

B
s, B

B
L M s, B

B
L Mw)

wealwaysreferto
�
B
B 	 w (resp.

�
B
B 	 s, � BB 	 L M s, � BB 	 L Mw).

Note that, by (a1), H
B
C / Dom

�
B
B
w 	 :

�Í�
x � H �� ¸ BBwx :

�
w-lims� � ∞ B

B
s
�
s 


A
B 	�� 1x � if f Σd is WR, andin thatcase,B

B
w ��F � H BC � U 	 .

Obviously, Cw
�

Cs
�

CL M s � CL Mw � C if C is bounded(C �ºF � H � Y 	 ), and
HB

�
H1 / Cs if B is bounded;henceΣ is SR if B or C is bounded. See

Example6.2.14for anontrivial exampleof Cw andB
B
w.

Note that we have equippedthe domainsof thesefour extensionsof C with
specialnormsinsteadof graphnormsin orderto makethedomainsBanachspaces
(i.e., complete;it wasnotedin [W89b] that if dimY ( ∞, thenCL M s cannotbe
closableunlessC is bounded).

FormoreinformationonthestrongWeissextensionCs (oronCL M s), see[W89b]
and [W94b, Section5] or [Sbook]; for more information on the weak Weiss
extensionCw (or onCL Mw), see[SW01a],[WW, Sections2 & 4] or [Sbook].

Proof: For the definitions of HB :
� �

α 
 A	 � 1 WH �
BU X and H

B
C, see

Definition6.1.17.
(b) The SR counterpartof this is given on pp. 42–43 of [W94b]; the

sameproof appliesfor the WR claim mutatismutandis,by [SW01a],andthe
requirementsin (b2) areenoughfor this. (Thedetailsarein Proposition4.3of
[W89b], also[W94a,p. 848] is relevant.)OnecanreplaceωA

�
1 by any other

value
1

ωA to obtainan equivalentnorm, by the resolvent equation(Lemma
A.4.4(a)).

(a1)&(a2)This followsfrom [S97b,Proposition36], LemmaA.3.6and(b).
(a3) Let

�
be WR. By (a1),LemmaA.4.4(a),andthe linearity of Cw, we

have

Cs
�
s 
 A	 � 1 � α 
 A	 � 1Bu0

� s
s 
 α

  Cw
�
α 
 A	 � 1Bu0 
 Cw

�
s 
 A	 � 1Bu0 ¡# 1

S
Cw
�
α 
 A	 � 1Bu0 �

(6.34)
ass # � ∞, in the sensethatCw

�
s 
 A	 � 1Bu0

� ����
s	}
 D convergesto zero

(e.g.,weakly, strongly, vertically, ..., but not independentlyon α), hencethe
claim.

(c4) The strongversionof (c1) is Theorem5.8 of [W94a]. The proofsof
(c2)–(c3)applyin thestrongcasemutatismutandis.

(c1)SeeTheorem4.6of [SW01a].
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(c3)Wehave � r
0
�

x0 dm
�

C � r
0



x0 dm for all x0 � H, becausethisholdson
H1 andbothsidesarecontinuousH # Y. Thus,theextensionsin (c1)and(c3)
areequal.

(c2)Wehave
I
y0 � 1t � R π ] 0 M t ^ � x0 J Y � 1

t � R I y0 � π ] 0 M t ^ � x0 J Y � 1
t

I
π ] 0 M t ^ y0 � � x0 J L2,

hence(c2) follows from (c3) (useLemmaA.3.4(i3)).
(c5) It is shown in Proposition4.3 of [W89b] thatDom

�
CL M s	 is a Banach

space;the weak caseis analogous(see[WW] or [Sbook]). The continuity
of CL Mw andCL M s is obvious, andso arethe inclusions(useLemmaA.3.6 for
continuity),exceptfor Dom

�
CL Mw 	 / Dom

�
Cw 	 , which is givenin (d1).

(c6) This is given in the proof of Theorem5.2 of [W94b]. It is an open
problemwhetherH1 is alwaysdensein Dom

�
Cs	 .

(d1)SeeProposition4.2of [SW01a].
(N.B. V. Katsnelson[KW] hasconstructeda systemwhereDom

�
CL Mw 	 �

Dom
�
CL M s	'�� Dom

�
Cs	 � Dom

�
Cw 	 . Example6.2.6shows that we may have

Dom
�
CL M s	Î�� Dom

�
CL Mw 	 andDom

�
Cs	Î�� Dom

�
Cw 	 . Thus,all inclusionsin

(d1)maybestrict,asnotedin Proposition4.2of [SW01a].)
(d2) SetsDom

�
A	 andDom

�
A
B 	 aredensein H, hencesoareany of their

supersets.
(e) Note first that Dom

�
A
B 	 /c Dom

�
B
B
L M s	 /c H /c Dom

�
B
B
L M s	 B /c H � 1, and

thatthefirst two (andthelast)inclusionsaredense,by (c6)andLemmaA.3.24
(we neededthedensityof H1 in Dom

�
B
B
L M s	 to obtainDom

�
B
B
L M s	 B / H � 1 (one-

to-one)).For all x0 � Dom
�
A
B 	 , u0 � U , wehaveI

x0 � Bu0J K H E1 MH N 1O � I BB x0 � u0J U � I BBL M sx0 � u0J U � I x0 � � BBL M s	 B u0J K Z M Z E O � (6.35)

whereZ :
�

Dom
�
BL M s	 . Thus, Bu0 � H � 1 :

�
Dom

�
A
B 	 B is continuousw.r.t.

to the & S & Domi BEL Ê s ^ norm, henceandelementof Dom
�
B
B
L M s	 B . By (6.35) and

density, this elementis equalto
�
B
B
L M s	 B u0.

Of course,wecanreplaceB
B
L M s by any of its extensions(see(d1))in equationI

x0 � Bu0J H E1 MH EN 1

� I
B
B
L M sx0 � u0J U (x0 � Dom

�
A
B 	H� u0 � U ). (Notethatthisdoesnot

determineBu0 asanelementof Dom
�
B
B
L Mw 	 uniquelyunlessH1 happensto be

densein Dom
�
B
B
L Mw 	 ; situationis thesamefor B

B
s andB

B
w.)

(f) For any x0 � HB, we have z0 :
�

Ax0
�

Bu0 � H for someu0 � U ,
henceAx0

�
z0 
 Bu0 � Dom

�
B
B
L M s	 B , by (e). Thus, A WHB X / Dom

�
B
B
L M s	 B .

But A ��F � H � H � 1 	 and HB /c H, hence A ��F � HB � H � 1 	 . Therefore,
A ��F � HB � Dom

�
B
B
L M s	 B 	 , by LemmaA.3.6 and(e). 4

Next we presentfour lemmasthatexplore therelationbetweena systemand
its generators:

Lemma 6.2.9(
� A B
C D

!� A B
C D

!� A B
C D

! ) LetΣ
�Ç��� ��  ! � WPLS

�
U � H � Y 	 havegenerators

� A B
C

!
(resp.

� A B
C D

! , and
� � WR). Then

(a) Theoperators ` A B
C Ï i ŝ c (resp.

� A B
C D

! ) determineΣ uniquelyfor anys � C �ωA
.

(b) Thegeneratorsof Σd are
� AE C E
BE ! (resp.

� AE C E
BE D E ! , andΣd is WR).
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(c) The generators of x ω
�-� ��  "! are

� A� ωI C
B B ! (resp.

� A� ωI C
B D

! , and x ωΣ is
WR).Moreover,

�
Cω 	 w � Cw and

�
Cω 	 L Mw � CL Mw.

SeeProposition6.6.18for thegeneratingoperatorsof closed-loopsystems.
Proof: (a) This follows from Lemma 6.1.16(d) (resp. and Theorem

6.2.13(a1)).
(b) Thisholdsby Lemma6.1.16(e)(resp.andLemma6.2.2).
(c) For generators,thesimpleproof is given in Example4.7.2of [Sbook].

Becauses
�
s 
 Aω 	 � 1

� s
s� ω

�
s 
 ω 	 � s 
 ω 
 A	 � 1, the Cw claim follows eas-

ily. The CL Mw claim as follows from the fact that (here f :
� �

x0 � L2
loc /

L1
loc
�
R � ;Y 	 ):

t � 1 P t

0

�
1 
 e� ωr f

�
r 	 dr

�
t � 1 P t

0
ωre� ωrξr f

�
r 	 dr # 0 (6.36)

(hereξr � � 0 � 1	 for all r
1

0 (usetheMeanValueTheorem)),ast # 0
�

. 4
Weshallsoonneedthefollowing technicallemma:

Lemma 6.2.10(
�

u
� �

s 
 A	�� 1Bu0 � �T� u	 � t 	 � est
����

s	 u0
�

u
� �

s 
 A	 � 1Bu0 � �»� u	 � t 	 � est
����

s	 u0
�

u
� �

s 
 A	�� 1Bu0 � �T� u	 � t 	 � est
����

s	 u0) Let Σ
� �-� ��  "! �

WPLS and let Res
1

ωA. Let u0 � U and u
�
t 	 � estu0 (t � R), so that π � u �

L2
ωA

�
R;U 	 . Then

�
u
� �

π � u
� �

s 
 A	 � 1Bu0 � HB / H,
�

τt u
�

est � s 
 A	 � 1Bu0

and
�T�

u	 � t 	 � est
����

s	 u0 for all t � R. Moreover, wehave�
τt π � es� u0

� �
est 
 
 t 	 � s 
 A	 � 1Bu0

�
t g 0	f� (6.37)�

π � es� u0
�

π � es� ���� s	 u0 
 � � s 
 A	 � 1Bu0 � L2
loc
�
R � ;U 	fR (6.38)

Proof: The claim about
�

is Lemma2.1.15. Because
��

τ
� �

s 
 A	 � 1B
(see Theorem6.2.11(b1)), claims on

�
u and

�
τu follow from this. But�

τt π � � 
 t � , hence(6.37) follows; (6.38) is obtainedanalogously, by using
π � � π � � �.� .

(An alternative proof of Lemma 2.1.15 would be to obtain
�

u
��

s 
 A	�� 1Bu0 from (6.24) and Lemma A.4.4(f), and then
�T�

u	 � t 	 �
Cc
�
s 
 A	 � 1Bestu0

�
Dcestu0

�
est
����

s	 u0 from Lemma6.3.10(c).) 4
Now we are readyto show that for any

� � ��  ! � WPLSβ
�
U � H � Y 	 , β � R,

s � C �β , u � L2
β
�
R � ;U 	 andx0 � H, wehaveÐ �

x
�
s	 � � s 
 A	�� 1x0

� �
s 
 A	u� 1B

�
u
�
s	�

y
�
s	 � C

�
s 
 A	 � 1x0

�
Cw
�
s 
 A	 � 1B

�
u

where

Ð
x
� 


x0
� � τu �

y
� �

x0
� �

u � (6.39)

(theformula for
�
y requiresthat

�
is WR or u

�
0). This andfurther information

on theLaplacetransformsof thecomponentsof a systemaregivenbelow:

Theorem 6.2.11(
�
 � �� � �� � ���
 � �� � �� � ���
 � �� � �� � �� ) Let Σ

� ��� ��  "! � WPLS
�
U � H � Y 	 havegenerating

operators
� A B
C B ! andlet ω :

�
ωA s α ( β.

(a) Ñ
 � S 	 x0
�
s	 � � s 
 A	 � 1x0 for all x0 � H, s � C �ω .
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(b1) �� τu
�
s	 � � s 
 A	 � 1B

�
u
�
s	 for u � L2

α
�
R � ;U 	 ands � C �α .

(b2)
�
s 
 A	 � 1B � H∞ � C �β ; F � U � H 	L	3Ã H

�
C �ω ; F � U � HB 	L	 .

(b3) & � s 
 A	 � 1B & t i U MH ^ s & � & t i L2
γ i R;U ^ MH ^ � ¹ 2¹ Res 
 γ for s � C �γ , γ � R.

(c1) �� x0
�
s	 � C

�
s 
 A	 � 1x0 for s � C �ω , x0 � H.

(c2)C
�
s 
 A	 � 1 � H∞ � C �β ; F � H � Y 	G	 , andC

�
s 
 A	 � 1x0 � H2 � C �β ;Y 	 for x0 � H.

Moreover, & C � S 
 A	 � 1 & H2
strong

i C %ω ; t i U MY ^Ò^ � ¹ 2π & � & t i H M L2
ω ^ .

(c3) & C � s 
 A	 � 1 &ut i H MY ^ s & � & t i H M L2
γ i R;Y ^Ó^ � ¹ 2 ¹ Res 
 γ for s � C �γ , γ � R.

(d1)
����

s	 � Cw
�
s 
 A	 � 1B

�
D on C �ω if

�
is WR, 2 hencethen Cw

�
s 


A	 � 1Bu0 # 0 weaklyass # � ∞, for all u0 � H. Thesameholdsalsofor Cs

in placeof Cw if
�

is SR.

(d2)For s� s0 � C �ω wehave����
s	Ô
 ���� s0 	
s 
 s0

� 
 C
�
s 
 A	 � 1 � s0 
 A	 � 1B

� 
 �ÖÕ ×�� π � � π � es0 � u0 	G	 � s	fR
(6.40)

Proof: (a)This is LemmaA.4.4(f).
(b1)This is [W89a,Remark3.12].
(b2) By (c2) andLemma6.1.4,B

B �
s 
 A

B 	 � 1 � H∞ � C �ω 0 ; F � H � U 	G	 , from
which the“ � H∞” claim follows.

Set F
�
s	 :
� �

s 
 A	 � 1B. Then F
�
α 	 ��F � U � HB 	 (with & F � α 	 u0 & HB s& u0 & U ), whereα is as in Definition 6.1.17,and F

�
s	Ø
 F

�
α 	 � �

α 
 s	 � α 

A	�� 1 � s 
 A	�� 1B � H

�
C �ω ; F � U � H1 	G	 , by LemmaA.4.4(a). But F � U � H1 	 /F � U � HB 	 continuously, henceF

�
s	 � H

�
C �ω ; F � U � HB 	G	 , by LemmaD.1.2(b1).

(b3) Let
� 
 � ! � WPLS be s.t.

�
is stable,u0 � U , Res

1
ωA. Set

u :
�

π � estu0 � L2 � R � ;U 	 . By Lemma6.2.10,we have& � s 
 A	 � 1Bu0 & � & � u & s & � & t i L2 ;H ^ & u & 2 � & � &2& u0 & H � ¹ 2ResR (6.41)

By shifting,we obtainananalogousclaim for anarbitrary
� 
 � ! � WPLS

(notethat & � &Ù( ∞ at leastfor γ
1

ωA).
(The condition “ & � s 
 A	 � 1Bu0 & s M

� �
Res	 1� 2 for all s � C � ” is also

suffient for given B �ÚF � U � H � 1 	 to generatea WPLS with A if, e.g., A is
left-invertible [W91b] or A generatesa contractionsemigroupandU is finite-
dimensional[JP]; however this is not the casein general,see[JZ00] for a
counter-example.

(c1) This is (3.6)onp. 26 of [W89b].
(c2) By (c1) and the Paley–Wiener TheoremTheorem3.3.1(b),we have& �� x0 & H2 i C %ω ;Y ^ � ¹ 2π & � x0 & L2 for all x0 � H, hencethesecondandthird claim

hold. Thefirst claim follows from thethird claimandLemmaF.3.2(a).

2If Û7Ü TICα for someα Ý ωA, then,by Cw Þ s ß AàÄá 1B â D for s Ü Cα ã CωA, we meanthe
uniqueanalyticextensionäÛ ÞTå à of this function(otherwisetheequationwould not alwayshold for
s Ü C æα ç σ Þ Aà c ã C æωA

, see[W94a,Remark4.8]).
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(c3)This is thedualof (b3).
(d1)This is [WW, Theorem4.4].
(d2)Thefirst identity is givenin [Sal89](andin Theorem4.5.9of [Sbook];

it follows from (6.51)).For thesecond,wenotethat�ÒÕ × �
π � � π � es0 � u0 	G	 � s	 � �ÒÕ × � �.� es0 � u0 	G	 � s	 � �ÒÕ × � � � s0 
 A	 � 1Bu0 	G	 � s	 (6.42)�

C
�
s 
 A	 � 1 � s0 
 A	 � 1Bu0 � (6.43)

by Lemma6.2.10and(c1). 4
Weshallneedseveraldifferentformsof theformula“

� �
C



”:

Lemma 6.2.12(
� �

Cw

� �

Cw

� �

Cw



) Let
�-� ��  "! � WPLS

�
U � H � Y 	 , ω

1
ωA, x0 � H, u �

L2
ω
�
R � ;H 	 , x

� 

x0
� � τu. SetCr

L M sx1 :
�

C1
r � r

0

 sx1ds (x1 � H). Then

(a)
� �

x0 	 � t 	 � CL M s
 t x0
�

Cw

 t x0 for a.e. t g 0 (for all t g 0 if x0 � Dom

�
A	 ).

In particular,

 t x0 � Dom

�
CL M s	 a.e.

(b1)WehaveCr
L M sx # CL M sx in L2

ω andpointwisea.e., asr # 0
�

, (in particular,
x � Dom

�
CL M s	 a.e.) if

�
is SR.

(b2)WehaveCr
L M sx # CL Mwx weaklyin L2

ω andweaklypointwisea.e., asr # 0
�

,
(in particular, x � Dom

�
CL Mw 	 a.e.) if

�
is WR.

(c1)Assumethat
�

is SR.Then,for any f � L2� ω
�
R �½	 , wehaveP

R % f
�
t 	 CL M sx � t 	 dt

�
CL M s P

R % f
�
t 	 x � t 	 dt (6.44)

(in particular, � ∞
0 f

�
t 	 x � t 	 dt � Dom

�
CL M s	 ). Thus,then � T2

T1
f
�
t 	 CL M sx � t 	 dt

�
CL M s � T2

T1
f
�
t 	 x � t 	 dt for anyT1 � T2 � R � , f � L2

loc
�
R 	 .

(c2)Claim(c1) alsoholdswith replacementsSRY# WRandCL M s Y# CL Mw.

(c3) In (b1)–(c2), we may replaceR � by W T � � ∞ 	 , and allow for any u �
L2

ω
� W T � � ∞ 	 ;U 	 (T � R).

(c4) In (b1)–(c2),
�

neednotberegular if u
�

0.

Proof: (a) By [W89b, Theorem4.5], we have
� �

x0 	 � t 	 � CL M s
 t x0 for any
(right-)Lebesguepoint t of

�
x0, hencefor a.e.t g 0. RecallthatCL M s / Cw.

(b1) The L2
ω claim is Lemma4.4 of [W94a]; the pointwiseclaim follows

from thefactthatx
�
t 	 � Dom

�
CL M s	 a.e.,by Theorem5.8of [W94a].

(b2)&(c2) The proofs of (b1) and (c1) apply mutatis mutandis(which
meanscorrespondingslightchangesin theproofsof [W94a]; theseresultswere
containedin apreprintof [SW01a]andimplicitly usedin [SW01a]).

(c1) This is essentiallygiven in Theorem4.6 of [W94a] (substitutef Y#
f χ ]T1 M T2 ^ to obtainthesecondclaim).

(Alternatively, claim(c1)followsfrom (b1)(theproofof (c2) is analogous),
since fCr

L M sx # fCL M sx in L1 � R � ;Y 	 , f x � Cr
L M s f x � CL M sx � L1, andCr

L M s commutes
with theintegral (becauseCr

L M s ��F � H � Y 	 ).)
(c3) W.l.o.g., we assumethat x0

�
0 (substract(6.44) if necessary).Just

shift u (hencex too) and f , andusetheoriginal claim.
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(c4) ReplaceB by 0 to obtaina SR(in fact,ULR) WPLSwith same



and�
(seeLemma6.3.16(b)). 4

Now we may extend Lemma 6.1.16 by presentingthe standardformulae
x
�¶�

Ax
�

Bu andy
�

Cx
�

Du with certainlimitations:

Theorem 6.2.13(x
�¶�

Ax
�

Bu� y
�

Cx
�

Dux
���

Ax
�

Bu� y
�

Cx
�

Dux
���

Ax
�

Bu� y
�

Cx
�

Du) Let
�-� ��  "! � WPLSω

�
U � H � Y 	

andeither

(i) x0 � H, u � L2
loc
�
R � ;U 	 andJ

�
R � , or

(ii) x0
�

0, u � L2
ω
�
R;U 	 andJ

�
R.

Set Ð
x
� 


x0
� � τu �

y
� �

x0
� �

u R (6.45)

Then

(a1)x
� �

Ax
�

Bu � L2
loc
�
J;H � 1 	 (a.e.) andx ��¢ � J;H 	3Ã W1 M 2

loc
�
J;H � 1 	 .

(a2) If
�

is WR, then the following formulae hold (in particular, x
�
t 	 �

Dom
�
CL Mw 	 ) for almostevery t � J, including thoset � J where u and y

are right-continuous:

y
�
t 	 � CL Mwx

�
t 	 � Du

�
t 	 (6.46)�

CL Mw P t

0


 �
t 
 s	 Bu

�
s	 ds

�
CL Mw 
 x0

�
Du
�
t 	 (case(i) only)

(6.47)�
CL Mw lim

T � � ∞

P t� T


 �
t 
 s	 Bu

�
s	 ds

�
Du
�
t 	 (case(ii) only) R

(6.48)

If
�

is SR,thenwecanuseCL M s in placeof CL Mw in (6.46)–(6.48).

Stricten(i) and(ii) asfollows:

(i) x0 � H, u � W1 M 2
loc
�
R � ;U 	 , x

�
0 :
�

Ax0
�

Bu
�
0	 � H andJ

�
R � , or

(ii) x0
�

0
�

x
�
0, u � W1 M 2

ω
�
R;U 	 andJ

�
R.

Then,

(b1) x
� � 


x
�
0
� � τu

� �
Ax
�

Bu ��¢ � J;H 	f� y
� � �

x
�
0
� �

u
� � (6.49)

e� ω � x � e� ω � x� �Â¢ b
�
J;H 	H� e� ω � x ��¢ b

�
J;HB 	H� and y � W1 M 2

ω R (6.50)

(b2) y � W1 M 2
loc and y

� � �
u
�
. If u � W1 M 2

ω , theny � W1 M 2
ω . Moreover, for any

s0 � C �ω wehave�T�
u	 � t 	 � C

�
x
�
t 	Ô
 � s0 
 A	 � 1Bu

�
t 	L	 � ��è� s0 	 u � t 	 �

t � J 	fR (6.51)
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(c1) If x0 � Hn :
�

Dom
�
An 	 , n � N, then



x0 �7¢ k � R � ;Hn � k 	 (k

�
0 � 1 �LRGRGRé� n)

and y :
� �

x0 �®¢ k � 1 � R � ;Hn � k 	 (k
�

1 �GRGRGR�� n) (y �®¢ k � R � ;Hn � k 	 if C �F � H � Y 	 ).
(c2)If u � Wn M 2

ω
�
R;U 	 , n � N, thenx :

� �
τu, e� ω � x �ê¢ n

b
�
R;H 	�Ã ¢ n � 1

b
�
R;HB 	�Ã

Wn � 1 M 2 � R;HB 	 , y :
� �

u � Wn M 2
ω
�
R;Y 	 / ¢ n � 1, x

i n̂ � �
τu
i n̂ , y

i n̂ � �
u
i n̂ .

(d) If, instead,y � L2
ω
�
R;Y 	 is arbitrary, and

� � WR, then�T� B
y	 � t 	 � D

B
y
�
t 	 � B

B
L Mw lim

T � ∞

P T

0


 B �
s	 C B y � t � s	 ds (6.52)

a.e. and at every t � R at which y and
� B

y are left-continuous.(We can
replaceB

B
L Mw byB

B
L M s if

� d � SR).

We concludethat
� �

D
�

C
�

τ whenC is bounded.Recallfrom Proposition
6.2.8thatCL M s / Cs / Cw andCL Mw / CL M s / Cw.

Proof: (a)&(b) This is well-known (see, e.g., Sections4.2 and 4.5 of
[Sbook]or combineSection4 of [WW] andPropositions29 and33 of [S97b]
with Remark6.1.9andLemma6.1.16).

(c1) This follows from LemmaA.4.2(c5). (Recall that
�

x0
�

C



x0 for
x0 � Dom

�
A	 .)

(c2) (Ignore ¢ n � 1 andWn � 1 M 2
ω for n

�
0.) This follows by applying(b2)

subsequently, except for the HB claims. We have τu ��¢ n � 1 � R;W1 M 2
ω 	 , by

LemmaB.7.11, and
� �vF � W1 M 2

ω � HB 	 , by Lemma6.3.19. Therefore,
�

τu �¢ n � 1 � R;HB 	 .
Moreover, for u � Wn M 2

ω , n � N
�

1, x :
� �

τu, we have
�
α 
 A	 x � αx 


x
� �

Bu, andαx 
 x
� � L2

ω
�
R;H 	f� u � L2

ω
�
R;U 	 , hencex � L2

ω
�
R;HB 	 , because�

α 
 A	 � 1
�
I B! ��F � H d U � HB 	 . By induction,wehavex � Wn � 1 M 2 � R;HB 	 .

(d) We have
� B

y
�

R
� d Ry, so that this follows from (6.48) andLemma

6.2.9(b). 4
Thefollowing standarddelayline example(to which we returnseveral times

later)illustratesthesymbolsdefinedin this section:

Example 6.2.14 (CwCwCw andB
B
wB
B
wB
B
w) Let U

�
C
�

Y, H :
�

L2 � R � ;Y 	 , and

Σ :
� @ π � τ π ] 0 M 1̂ τ

� 
 1	
I τ

� 
 1	 D � WPLS0
�
U � H � Y 	fR (6.53)

Moredetailsof thissystemaregivenin [WZ], [S95]and[Sbook];thereadermight
alsowish to consultsometext bookon distributions(e.g.,[Rud73]) for H � 1 and
H
B� 1, thedualsof H1 andH

B
1 w.r.t. L2.

Now
����

s	 � e� s # 0, asRes # ∞, hence
� � ULR andD

�
0 (in fact,

� �
MTICd). By Proposition6.2.8(a2),we haveCw / F � HB � Y 	 andB

B
w / F � H BC � U 	 .

(BecausedimU
�

1
�

dimY, wehave in factthatCw
�

Cs andB
B
w
�

B
B
s.)
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By PropositionB.7.12,wehave

A
� d

dθ
� H1 :

�
W1 M 2 �G� 0 � ∞ 	G	 :

���
f � H �� f � � H � (6.54)

A
B � 
 d

dθ
� H

B
1
�

W1 M 2
0
�G�

0 � ∞ 	G	 :
���

f � W1 M 2 �G� 0 � ∞ 	G	 �� f � 0� 	 � 0 � R (6.55)

(Hereandbelow, θ � R � is theargumentof anelement(function)of H. Recall
W1 M 2 �G� 0 � ∞ 	G	 / ¢ 0

�
R �~	 , continuously, by TheoremB.7.4andLemmaB.7.6.)

Because
� �

I , wehavex0
�
t 	 � � � x0 	 � t 	 � Cπ � τtx0 for x0 � H, andC

�
δ
B
0 :

f Y# f
�
0	 is theuniqueoperatorC �²F � H1 � Y 	 satisfyingthis. By Lemma6.2.9(b),

we have
�

R
�.B

f 	 � t 	 � B
BG
+B �

t 	 f for f � H
B
1 , hence

B
B
τ
� 
 t 	 π � f

�
B
B 
 B �

t 	 f � � τ1π ] 0 M 1̂ f 	 � 
 t 	 � � π ] 0 M 1̂ f 	 � 1 
 t 	f� (6.56)

henceB
B �

δ
B
1 : f Y# f

�
1	 . Summarizing,

Bu0
�

u0δ1 � H � 1 � C
�

δ
B
0 : x0 Y# x0

�
0	 � Y

�
C � D

�
0
�

D
B
; (6.57)

B
B �

δ
B
1 � C

B
y0
�

y0δ0 � �
u0 � U � x0 � H1 � y0 � Y 	fR (6.58)

By taking Laplacetransformsof



x0,

 B

x0 and
�

τt π � u0 for x0 � H and
u0 � U , we obtain

H1 Ì � s 
 A	 � 1x0 : θ Y# P ∞

θ
e� si r � θ ^ x0

�
r 	 dr � (6.59)

H
B
1 Ì � s 
 A

B 	 � 1x0 : θ Y# P θ

0
e� srx0

�
θ 
 r 	 dr � (6.60)

HB Ì � s 
 A	 � 1Bu0
�

π ] 0 M 1̂ � S 	 e� si 1 � � ^ u0
�
s � C � 	fR (6.61)

Note that“π ] 0 M 1̂ ” in (6.61)(insteadof “π ] 0 M 1Ë ”) is just our choice— theelements
of H areknown just a.e.

By Definition6.1.17,thespaceHB / H is givenby

HB
�

H1
�

Cπ ] 0 M 1̂ � S 	 e� si 1 � � ^ �¤� f � H �� f � � H
�

Cδ1
� (6.62)�

W1 M 2 �G� 0 � 1	G	 � W1 M 2 � W 1 � ∞ 	G	 (6.63)

(we usedherethechoicemadeabove; notethatelementsof HB areboundedand
continuousfrom theright on R � ). We canset,e.g.,α

�
1, to make thenormon

HB equalto & � 1 
 A	 � 1 � x0
�

Bu0 	 & HB :
� & � x0 � u0 	 & H ¥ U R (6.64)

However, thisnormservesonly asanexample,it is enoughfor usto know thatthe
inclusionsH1 / HB / H arecontinuous.TheoperatorCw �8F � HB � U 	 is givenby

Cwx0
�

w-lim
s� � ∞

Cs
�
s 
 A	 � 1x0

�
w-lim
s� � ∞

s
P ∞

0
e� srx0

�
r 	 dr

�
x0
�
0
� 	f� (6.65)

i.e.,Cw
�

δ
B
0� ��F � HB � U 	 . Fromthisand(6.61)wecanverify theidentity����

s	 � Cw
�
s 
 A	 � 1B

�
e� s (6.66)

asrequired,sincee� s
� Ñτ � 
 1	 . Furthermore,

�
s 
 A

B 	 C B y0
�

e� s� y0 � H
B
C / H for

s � C � , y0 � C, hence
�
1 
 A

B 	 C B y0
�

y0e� � , henceH
B
C

�
H
B
1
�

Ce� � � W1 M 2, by
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LemmaA.3.4(I1). Finally

B
B
s
�
s 
 A

B 	 x0
�

s
P 1

0
e� srx0

�
1 
 r 	 dr # x0

�
1 
Ù	H� ass # � ∞ � (6.67)

for x0 � H
B
C, henceB

B
w
�

δ
B
1 : x0 Y# x0

�
1	 , so thatB

B
w �ëF � H BC � U 	 asrequired.In

fact,B
B
wx0

�
x0
�
1 
'	 for any x0 � H thatis weaklycontinuousto theleft (or hasa

weakleft Lebesguevalueat 1, by LemmaB.5.10). w
Notes
Strongandweakregularityandtheir coretheoryaredueto G. Weiss[W89c],

[WW]. TheconceptULR is dueto [Helton76a],p. 155.
Vertical and half-plane-regularity seemto be the most reasonabletrans-

fer function propertiesthat connectthe I/O map equalitiesto corresponding
feedthroughoperatorequalities. Their main advantageis that they canbe used
to guaranteethat thesignatureoperatorof anoptimalcontrolproblemequalsthe
classicalone(see,e.g.,Lemma6.3.6(b)andProposition9.11.3(c)).

Except for Lemma 6.2.2 (in this generality)and Proposition6.2.8(e)&(f),
almostall resultsof thissectioncanbefoundin someform in theliterature,mostly
dueto G. Weiss.TheLemma6.2.10,thecompositionpartof Example6.2.6and
someminor resultsarefrom theworksof O. Staffans.

Further resultson regularity are given in the next sectionand in [W94a],
[W94b], [SW00], [SW01a] and [Sw01b] among others; see [Sbook] for an
extensive treatmenton the subject and for historical remarks(the notes for
Chapters4 and5).



182 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

6.3 Further regularity and compatibility

Be regular and orderly in your life, so that you maybe violent and
original in yourwork.

— GustaveFlaubert(1821–1880)

We startthis sectionby studyingseveraltypesof regularI/O maps(regularity
andinvertibility, Hp transferfunctionsandconvolution I/O maps).

Not every WPLS is regular, but the outputoperatorC of any WPLS hasan
extensionCc s.t.Dc :

� �� 
 Cc
� S 
 A	 � 1B is constant;suchpairs

�
Cc � Dc 	 arecalled

compatibleoutputoperator pairs for thesystem.Also theformulay
�

Ccx
�

Dcu
holdsif theinput is smoothenough.Wegivea few basicresultson suchpairs.

Furtheron, we give necessaryandsufficient conditionsfor certainoperators
to generateaWPLS.Thenwepresentseveralauxiliary lemmasontheconnection
betweenthegeneratorsandcomponentsor signalsof asystemuntil wefinish this
sectionby abrief treatmentof reachabilityandobservability.

In connectionwith feedback,it is oftenimportantto know whethertheinverse
of anI/O mapis regularandwhetherits feedthroughoperatoris invertible;we list
herethebasicfactson this:

Proposition6.3.1(Regularity of
­ � 1) (a) Let

­ �®r TIC∞ beSR.Then

(a1)Thefeedthroughoperator X :
� ­Ù� � ∞ 	 is left-invertible.

(a2) If
­ d is SR,thenX is invertibleand

­ � 1 is SR.
(a3)

­ � 1 is SRiff X is invertible. If
­ � 1 is SR,then

­ � 1 � � ∞ 	 � X � 1.

(b1) If
­ �ìr TIC∞ is UR,then

­ � 1 is UR,X �®r)F , and
­ � 1 � � ∞ 	 � X � 1.

(b2) Let
­ ��r TIC∞ andX �År)F . Then

­
is SR(resp.UR, SVR,UVR,SLR,

ULR) iff
­ � 1 is SR(resp.UR,SVR,UVR,SLR,ULR).

(b3) Let
­ �®r TIC. Then

­
is strongly(resp.uniformly)half-planeregular iff­ � 1 is.

(b4)Let
­ �ºr TIC∞ andX �ìr)F . Then

�
and

­
areSR(resp.UR,SVR,UVR,

SLR,ULR) iff
�"­ � 1 and

­
areSR(resp.UR,SVR,UVR,SLR,ULR).

(c) Let
­ � TIC∞ beULR. Then

­ �®r ULR � ­ �®r TIC∞ � X �®r�F .

Due to (c), onecanwork with ULR mapsin the sameway aswith rational
maps: a map is invertible if f its feedthroughoperatoris invertible. Moreover,
theclassULR is alsoclosedunderinverses,compositions,linearoperationsand
causaladjoints(seeLemma6.2.5).Thesepropertiesmakeuniformline-regularity
themostimportantregularitypropertyin theoptimalcontroltheoryof Part III.

Proof: (a)–(c)W.l.o.g.(seeLemma2.2.1(c4)),we assumethatY
�

U .
(a1–3) follow from [W94b, Theorems4.7 & 4.8] (with H :

�
I 
 �­ and

K :
�

I ).
(b1) Now

�­ � 1 � s	 � �­�� s	 � 1 is boundedon someC �ω and
�­��

s	½# X, hence
X �®r)F , by LemmaA.3.3(A3). Therestfollowsasin theproof of (b2).
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(b2)Let a � U bearbitraryandsetb :
�

X � 1a. Now�­ � 1 � s	 a 
 X � 1a
� �­ � 1 � s	 Xb 
 b

� �­ � 1 � s	íWXb 
 �­è� s	 bX # 0 (6.68)

as s # ∞ (along R � or ω � iR � or Res # � ∞), because & �­ � 1 � s	 & t s& ­ � 1 & TICω on C �ω . Therefore,
­ � 1 is SR (resp.SVR, SLR) if

­
is. The

uniform propertiesfollow by removing a and replacingb by X � 1 in (6.68).
Theconversesfollow by exchangingtherolesof

­
and

­ � 1.
(b3)Theproof of (b2)appliesheretoo.
(b4) This follows from (b2) and Lemma6.2.5 (thesepropertiesare pre-

servedundercompositions).
(c) This follows from (b1)–(b2). 4

Theobviousfacts(a1)–(b)below areoftenneeded,(c) and(d) lessso:

Lemma 6.3.2(Regular I/O maps) Let
� � TIC∞

�
U � Y 	 .

(a1) If dimY ( ∞, then
�

is WR(resp.WLR,WVR)iff
�

is SR(resp.SLR,SVR).

(a2) If dimU ( ∞, then
�

is UR(resp.ULR,UVR)iff
�

is SR(resp.SLR,SVR).

(b)
� d is WR(resp.anyotherweakor uniformpropertyfromDefinition6.2.3)
iff
�

is.

(c) If
� � TIC∞

�
U � Y 	 is uniformly (resp.strongly, weakly)regular and

��
is

holomorphicand boundedon the sector
�
s � C �� n args

n ( π
2
� ε � for some

ε
1

0, then
��

is uniformly(resp.strongly, weakly)half-plane-regular.

(d) If
�

is URandD �vr)F , thenthere is R
1

0 s.t.
����

s	 �®r)F for s
1

R.

(e) If
� � TICω Ã WR, then & D &ut i U MY ^ s & � & TICω .

Proof: (a1)&(a2)SeeLemmaA.3.1(k1)–(k2).
(b) This is obvious.
(c) By [HP, Theorem3.14.3], & �� 
 D & t i U MY ^ # 0 as

n
s
n # ∞, onany closed

subsectorof
�
s � C �� n args

n ( π
2
� ε � , in particular, on C � . (By [HP], we have

theaboveconvergenceevenif adisc
� n

s
n s R� wereexcludedfrom thesector.)

Thestrong[weak]claim is provedby replacing
��

by
��

u0 [by
I ��

u0 � y0J ] for
u0 � U [andy0 � Y].

(d) This follows from Lemma A.3.3(A2) and the continuity of
��

on�
ω � � ∞ X , whereω is s.t.

� � TICω.
(N.B. Thereis

� � � d � SR Ã TIC s.t.D
�

I but
����

n	 en
�

0 (n � N): Let
U :
�ì�

2 � N 	 anddefine
�

by
����

s	 en :
� �

1 
 2e� slog2� n 	 en (n � N, s � C � ) (obvi-
ously, & �� &ut i U ^ s 1; by LemmaD.1.1(b)wehave

�� � H∞ � C � ; F � U 	G	 ).) 4
Recall that Hp

ω :
�

Hp � C �ω ; ��	 � τ
� 
 ω 	 Hp �

1 s p s ∞, ω � R 	 and that
Hp

∞ :
�Q;

ω $ RHp
ω. By Theorem6.2.1,thesetof transferfunctionsof WPLSs(or of

TIC∞ maps)equalsH∞
∞. If a transferfunctionbelongsto Hp

∞ (or to weakHp
∞, see

Definition F.3.1),for any p ( ∞, thenit is necessarilyuniformly line-regularand
muchmore:
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Proposition 6.3.3(
�� � Hp] strongË�� � Hp] strongË�� � Hp] strongË ) Let 
 ∞ ( ω ( α ( ∞, 1 s p ( ∞.

(a) (Hp
weakM∞ / �ULRHp
weakM∞ / �ULRHp
weakM∞ / �ULR) Let

�� � Hp
weak

�
C �ω ; F � U � Y 	L	 . Then

� � TICα
�
U � Y 	}Ã

ULR Ã WVR, andD
�

0. If ω ( 0, then
� � WHPR.

The above claim also holds with replacementsHp
weak Y# Hp

strong and
“W” Y# ”S”, aswell aswith replacementsHp

weak Y# Hp and“W” Y# ”U”.

(b1) (F � Hp
strongM∞F � Hp
strongM∞F � Hp
strongM∞ is inverse-closed in H∞

∞H∞
∞H∞
∞) Let

�� � F � U � Y 	 �
Hp

strong
�
C �ω ; F � U � Y 	G	 . Then

�� �¤r H∞
∞ � �� �îr � F � Hp

strongM∞ 	 . More-

over, if
�� �vr H∞

ω, then& �� � 1 
 D � 1 & Hp
strong

i C %ω ; t i YMU ^Ó^ s & �� � 1 & H∞
ω & �� & Hp

strong
i C %ω ; t i U MY ^Ó^ & D � 1 & R

(6.69)
Part (b1)alsoholdswith “strong” removed.

(b2) If
���� S̄ 	 B �ÅF � U � Y 	 � Hp

strong
�
C �ω ; F � U � Y 	G	 , then

�� �ïr H∞
∞ � ���� S̄ 	 B �r � F � Hp

strongM∞ 	 etc.,asin (b1),byduality.

(c) If
�� � F � U � Y 	 � H2

strong
�
C �α ; F � U � Y 	G	 and

�{ � F � Y� Z 	 �
H2

strong
�
C �ω ; F � Y� Z 	L	 , then

�{ �� ��F � U � Z 	 � H2
strong

�
C �α ; F � U � Z 	L	 .

(Thisalsoholdswith “strong” removed.)

(d) Let
�� � Hp � C �ω ; F � U � Y 	G	 , p � W 2 � ∞ X . Then & � u & L2

ω s M  M p M ε & u & L2
ω
N

ε
for

anyε
1

0, u � L2
ω � ε

�
R � ;U 	 . In particular,

� W L2
c X / L2

ω.

(e)Let
���� S̄ 	 B � H2

strong
�
C �ω ; F � Y� U 	G	 . Then

�
u ��¢ � R;U 	 and

sup
R
& e� ω � � u & Y s & ��ð� S̄ 	 B & H2

strong
i C %ω ; t i Y MU ^Ó^ & u & L2

ω

�
u � L2

ω
�
R;U 	G	HR

(6.70)

Notefor (e) that & ���� S̄ 	 B & H2
strong

i C %ω ; t i Y MU ^Ó^ s & �� & H2 i C %ω ; t i U MY ^Ó^ for any
�� � H2

ω.

By (c), F � H2
strongM∞ is asubalgebraof H∞

∞ whenU
�

Y.

In Theorem6.9.1we shallshow that
���� S 
 ω 	 � H2

strong for someω � R if f
�

hasarealizationwith aboundedB andD
�

0 (andadualclaimholdsfor bounded
C).

Proof: (a) 1� � � ULR Ã TICα
�
U � Y 	 : By Lemma F.3.2(a),

�� �
H∞ � C �α ; F � U � Y 	G	 , henceit is the transferfunction of some

� � TICα. By
LemmaF.3.2(b),

�
is ULR.

2� Half-plane-regularity: Wegivetheprooffor
�� � Hp � C �ω ; F � U � Y 	G	 ; (add

u0 � U [andΛ � Y
B
] for Hp

strong [or Hp
weak]).

Assumethat ω ( 0. Then
�

is uniformly half-plane-regular, by Theorem
6.4.2of [HP] (useα :

�
ω
�
2
�

: 
 δ ( 0; notethat
�� � Hp � Cω � 2; F 	 in thesense

of [HP], i.e.,theextraassumption(iii) of Definition6.4.1of [HP] is satisfiedfor
α
�

ω
�
2).

3� Vertical regularity: This follows from thehalf-plane-regularity of
���� S 


ω 
 1	 .
(b1) This follows from Theorem4.1.1(j). Thenormestimateis obtainedas

in theproof of Lemma4.1.2.
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(b2) Apply (b1) to
���� S̄ 	 B , andnotethat

�� Y# ���� S̄ 	 B is an isometricisomor-
phismof H∞

α ontoH∞
α .

(c) Set g :
� �� 
 D, f :

� �{�
 F. Obviously, we have FD �<F � U � Z 	
and Fg � f D � H2

strong
�
C �α ; F � U � Z 	G	 . But f � H∞

α , by (a), hence f g �
H2

strong
�
C �α ; F � U � Z 	L	 . (We canalsoremove “strong” from the statementand

theproof of (c).)
(d) In fact, it suffices that u � Lq

ω
�
R � ;U 	 , where q

� �
1
�
2
�

1
�
p	 � 1.

Indeed,q � W 1 � 2X , henceq
�
:
� �

1
�
2 
 1

�
p	 � 1 � W 2 � ∞ X and & �u & Hq0

ω s Mq & u & Lq
ω
,

by TheoremE.1.7. On the other hand, & �� �u & H2
ω s & �� & Hp

ω & �u & Hq0
ω

, by Lemma

B.3.13.
Thus, & � u & L2

ω s M
�
p & �� & Hp

ω & u & Lq
ω
, whereM

�
p :
� ¹ 2πMq. Because& u & Lq

ω s
M
�
q M ε & u & L2

ω
N

ε
, by LemmaD.1.4(b4),wecansetM  M p M ε :

�
M
�
q M εM �p & �� & Hp

ω
.

(e) SeeLemmaF.3.7(b2). (N.B. although
� � TICα and

� �®F � L2
ω � ¢ 	

(where
�

stands for its unique continuous extension), we do not have� ��F � L2
ω � L2

ω 	 unless
�� � H∞

ω.) 4
If F � L1 � R � ; F � U � Y 	G	 , then

�
u :
�

F � u definesa TIC map,andwe have�� �
u
� �

F
�
u (seeLemmaD.1.11(c’)). If merelyF � L1

strong
�
R � ; F � U � Y 	L	 (Definition

F.1.4),i.e.,F : R �Â# F � U � Y 	 is s.t.Fu0 � L1 � R � ;Y 	 � u0 � U 	 , then
�

u :
�

F � u
canin generalbewrittenasanintegral for finite-dimensionalu � L2 � R � ;U 	 only,
but still

�
F � H∞ � C � ; F � U � Y 	G	 , hence

�� �
u :
� �

F
�
u still definesamap

� � TIC
�
U � Y 	 .

We list below furtherpropertiesof convolutionmaps:

Proposition 6.3.4(
� � Lp] strongË �� � Lp] strongË �� � Lp] strongË � ) Let 
 ∞ ( ω ( α ( ∞ and1 s p s ∞.

(a1)LetF � Lp
ω
�
R � ; F � U � Y 	G	 . Define

�
by
��

:
� �

F.

Then
� � MTICL1

α / ULR Ã UVR,
�

u :
�

F � u for all u � L2
α
� π � L2

loc, and�� d
� �

F
B
.

If ω ( 0, then
�

is UHPR. If E �ÅF � U � Y 	 and E
� � �îr TICα, then�

E
� � 	 � 1 �ñr)F � Y� U 	 � L1

α Ã Lp
α
�
R � ; F � Y� U 	G	 . Finally, 1

r

� χ ] � r M 0̂ # F
in F � U � Y 	 at everyLebesguepoint of F, hencea.e. (See(a2) and(a3) for
further results.)

(a2)Let e� ω � F � Lp
strong

�
R � ; F � U � Y 	G	 . Define

�
by
��

:
� �

F. Then
� d
� �

F
B

on
C �ω , and(a3)applies.

(a3)LetF ��F � U � Lp
ω
�
R � ;Y 	G	 . Define

�
by
��

:
� �

F.

Then
� � TICα Ã SLR Ã SVR (and

� � ULR if p
1

1). If ω ( 0, then
�

is stronglyhalf-plane-regular. Moreover,
�

u
�

F � u for finite-dimensional
u � L2

α
� π � L2

loc.

If 1 s p s 2 and 1
�
p
�

1
�
q
�

1, then
�� � Hq

strong
�
C �ω ; F � U � Y 	L	 ; if p g 2,

then
�� � H2

strong
�
C �α ; F � U � Y 	L	 . Finally, 1

r
� χ ] � r M 0̂ u0 # Fu0 in Y at every

Lebesguepoint of Fu0, hencea.e. (u0 � U).

(a4) Let e� ω � F � Lp
weak

�
R � ; F � U � Y 	L	 . Define

�
by
��

:
� �

F. Then
� d
� �

F
B

on
C �ω , and(a5)applies.
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(a5)LetF ��F � U � F � YB � Lp
ω
�
R �½	G	G	 . Define

�
by
��

:
� �

F.

Then
� � TICα Ã WLR Ã WVR (and

� � ULR if p
1

1). If ω ( 0, then
�

is
weaklyhalf-plane-regular. Moreover, Λ

�
u
�

ΛF � u for finite-dimensional
u � L2

α
� π � L2

loc andall Λ � Y
B
.

If 1 s p s 2 and 1
�
p
�

1
�
q
�

1, then
�� � Hq

weak
�
C �ω ; F � U � Y 	L	 ; if p g 2,

then
�� � H2

weak
�
C �α ; F � U � Y 	L	 . Finally, Λ1

r
� χ ] � r M 0̂ u0 # ΛFu0 in C at every

Lebesguepointof ΛFu0, hencea.e. (u0 � U, Λ � Y
B
).

(b) For p
�

1, wecantake α
�

ω in (a1)–(a4).

SeeTheorem2.6.4 for more on the classesin (a1) and (a3). SeeLemma
F.2.2(a) for the “strong convolutions” appearingin (a3); they coincide with
ordinaryoneswhenF � Lp

ω.
A convolutionkernel(“F” above)correspondingto anI/O mapof asystemis

oftencalledtheimpulseresponse(sinceit equals“F � δ0
� �

δ0”) or theweighting
patternof thesystem.

Proof: (a1) We have F � L1
α, hence

� � MTICL1

α , by definition, and�F � u
� �

F
�
u
� �� �

u
�î��

u for u � L2
α, by LemmaD.1.11(c’).By causality(replace

u by π ] 0 M T ^ u, for arbitraryT
1

0), wehaveF � u
� �

u alsofor u � L2
loc
�
R � ;U 	

(cf. LemmaD.1.7).

By LemmaD.1.12(d),wehave
�� d
� �

F
B

(hence
� d
�

F
B � ).

If ω ( 0, thenwe cantake α
�

0 to seethat
� � MTICL1

(andhence
��

is
uniformly half-plane-regular, by Theorem2.6.4). By LemmaD.1.11(b’), we
have

� � ULR Ã UVR (and
�

is uniformly half-plane-regularif ω ( 0 or ω
�

0
and p

�
1). Apply Theorem4.1.1(b)to x � α

�
E
�

F ��	 to obtain that also the
inverselies in F � � L1

α Ã Lp
α 	u� (recallthatF � L1

α Ã Lp
α).

At eachLebesguepoint t of F, wehave

1
r
� χ ] � r M 0̂ S � 1

r

P 0� r
F
�
t 
 s	 ds

� 1
r

P r

0
F
�
t
�

s	 ds # F � (6.71)

as r # 0
�

. (N.B. 1
r � r

0 F
�
t
�

s	 ds is a continuousfunction of r and t, by
CorollaryB.3.8.)

(a2) (Note that if, instead,e� ω � F B � Lp
strong, then

�
is “strong

B
half-plane-

regular” etc.,by duality.)
As in (a1),onecanshow that

� � SLR Ã SVR andthat
�

is stronglyhalf-
plane-regularif ω ( 0 (or ω

�
0 andp

�
1).

By LemmaF.3.4(c2)&(a1),we have
�
F � Hq

strong
�
C �ω ; F � U � Y 	G	}Ã H∞

α for

p � W 1 � 2X ; for p
1

2 we have e� ω 0 � F � L2
strong for any ω

� 1
ω. It follows that� � ULR if p

1
1, by Proposition6.3.3(a1).

For u
�

φu0, φ � L2
α
�
R 	 , u0 � U , we have �F � u

� ÑFu0 � φ
� �

Fu0

�
φ
� �� �

u,
i.e., F � u

� �
u; hencethe sameholdsfor finite-dimensionalu (seethe proof

for π � L2
loc).

By Lemma 6.2.2, we have
�� d

� ����
s̄	 B � �

F
�
s̄	 B ; by Lemma F.3.3(c),�

F
�
s̄	 B � �F B � s	 , for s � C �ω .
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(a3) Most of this follows from Lemma F.2.2(d1)–(d3); the rest can be
obtainedasin (a2).

(a4)Theproofsof (a1)–(a3)applymutatismutandis.(Recallfrom Remark
A.3.22 that YB refersto the “linear” dual, wherethe scalarmultiplication is
definedby

�
βΛ 	 y0 :

�
β
�
Λy0 	 α � C � Λ � Y

B
, y0 � Y, asin TheoremF.2.1(f).)

(Obviously, F � U � F � YB � Lp
ω
�
R �½	L	G	 is the spaceof bilinear mappingsU d

YB # Lp
ω
�
R �½	 , i.e., thespaceof sesquilinearmappingsU d Y # Lp

ω
�
R �½	 , with

norm & T & s supª u ª M ª y ªóò 1 & T � u0 � y	 & Lp
ω
.)

(a5)Onecanobserve this from theproofsof (a1)–(a3). 4
In classicalRiccati equationtheory, one often needsto make conclusions

such as
� B � � ­ B ­ � � D

B
D
�

X
B
X. This may fail even if

� � ­ � ULR
(Example 6.3.7), but the following two lemmasgive us important sufficient
conditions:

Lemma 6.3.5(
� B

J
� � ­ B

S
­ � � D

B
JD

�
X
B
SX

� B
J
� � ­ B

S
­ � � D

B
JD

�
X
B
SX

� B
J
� � ­ B

S
­ � � D

B
JD

�
X
B
SX) Let

��
k �

Hpk
strong

�
C � ; F � U � Yk 	G	 � F � U � Yk 	 , pk � W 2 � ∞ 	 (k

�
1 � 2 � 3 � 4) andY1

�
Y2, Y3

�
Y4.

Assumethat
I �

1u � � 2uJ}g I � 3u � � 4uJ for all u � L2
c
�
R � ;U 	 . ThenD

B
1D2 g D

B
3D4.

In particular,
I �

1u � � 2uJ � I � 3u � � 4uJ (u � L2
c) implies that D

B
1D2

�
D
B
3D4.

We may allow for any pk � W 1 � ∞ 	 underslightly strongerstability, by Lemma
F.3.2(a2).

For
�

k � MTICL1
(or L1

strong � � F ), weobtainthesamefrom Lemma6.3.6(b).

Proof: By Proposition6.3.3(a)&(d),wehave
��

k ��F � L2� δ � L2 	 , � k � ULR,
hence

I �
1u � � 2uJôg I � 3u � � 4uJ (use continuity and Corollary B.3.8) for all

u � L2� δ
�
R � ;U 	 , k

�
1 � 2 � 3 � 4, δ

1
0.

Weshallassumethat
�

3
�

0
� �

4 to simplify thenotation;thegeneralcase
is analogous(just thenumberof termsis doubled).

Let u0 � U . Set α :
� I

D1u0 � D2u0J Y � C, F :
� ��

1 
 D1, G :
� ��

2 
 D2.
BecauseFu0 � Hp1

�
C � ;Y1 	 andGu0 � Hp2

�
C � ;Y1 	 , they have Lpk boundary

functions, by Theorem3.3.1(a2). Moreover, g1 :
� I

Gu0 � Fu0J Y1 � Lq � iR 	 ,
whereq � 1

�
p � 1

1
�

p � 1
2 � W 1 � ∞ 	 , by LemmaB.3.13.

Givenε
1

0, thereR1
1

0 s.t. fr :
�

f1 M r � L2� 1� 2 � R �.	 satisfies& fr & 2 � 1 and� iR n �fr n 2 ng1

n
dm ( ε

�
3 for all r

1
R1, by LemmaD.1.24. Choose,analogously,

numbersR2 and R3 for functions g2 :
� I

Fu0 � D2u0J Y � Lp1
�
iR 	 and g3 :

�I
D1u0 � Gu0J Y � Lp2

�
iR 	 , respectively, in placeof g1. Setrε :

�
max

�
R1 � R2 � R3

� ,
βε :

� I �
1 fru0 � � 2 fru0J Y g 0. Then,by (D.36),wehave

2π
n
βε 
 α

n � I ��
1 frεu0 � �� 2 frεu0J L2 i iR;Y1 ^ 
 I D1 frεu0 � D2 frεu0J L2 i iR;Y1 ^ (6.72)s P iR

n
frε

n
2 � ng1

n � n
g2

n � n
g3

n 	 dm ( 3ε
�
3 � (6.73)

hence
n
βε 
 α

n ( ε
�
2π. Becauseε wasarbitrary, we have infβ $ R % nβ 
 α

n �
0,

i.e., α � R � . Becauseu0 was arbitrary, we have
I
D1u0 � D2u0J Y g 0 for all

u0 � U . 4
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Sinceconvolutionswith L1 areuniformly half-plane-regular(UHPR),we can
oftenusethefollowing lemmafor thepurposedescribedabove:

Lemma 6.3.6(Half-plane-regularity) Assumethat
� � TIC

�
U � Y 	 andJ

�
J
B �F � Y 	 .

(a1) Let
� � TIC

�
U � Y 	 be SHPR.Thenfor each u0 � U there is a null set

N M u0 / R s.t.
����

ir 	 u0 # Du0 asNc M u0
Ì r #>õ ∞.

(a2)Let
� � TIC

�
U � Y 	 beUHPR,andlet U beseparable. Thenthere is a null

setN / R s.t. & ���� ir 	ö
 D & # 0 asNc Ì r #>õ ∞.

(b) (
� B

J
� � ­ B

S
­ � D

B
JD

�
X
B
SX

� B
J
� � ­ B

S
­ � D

B
JD

�
X
B
SX

� B
J
� � ­ B

S
­ � D

B
JD

�
X
B
SX) Let

� �Ty � TIC
�
U � Y 	 and

­ ��÷ �
TIC

�
U � H 	 be strongly half-plane-regular. Then y B � � ÷ B ­ � � E

B
D
�

Z
B
X, and y B � gÚ÷ B ­ � � E

B
D g Z

B
X.

(c1) (̧
�
π � � B J � π ��	 � 1 � ¸ � D B JD 	 � 1¸ � π � � B J � π �+	�� 1 � ¸ � D B JD 	�� 1¸ � π � � B J � π �U	 � 1 � ¸ � D B JD 	 � 1) Let

� � � d �ÄyU�Äy d � SHPRÃ TIC and
π � � B y π � �vr)F � L2 � R � ;U 	G	 . ThenD

B
E �®r)F � U 	 .

(c2) (
� B

J
� ¯ 0 � D

B
JD ¯ 0

� B
J
� ¯ 0 � D

B
JD ¯ 0

� B
J
� ¯ 0 � D

B
JD ¯ 0) Let

� �Äy � SHPRÃ TIC
�
U � Y 	 and

� B y�¯ 0.
ThenD

B
E ¯ 0.

(d1) (̧
�
π � � B J � π �+	 � 1 � ¸ � D B JD 	 � 1¸ � π � � B J � π �U	 � 1 � ¸ � D B JD 	 � 1¸ � π � � B J � π �+	 � 1 � ¸ � D B JD 	 � 1) Let

�-� ��  "! � WPLS
�
U � H � Y 	 be s.t.�

τ � UHPR Ã TIC and
� � ULR Ã TIC (or

�
τ � � dτ � SHPRÃ TIC and� � � d � SLR Ã TIC). If π � � B J � π � �ør)F � L2 � R � ;U 	G	 , then D

B
JD �r)F � U 	 .

(d2) (
� B

J
� ¯ 0 � D

B
JD ¯ 0

� B
J
� ¯ 0 � D

B
JD ¯ 0

� B
J
� ¯ 0 � D

B
JD ¯ 0) Let

�9� ��  "! � WPLS
�
U � H � Y 	 be s.t.

�
τ �

SHPRÃ TIC and
� � SLR Ã TIC. If

� B
J
� g εI , ε

1
0, thenD

B
JD g εI .

Parts(d1)and(d2)aremainlyappliedto exponentiallystable(or stabilizable)
systemsof the type studiedin Sections6.8 and9.2. SeeLemma9.2.17for the
unstablecase.

Proof: (a1) For any ε
1

0 chooseRε
1

0 s.t. & W ���� s	|
 D X u0 &Î( ε for all
s � C � with

n
s
n 1

Rε. Then & W ��ð� ir 	3
 D X u0 & � limt � 0� & W ��ð� ir � t 	3
 D X u0 & s ε,
whenr � R Æ N M u0 and

n
r
n 1

Rε, for somenull setN M u0 , by Theorem3.3.1(c1).
(a2)Modify theproof of (a1)suitably(useTheorem3.3.1(c2)).
(b) We only prove that y B � g 0

� � E
B
D g 0, becausethe latter claim

follows by applyingthis to
� y 
)÷ ! B �  ù ! g 0, andthe former claim follows

from thelatter.
We have

I �y u0 � �� u0Jog 0 a.e., by Theorem3.1.3(e2). Letting
�
N M u0

;
Nú M u0 	 c Ì r # � ∞, we get that

I
Eu0 � Du0J U g 0, by (a). Becauseu0 was

arbitrary, we haveE
B
D g 0.

(c1) (N.B.
� � UHPR � � � � d � UHPR / SHPR.) Chooseη

1
0 s.t.& π � � B y u & 2 g η & u & 2 for all u � L2 � R � ;U 	 .

Let & u0 & U � 1 andε
1

0 be arbitrary. By (a), thereareR
1

0 anda null
setN s.t. & � �y � ir 	Ø
 E 	 u0 & � & � �� B � ir 	}
 D

B 	 Eu0 &'( ε for r
1

R s.t. r � N. By
LemmaD.1.24(a),thereareδ

1
0 andR

�Ô1
0 s.t. for all r

1
R
�
andt � � 0 � δ 	

we have & �ft M r & H2 i C % ^ � ¹ 2π and & χi ] � RMRË �f & H2 is arbitrarily small, hencefor
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suitableδ
1

0 andR
�31

0 wehaven I �� �
v � �y �f1 M ru0J n s n I �� �v � �y �f1 M ru0J2
 I �v � D B E �f1 M ru0J n � ¹ 2π & �v & H2 & D B Eu0 & U (6.74)s � 2π 	 ε � � 2π 	 & v & 2 & D B Eu0 & U �

v � L2 � R � ;U 	G	fR (6.75)

But for a fixed r, thereis v s.t. & v & 2 � 1 and
n I �� �

v � �y �f1 M ru0J n 1 2πη, by Lemma
A.3.1(c1)(xi),hence& D B Eu0 & 1 η 
 ε. Sinceε andu0 werearbitrary, we have& D B Eu0 & g η whenever & u0 & U � 1.

By exchangingtherolesof
�y and

��
, weobtainthat & E B Du0 & g η & u0 & U for

all u0 � U . Consequently, D
B
E �®r�F � U 	 , by LemmaA.3.1(c3)(v)&(i).

(c2)Now
� B yv¯ εI for someε

1
0, henceD

B
E ¯ εI , by (b).

(d1) By Lemma6.3.23,we have
� � UHPR (or

� � � d � SHPR), hence� d � J � � � dJ � UHPR / SHPR(or J
� � J � d � SHPR), hencethis follows from

(c1).
(d2) By Lemma6.3.23,we have

� � � d � SHPR, hencethis follows from
(c2). 4
For non-half-plane-regular

�
and

­
(evenfor

� � ­ � MTIC / ULR), wereally
mayhaveD

B
D �� X

B
X although

� B � � ­ B ­
:

Example 6.3.7 (S �� D
B
JDS �� D
B
JDS �� D
B
JD) In thesystemof Example6.2.14,we haveU

�
C
�

Y,
� �

τ
� 
 1	 . Take J

�
I , sothat

� B
J
� �

I hasthespectralfactorization
­ B

S
­

with S
�

I
� ­ �vr TIC

�
U 	 (or

­ �
E � S

� �
EE
B 	 � 1 with E ��F � U 	 ).

ClearlyD
�

0 andX
�

I , henceD
B
JD
�

0 �� I
�

X
B
SX. Notethat

� � ­ � ULR,
but, of course,

�
is not (evenweakly)half-plane-regular. Moreover, for s

�
iω �

iR we have
� B �

s	 J �)� s	 � n
e� s

n
2
�

1
� ­ B �

s	 S­Î� s	 , but
�'�

iω 	 � e� iω �# D as
ω #>õ ∞). w

(In Example9.13.8(with Σ dividedby ¹ 2), wehaveX
B
X �� D

B
D eventhough� B � � ­ B ­

, C is boundedand
­ �

I .)
This unfortunatefactmakestheWPLSRiccati theorymorecomplicatedthan

theearliertheoriesfor smootherclassesandforcesus to introducethesignature
operatorS (in general,X

B
SX) that replacesthe standardterm D

B
JD in Riccati

equationsin thegeneralcase,cf. (9.3).
Weshallshow in Theorem6.3.9thattheoutputoperatorof anarbitraryWPLS�-� ��  ! hasan extensionCc ��F � HB � Y 	 s.t.

����
s	 � Dc

�
Cc
�
s 
 A	�� 1B for some

Dc. Suchoperatorsarethecompatiblegeneratorsof Σ:

Definition 6.3.8(Compatibility) Wecall
�
Cc � Dc 	 a compatible(outputoperator)

pair for Σ (or for
� 
 � ! ), andwecall ` A B

Cc Dc c compatiblegeneratorsof Σ �
WPLSω

�
U � H � Y 	 if

� A B
C

! arethegeneratorsof Σ,Cc �êF �W� Y 	 is anextensionof

C, whereW is a Banach spaces.t.HB / W /c H, andDc
� ����

α 	¾
 Cc
�
α 
 A	 � 1B

for someα � C �ω .

As before, “generate”means“are the generatorsof”. We considerpairs�
Cc � Dc 	 and

�2û
Cc � Dc 	 for

� 
 � ! equal if f
� � � ! � ` û� û� c , i.e., if f
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Cc
� û

Cc onHB (theextensionof Cc outsideHB is irrelevant,seebelow); cf. Lemma
6.3.10(d3).

TheoperatorDc �ëF � U � Y 	 is independentof α, by (6.40)andtheResolvent
Equation. By Corollary A.3.7, we have HB /c W, henceCc

n
HB
�®F � HB � Y 	 , so

that we could always replaceW by HB (or by any other BanachspaceV /c
W s.t. HB / V), andso we usuallydo. However, sometimeswe wish to choose
W s.t. H1 is densein W (it neednot be densein HB even if

� �
0, by Lemma

6.3.10(f)),andthis canbedoneby takingW :
�

Dom
�
CL M s	 whenever

�
is SR,by

Lemma6.3.10(e)andProposition6.2.8(c6).Also physicalconsiderationsmight
sometimesmakesomeotherW moreconvenient.

Theorem 6.3.9 EveryWPLShasa compatiblepair.

In theproof we show thatC is boundedin theHB norm,henceit hasa unique
boundedextensionto the closureof Dom

�
A	 in HB. We could take the zero

extensionof this to extendC to HB, but this is notalwaysthemostnaturalchoice.
E.g., if C is bounded(i.e., it coincideswith someC0 �7F � H � Y 	 ), thenCw

�
C is

in generaldifferentfrom thezeroextension.
Proof: Let Σ :

�q�-� ��  "! � WPLS
�
U � H � Y 	 . Let H1B beH1 with thetopology

inheritedfrom HB. Assume,w.l.o.g.,thatα
1

ωA (in Lemma6.1.16).
1� If zn # 0 � H1B, thenCzn # 0 in Y: Assumethat

�
zn
� / Dom

�
A	 is s.t.& zn & HB # 0 asn # ∞. By definitionof & zn & HB, theremustbe

�
xn
� / H1 and�

un
� / U s.t.

zn
�

xn
� � α 
 A	 � 1Bun � & xn & H1 # 0 � & un & U # 0 R (6.76)

It followsthatCxn # 0. Now zn � xn � H1 imply that
�
α 
 A	 � 1Bun � H1. Choose

ω
1

ωA andsetM :
� & �� & H∞

ω ( ∞. Then����
s	 un

� ����
α 	 un 
 C

�
s 
 α 	 � s 
 A	 � 1 � α 
 A	 � 1Bun # ����

α 	 un 
 C
�
α 
 A	 � 1Bun

�
: yn �

(6.77)
and & yn & Y s M & un & U , hance & C � α 
 A	�� 1Bun & Y s 2M & un & U . Consequently,
Czn # 0 asn # ∞.

2� Σ is compatible: By density(seeLemmaA.3.10),C hasa continuous
extensionto theclosureH̄1B of H1B in HB. BecauseHB is a Hilbert space,this
extensionhasan extensionCc �ºF � HB � Y 	 , by LemmaA.3.11. Thus,Cc and
Dc :

� ����
α 	ö
 Cc

�
α 
 A	 � 1B form acompatiblepair for Σ. 4

Next we list thebasicpropertiesof compatiblepairs:

Lemma 6.3.10 Let Σ, Cc andDc beasin Definition6.3.8.Then

(a)
����

s	 � Dc
�

Cc
�
s 
 A	 � 1B for all s � C �ω .

(b) If x0 � H, u � W1 M 2
loc
�
R � ;U 	 , and Ax0

�
Bu
�
0	 � H, then

�
x0
� �

u
�

Ccx
�

Dcu � W1 M 2
loc
�
R � ;Y 	 , wherex :

� 

x0
� � τu.

(c) If u � W1 M 2
ω
�
R;U 	 , then

�
u
�

Ccx
�

Dcu � W1 M 2
ω
�
R;Y 	 , where x :

� �
τu.
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(d1) Σ is uniquelydeterminedby ` A B
Cc Dc c (theconverseholdsiff H1 is densein

HB).

(d2)Conversely, Σ determines
� A B
C B ! uniquely, andCc canbechosento beany

continuousextensionof the closure of C (on the closure of H1 in W); this
choicedeterminesDc uniquely.

(d3) Let also
� û
Cc �éüDc 	 be a compatiblepair for Σ. Then ¢ � û

Cc on HB iff
Dc
� üDc.

(e) If
�

is WR (resp. SR), then
�
CL Mw � D 	 and

�
Cw � D 	 (resp.

�
CL M s � D 	 and�

CL M s � D 	 ) arecompatiblepairs for Σ.

(f) Cc andDc maybenonuniqueevenif Σ is veryregular (e.g.,
� �

0
� �

).

(g)
�
α 
 A	 � 1B ��F � U � HB 	 / F � U � W 	 for anyα � σ

�
A	 c, andHB /c W.

By causality, in (c) it is enoughthatπ i � ∞ M T ^ u � W1 M 2
ω
�
R;U 	 for eachT

1
0.

Proof: (a) This follows from (6.40)andtheResolventEquation.
(b) (Note that, given just u, we can always take x0 :

� �
s 
 A	 � 1Bu

�
0	 .)

Assumethat u � W1 M 2 � R � ;U 	 (for the generalcase,choosesomeT
1

0 and
extendu on

�
T � � ∞ 	 so thatu � W1 M 2; thevaluesof x and

�
x0
� �

u on W 0 � T X
remainunchanged,by thecausalityof

�
).

Becausee� ω � x �v¢ b
�
R � ;HB 	 , by Theorem6.2.13(b1),the Laplacetrans-

form of f :
�

Ccx
�

Dcu is

f̂
�
s	 � Cc

�
x
�
s	 � Dc

�
u
�
s	 � Cc W � s 
 A	 � 1x0

� �
s 
 A	 � 1B

�
u
�
s	 X � Dc

�
u
�
s	f� (6.78)

which equalstheLaplacetransformof
�

x0
� �

u. Both functionsarecontinu-
ous,henceequal.

(c) Seetheproof of (b).
(d2) The first claim follows from Lemma6.1.16(d). Conversely, let H

�
be the closureof H1 in W, and let H

�ý�
be its orthogonalcomplementin W.

Obviously,Cc is uniquelydeterminedonH
�
, andCc

n
H 0 0 canbechosento beanyF � H �ý� � U 	 operator;this choicedeterminesDc uniquely, by Definition6.3.8.

(d1) The uniquenessfollows from (a) andLemma6.2.9(a). The converse
holdsif f H1 is densein W, by (d2).

(d3) If Cc
� û

Cc onHB, thenDc
� üDc, by definition.Conversely, let Dc

� üDc.
ThenCc

� û
Cc on

�
α 
 A	 � 1B WU X . But Cc

�
C
� û

Cc on H1, henceCc
� û

Cc on
H1
� � α 
 A	 � 1B WU X � HB, by linearity.
(e) This follows from Proposition6.2.8.
(f) Let

� �
0
� �

(so that
�

is uniformly half-plane-regular etc.), BU Ã
H
���

0 � andKer
�
B	 ��� 0 � (so that

�
α 
 A	 � 1B �ìF � U � H �ý� 	 is an isometric

isomorphismonto,in termsof theproofof (d2);hereα is asin Lemma6.1.16).
Thenwe canchooseanarbitraryDc �ëF � U � Y 	 , anddefineCc on H

�2�
H1

by Cc
n
H 0 � C, andon H

�ý�
by Cc

�
α 
 A	 � 1B :

� ����
α 	}
 Dc �ºF � U � Y 	 , so that

Cc ��F � H � d H
�ý� � Y 	 , and

�
Cc � Dc 	 is a compatibleoutputoperatorpair for Σ.

(g) By Corollary A.3.7, we have HB /c W, hence F � U � HB 	 / F � U � W 	 .
Trivially, & � alpha 
 A	 � 1Bu0 & HB s & u0 & U for all u0 � U if α is asin Defini-
tion 6.1.17.Sincea differentα leadsto anequivalentnormon HB, asnotedat
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theendof Definition6.1.17,wehave
�
α 
 A	 � 1B �²F � U � HB 	 for any α. 4

If B is bounded,thenHB
�

H1, sothatCc
�

C is essentiallytheonly possible
choiceof Cc. If B is unboudedandU

�
C (evenif C werebounded),thenDc can

bechosenarbitrarily:

Lemma 6.3.11 LetΣ � WPLS
�
C � H � Y 	 haveB unbounded,i.e., B1 �� H. Choose

r
1

ωA and setxB :
� �

r 
 A	�� 1B1. Then & x1
� αxB & H 0B :

� n
α
n
2 � & x1 & 2H1

is an

equivalentnormfor HB
�¤�

x1
� αxB �� x1 � H1 � α � C � .

Let y0 � Y be arbitrary. Define, Cc
�
x1
� αxB 	 :

�
Cx1

� αy0, so that Cc �F � HB � Y 	 becomesan extensionof C ��F � H1 � Y 	 andhence
�
Cc � Dc	 are compat-

ible generatorsof Σ, where

Dc :
� ����

r 	¾
 Cc
�
r 
 A	 � 1B

� ����
r 	Ô
 CcxB

� ����
r 	Ô
 αy0 �8F � C � Y 	 � YR (6.79)

Thus,Dc ��F � C � Y 	 canbechosenarbitrarily. 4
(All this is straightforward.)
In particular, the“compatiblefeedthroughoperator”Dc �²F � C 	 canbechosen

arbitrarily in Example6.2.14.If we takeDc �� 0, thenit becomescompensatedin
Cc. If we replaceC by 0 in Example6.2.14,thenDc �� 0 implies thatCc �� 0 —
thus,thecompatiblegeneratorsarenotuniqueevenfor boundedC.

How to recognizea suitablepair
�
Cc � Dc 	 ? Quiteeasily:

Lemma 6.3.12 Let Σ
�A�-� ��  "! � WPLSω

�
U � H � Y 	 . If (1.) or (2.) holds, then�

Cc � Dc 	 is a compatiblepair for Σ.

(1.) Cc : HB # Y is linear, Dc �£F � U � Y 	 , C / Cc and
����

s	 � Dc
�

Cc
�
s 
 A	 � 1B

for somes � C �ω ;

(2.) Cc �®F �W� Y 	 , Dc �®F � U � Y 	 , C / Cc, and
�T�

u	 � 0	 � Dcu
�
0	 � Ccx

�
0	

whenever u
�

φu0, u0 � U andφ �Â¢ ∞
c
�
R 	 .

Recallthat“C / Cc” meansthatCc is anextensionof C.
Proof:
(1.) Now Cc

�
α 
 A	 � 1 � x0

�
Bu0 	 � C

�
α 
 A	 � 1x0

� W ���� α 	*
 Dc X u0 s
M W & x0 & � & u0 & X for all x0 � H, u0 � U , where M :

�
max

� & C � α 

A	 � 1 & � & ��ð� α 	¾
 D & � , henceCc �8F � HB � Y 	 , hence

�
Cc � Dc 	 is acompatiblepair

for Σ.
(2.) Because¢ ∞

c
�
R 	 is densein W1 M 2

ω
�
R 	 , by TheoremB.7.3 andLemma

B.7.10,we may chooseany φ � W1 M 2
ω
�
R 	 , by continuity (indeed,by Lemma

6.3.19,we have
� ��F � W1 M 2

ω ;HB 	 ; by TheoremB.7.4 andLemmaB.7.10,we
also have

�
φu0 Y# φ

�
0	 u0 	 �®F � W1 M 2

ω � U 	 ; by Theorem6.2.13(b1),y � W1 M 2
ω ,

hencealsoy Y# y
�
0	 is continuous).

By causality, we may take φ
�

est for any s � C �ω (sinceπ i � ∞ M 0Ë φ � W1 M 2
ω ).

FromLemma6.2.10weobtainthat����
s	 u0

�
Dcu0

�
Cc
�

u
� �

Dc
�

Cc
�
s 
 A	 � 1B	 u0 R (6.80)

Sinceu0 � U wasarbitrary, wehaveDc
� ����

s	Ô
 Cc
�
s 
 A	 � 1B. 4
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Next few lemmaswill give necessaryand sufficient conditions for given
operatorsto bethegeneratorsof aWPLS:

Lemma 6.3.13(Generatinga WPLS) Operators ` A B
Cc Dc c are compatiblegen-

eratorsof a WPLS
�9� ��  "! � WPLS

�
U � H � Y 	 iff thefollowingconditionshold:

(1.) A is thegenerator of a C0-semigroup



on H.

(2.) B ��F � U � H � 1 	 , andthere is T
1

0 s.t.for all u � L2 � Wþ
 T � 0	 ;U 	 wehave�
u :
� P 0� T


 � 
 s	 Bu
�
s	 ds � H R (6.81)

(3.) Cc ��F �W� Y 	 , Dc ��F � U � Y 	 andHB / W /c H.

(4.) Themap
�

: H1 # ¢ � R � ;Y 	 definedby� �
x	 � t 	 :

�
Cc

 �

t 	 x � �
x � H1 � t g 0	 (6.82)

canbeextendedto a continuousmapH Y# L2 � W 0 � T 	 ;Y 	 for someT
1

0.

(5.) For someω
1

ωA andT
1

0, the map
�

: ¢ ∞
c
�G�

0 � T 	 ;U 	~# ¢ b
�G�

0 � T 	 ;Y 	
definedby �T�

u	 � t 	 :
�

Cc
�

τ
�
t 	 u � Dcu

�
t 	 �

t � R 	f� (6.83)

canbeextendedto a continuousmapL2
ω
� W 0 � T 	 ;U 	¾# L2

ω
� W 0 � T 	 ;Y 	 for some

T
1

0.

If this is the case, then
��� ��  "! � WPLSω

�
U � H � Y 	 for any ω

1
ωA; conse-

quently,
����

s	 � Dc
�

Cc
�
s 
 A	 � 1B for s � C �ωA

. (Here
�

,
�

and
�

are theunique
continuousextensionsof operatorsdefinedin (6.81)–(6.83).)

By thelastclaim,
��� ��  "! is WR iff Cc

�
s 
 A	 � 1B convergesweaklyass # � ∞

(thelimit is thenD 
 Dc, which neednotbezero,cf. Lemma6.3.10(e)).
If we know that

� 
 � ! � WPLS, then (1.) and (2.) are redundant;if�-� � ! � WPLS, then(1.) and(4.) areredundant.
Proof: 1� “Only if ”: This follows from Lemma 6.1.16 and Lemma

6.3.10(c).
2� “If ”: Let ωA ( α ( ω, and chooseM s.t. & 
 � t 	 & s Meαt (t g 0).

Note first that
� 
 � ! � WPLSω

�
U � H � 1 � � 0 � 	 , which follows from the α-

boundednessof



andtheextended
�

definedby
�

u :
� � R N 
 � 
 S 	 Bu. But the

rangeof
� ��F � L2 � Wþ
 T � 0	 ;U 	f� H � 1	 is in H, hence

� �ÂF � L2 � Wþ
 T � 0	 ;U 	f� H 	 ,
by LemmaA.3.6.

Then ÿ � T ��  �� generatea eω-stable wpls, say ∆SûΣ (see Section 13.4);

let `��� ���� � c :
�

∆S � 1 � ∆SûΣ 	 be the corresponding“WPLS”. Thenthe quadruple`��� ���� � c is “ω-stable”,by Lemma13.3.8.



194 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

Oneeasilyverifiesthatthisquadrupleis aWPLSandhasgenerators
� A B
C B !

(hencecompatiblegenerators̀ A B
Cc Dc c ).

3� Thelasttwo claimsfollow from Lemma6.1.10andTheorem6.2.11(d1).4
Corollary 6.3.14(

@ 
 � D@ 
 � D@ 
 � D ) Assumethat



is a C0-semigroup and that C �F � H1 � Y 	 . Then W AC X generate a WPLS iff there are T
1

0, M ( ∞ s.t.& C
 x0 & L2 iÓ] 0 M T ^ ;Y ^ s M & x0 & H for all x0 � H1. 4
(Apply Lemma6.3.13with B

�
0, D

�
0 andW

�
H1.)

Wesometimesneedthefollowing frequency-domainvariantof Lemma6.3.13:

Lemma 6.3.15(Generatinga ÑWPLSÑWPLSÑWPLS) Operators
� A B
C D

! �îF � H1 d U � H d Y 	
generatea WPLSiff (1.) A generatesa C0-semigroupon H (seeTheoremA.4.3),
andthereare ε

1
0 andω

1
ωA ands0 � C �ωA

s.t. for each x0 � H wehave

(2.) B
B � S 
 A

B 	 � 1x0 � H2 � C �ω ;U 	 ;
(4.) C

� S 
 A	 � 1x0 � H2 � C �ω ;Y 	 ;
(5.)

� S 
 s0 	 C � S 
 A	 � 1 � s0 
 A	 � 1B � H∞
∞

For
� A B
C D

! to generatea WRWPLS,wemayreplace(5.) by theassumption
that D

�
Cw
� S 
 A	 � 1B � H∞ � C �ω ; F � U � Y 	L	 , but we must require that HB /

Dom
�
Cw 	 , i.e., thatCr

�
r 
 A	 � 1 � ω 
 A	 � 1Bu0 convergesweaklyfor all u0 � U.

One may replace(5.) by the assumptionthat the map (6.51) extendsto a
continuousoperatorL2 � W 0 � T 	 ;U 	U# L2 � W 0 � T 	 ;Y 	 . Naturally, the WPLS is ω-
stablefor any ω

1
ωA.

Proof: (Analogousresultsaregiven in Chapter9 of [Sbook], so we only
sketcha proof.) Necessityfollows from Theorem6.2.11. For the converse,
assume(1.)–(5.). The operator

�
of (6.82) satisfies �� x0

�
s	 � C

�
s 
 A	 � 1x0

for all x0 � H1, hence(1.), (4.) andLemma6.3.13apply that
�-� �*! � WPLS.

Analogously, ` � d� d c � WPLS, hence
� 
 � ! � WPLS. By (d2) (seealso

(d1)) of Theorem6.2.11, LemmaD.1.26 and Lemma 6.2.10, we have that
π � � π � � �½� , hence

��� ��  "! � WPLS. 4
A boundedoperatorwill alwaysdo asa generator:

Lemma 6.3.16(BoundedBBB or CCC)

(a) Let B �7F � U � H 	 , C �ëF � H � Y 	 andD �7F � U � Y 	 , and let A generatea C0-
semigroup on H (e.g., A �ºF � H 	 ). Then

� A B
C D

! generate a WPLSthat is
ULR.
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(b) (BoundedBBB) Let
� A
C
! generate

��� �*! � WPLS
� �

0 � � H � Y 	 , i.e., let A generate
aC0-semigroup



, andletC �²F � Dom

�
A	f� Y 	 bes.t. themap

�
: Dom

�
A	Ô#¢ � R � ;Y 	 definedby� �

x	 � t 	 :
�

C

 �

t 	 x � �
x � Dom

�
A	f� t g 0	 (6.84)

canbeextendedto a continuousoperator H Y# L2 � W 0 � ε 	 ;Y 	 for someε
1

0.

AssumethatB �8F � U � H 	 andD ��F � U � Y 	 . Then
� A B
C D

! generatea WPLS,�
is ULR,andHB

�
Dom

�
A	 with equivalentnorms.

If ωA ( 0, then
�

is strongly half-plane-regular. If
�

is ω-stable, then�� 
 D � H2
strong

�
C �ω ; F � U � Y 	G	 .

(c) (BoundedCCC) Let
�

A B ! generate
� 
 � ! � WPLS

�
U � H � � 0 � 	 , i.e.,

let (1.)–(2.)of Lemma6.3.13hold.

AssumethatC �7F � H � Y 	 andD ��F � U � Y 	 . Then
� A B
C D

! generatea WPLS
Σ, and

�
is ULR.

(d) In (a)–(c), Σ and Σd are ULR and ω-stablefor any ω
1

ωA, and
����

s	 �
D
�

C
�
s 
 A	 � 1B (s � C �ωA

). If ωA ( 0, then
�

and
� d are weaklyhalf-

plane-regular.

Thus,any WPLSwith a boundedB or C is ULR; in particular,
�

τ is always
ULR (with zero feedthrough!),since it has the realization   A B

I 0 ¡ . Sinceany
boundedA ( �£F � H 	 ) generatesthe(uniformly continuous)C0-semigroupeAt with
H1
�

H
�

H � 1, theoperatorsB, C andD arenecessarilyboundedif A is bounded.
Proof: (a) It follows from, e.g., (c), that

� A B
C D

! generatea WPLS. By
LemmaA.4.4(c3),this WPLSis ULR.

(b) Apply (c) to Σd (seeLemma6.1.4) to seethat Σd � WPLS andΣd is
ULR (hencesois Σ). If ωA ( r ( 0, thenC

�
s 
 A	 � 1B � H2

strong
�
C �r ; F � U � Y 	G	 ,

by Theorem6.2.11(c2),hence
� 
 D is stronglyhalf-plane-regular(hencesois�

), by Proposition6.3.3(a).
Obviously, HB

�q�
x0 � H �� Ax0 � H � � Dom

�
A	 . BecauseHB / H and

Dom
�
A	 / H, continuously, their topologiescoincide,by CorollaryA.3.7, i.e.,

they haveequivalentnorms.
If
�

is ω-stable, then C
�
s 
 A	 � 1 � H2

strong
�
C �ω ; F � H � Y 	G	 , by Theorem

6.2.11(c2),hencealsothelastclaimholds.
(c) 1� WPLS:Let ω

1
ωA sothat

� 
 � ! � WPLSω, by Lemma6.1.10.
Set

�
x0 :

�
π � C


 � S 	 x0 for x0 � H. Obviously,
� ��F � H � L2

ω 	 , hence(1.)–(4.)
of Lemma6.3.13hold.

Set
�T�

u	 � t 	 :
�

D
�

C
�

τ
�
t 	 u (i.e., “y

�
Cx
�

Du”) for u � L2
ω, t � R. By

Theorem6.2.11(a)&(b1),wehave
��
u
�

D
�
u
�

C
�
s 
 A	 � 1B

�
u for u � L2

ω
�
R � ;U 	 .

ButC
� S 
 A	 � 1B � H∞ � C �ω ; F � U � Y 	G	 , by Theorem6.2.11(b2),henceD

�
C
�
s 


A	 � 1B definessome
� � � TICω

�
U � Y 	 . By theobvioustime-invarianceof

�
, we

have
�

u
� � �

u for u � L2
ω
�
R � ;U 	 , hencealso(5.) of Lemma6.3.13is satisfied.

2� ULR: By Theorem 6.2.11(b3), we have & C � s 
 A	�� 1B & t i U MY ^ s
M
� ¹ Res 
 γ for γ

1
ωA, s � C �γ , M :

� & � &2& C & � ¹ 2, hence
� � ULR.

(d) Seetheproofsof (b) and(c) (anduseduality). 4
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The statefeedbackoperatorcorrespondingto a Riccati operatoris of the
following form (exceptthatT is notalwaysbounded):

Lemma 6.3.17 Let
� � ��  ! � WPLS

�
U � H � Y 	 , K

�
SC
�

T, S �ÅF � Y� Z 	 , T �F � H � Z 	 .
Then

@ A B

K D generate
�ó� �� b ! � WPLS

�
U � H � Z 	 . Moreover, { � S

� �
T
�

τ � E, whereE ��F � U � Z 	 is arbitrary, andH
B
C M K � H

B
C.

If
�

is WR (resp. SR, UR, WLR, SLR, ULR, WVR), then so is { , and
F
�

SD
�

E, i.e., { � S
�T� 
 D 	 � T

�
τ � F. In particular, if

� � ULR, then
I 
8{ �vr TIC∞ � I 
 F �®r�F � U 	 ,

Thus, if
� � ULR andZ

�
U , thenK is an ULR admissiblestate-feedback

operator(seeDefinition6.6.10).
Proof: 1� �é� �� b ! � WPLS: Now K



x0
�

S
�

x0
�

T



x0 for x0 � H1, hence�é�� ! � WPLS. But if weset { � S
� �

T
�

τ � TIC∞
�
U � Z 	 , then� � �

π � � S� � T

"� 	 π � � π � � S� � T

�
τ 	 π � � π �|{ π � � (6.85)

hence
�ó� �� b ! is a WPLS.By Lemma6.1.16(d),{ is uniquemoduloa constant

E ��F � U � Z 	 .
2� Now Ran

�
K
B 	 � Ran

�
C
B
S
B �

T
B 	 / H

�
Ran

�
C
B 	 , hence

�
ᾱ 
 A

B 	�� 1K
B /

H
B
C (seeDefinition6.1.17).

3� Because
�

τ � ULR Ã WVR with feedthrough zero, by Lemma
6.3.16(c)&(d), { inheritsthe regularity propertiesof

�
up to ULR andWVR,

andF
�

SD
�

E. Thelastclaim follows from Proposition6.3.1(c). 4
We still needseveral moreauxiliary technicallemmason generatorsfor the

needsof laterchapters.Thefollowing equivalentnormon HB makestheir proofs
simpler:

Lemma 6.3.18( & x0 & HB& x0 & HB& x0 & HB) Thenorm & S & �HB
, definedby& x0 & �HB

:
� & x0 & H � inf

u0 $ U � & Ax0
�

Bu0 & H � & u0 & U 	Z� (6.86)

is equivalentto & S & HB.
In particular, if un # u∞ in U, xn # x∞ in H andAxn

�
Bun # Ax∞

�
Bu∞ in

H, asn # ∞, thenxn # x∞ in HB.

Even & x0 & �ý�HB
:
� & x0 & H � infu0 $ U � & Ax0

�
Bu0

�
sx0 & H � & u0 & U 	 , wheres � C

is fixed,is equivalentto & x0 & HB, asonecanseefrom theproof below.
Proof: (Recall that & x1 & H :

�
∞ for x1 �� H etc.) Let α be asin Definition

6.1.17.
1� Theequivalence:Onecanrewrite thedefinitionof & x0 & HB by& x0 & HB :

�
inf
� � & Ax0

�
Bu0 
 αx0 & 2H � & u0 & 2U 	 1� 2 �� u0 � U � Ax0

�
Bu0 � U � R

(6.87)
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Thus, & x0 & HB s max
� n

α
n � 1 � & x0 & �HB

. It followsthat & x0 & �HB

�
0 � x0

�
0. Now

thereadercaneasilyverify that & S & �HB
is a norm.

ChooseM s.t. & S & H s M & S & HB. Assume that & x0 & HB ( 1, so that& Ax0
�

Bu0 
 αx0 & H ( 1 and & u0 & U ( 1 for someu0 � U , by (6.87).It follows
that & x0 & �HB ( M

� �
1
� αM

�
1	 . Thus, & S & �HB s �

2
� � nα n � 1	 M 	 & S & HB.

Consequently, thetwo normsareequivalent.
2� “x n # x∞”: Obviously, & xn 
 x∞ & �HB s & A � xn 
 x∞ 	 � B

�
un 
 u∞ 	 & H �

γ & xn 
 x∞ & H � & un 
 u∞ & U # 0 asn # ∞. 4
By definition,an input map

�
mapsL2

ω # H continuously. Smootherinputs
give “smootherstates”,asnotedin Theorem6.2.13(c1)&(c2)andbelow:

Lemma 6.3.19(
�

: W1 M 2
ω # HB

�
: W1 M 2

ω # HB
�

: W1 M 2
ω # HB) Let

� 
 � ! � WPLSω
�
U � H � � 0 � 	 . Then

there is M ( ∞ s.t. & � τt u & HB s Meωt & u & W1 Ê 2
ω iÓi � ∞ M t ^ ;U ^ and & � � τu	 i n̂ � t 	 & H s

Meωt & u & Wn% 1 Ê 2 for all u � Wn M 2
ω
�G� 
 ∞ � t 	 ;U 	 , n � N. Moreover, & � α 


A	 � 1
�
I B! & t i H ¥ U MHB ^ s 1.

Proof: Thelastclaim follows from thedefinitionof HB. For theothers,we
take t

�
0 w.l.o.g.(notethat & τtu & Wn% 1 Ê 2

ω iÓi � ∞ M 0̂ ;U ^ � eωt & u & Wn% 1 Ê 2
ω iÓi � ∞ M t ^ ;U ^ ). Let

x :
� �

τu, sothaton
� 
 ∞ � t 	 wehavex

� �
Ax
�

Bu, i.e.,

x
� �

α 
 A	 � 1 � αx 
 x
� �

Bu	f� (6.88)

(let α bethenumberin Definition6.1.17).Therefore,& x � t 	 & HB s & u � t 	 & U � nα n & x � t 	 & H � & x� � t 	 & H R (6.89)

In particular, & x � 0	 & HB s M1 & u & W1 Ê 2
ω

� nα n & � &2& u & L2
ω

� & � &2& u� & L2
ω
, by Theorem

B.7.4(recall that
� �7F � L2

ω � H 	 andthatx
� � �

τu
�
). Useinductionfor thenth

derivative. 4
If A is not exponentiallystable,then

�
s 
 A	 � 1 might not exist for s � iR.

Nevertheless,equations
�
x
� � S 
 A	�� 1B

�
u and

�
y
�

C
�
x
�

D
�
u can be partially

recoveredon iR whenu, x andy arestable(take ω
�

0):

Lemma 6.3.20 Let
�
Cc � Dc 	 be a compatiblepair for

�9� ��  ! � WPLS
�
U � H � Y 	 .

Letω � R, u � L2
ω
�
R � ;U 	 andx :

� �
τu � L2

ω
�
R � ;H 	 . Then

�
s 
 A	 �x � s	 � B

�
u
�
s	 �

H � 1 (in particular,
�
x
�
s	 � HB) for a.e. s � ω � iR.

Assume, in addition, that y :
� �

u � L2
ω. Then

�
y
�

Cc
�
x
�

Dc
�
u � Y a.e. on

ω � iR. In particular, for ω
�

0 andJ ��F � Y 	 wehaveI �
u � J � uJ L2 i R;Y ^ � � 2π 	 � 1 I @ �x�

uD � κ @ �x�uD J L2 i iR;Y ^ � (6.90)

where κ :
� �

Cc Dc ! B J �Cc Dc ! .
Notethatwehave

I �
u � J � uJ � I W xu X � κ W xu X J wheneveru � W1 M 2 � R � ;U 	 , u

�
0	 �

0,
�

u � L2, by Lemma6.3.10(b)(for generalu � L2 having
� � L2, ananalogous

resultholdswhen
�

is WR). Herethe integrandsarecontinuous,whereasthose
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of (6.90)aredefinedonly a.e.In Lemma6.7.8,weshallshow thattheassumption
thaty � L2

ω is redundant.
Proof: 1� “

� S 
 A	 �x � B
�
u a.e. on ω � iR”: Recall that A �ÚF � H � H � 1 	

andB �ëF � U � H � 1 	 . We have
� S 
 A	 �x � B

�
u on C �ωA

, by Theorem6.2.11(b1),
henceonC �ω , byLemmaD.1.2(e)(bothfunctionsareholomorphicC �ω # H � 1).
Becauseboth

�
x and

�
u converge a.e.to their boundaryfunctions,by Theorem

3.3.1(a),alsotheboundaryfunctionsmustsatisfy
� S 
 A	 �x � B

�
u a.e.

2� “
�
y
�

Cc
�
x
�

Dc
�
u � Y a.e. on ω � iR”: Choosea null set N / R s.t.�

x
�
ω � ir

�
t 	)# �

x
�
ω � ir 	 , �y � ω � ir

�
t 	)# �

y
�
ω � ir 	 and

�
u
�
ω � ir

�
t 	�#�

u
�
ω � ir 	 , ast # 0

�
, for all r � R Æ N. Let r � R Æ N. Then

A
�
x
�
ω � ir

�
t 	 � B

�
u
�
ω � ir

�
t 	 � � ω � ir

�
t 	 �x � ω � ir

�
t 	 (6.91)# �

ω � ir 	 �x � ω � ir 	 � A
�
x
�
ω � ir 	 � B

�
u
�
ω � ir 	f�

(6.92)

as t # 0
�

. Therefore,
�
x
�
ω � ir

�
t 	C# �

x
�
ω � ir 	 in HB, by Lemma6.3.18.

Analogously, weseethat
�
x ��¢ � C �ω ;HB 	 .

But
�
y
�

Cc
�
x
�

Dc
�
u on C �ωA

, by Lemma6.3.10(a),hence
�
y
�

Cc
�
x
�

Dc
�
u on

C �ω , by continuity. Consequently,
�
y
�

Cc
�
x
�

Dc
�
u on ω � i

�
R Æ N 	 .

3� Weget(6.90)from (3.34). 4
In thesettingof theabove lemma,thefollowing estimateis oftenuseful:

Lemma 6.3.21( & Ccx0 & s M
� & x0 & � & u0 & 	& Ccx0 & s M
� & x0 & � & u0 & 	& Ccx0 & s M
� & x0 & � & u0 & 	 ) Let

�
Cc � Dc 	 bea compatiblepair for

Σ � WPLS
�
U � H � Y 	 . For each ω � R, there is Mω

�
Mω M Σ MDc ( ∞ s.t. for all

x0 � H � u0 � U � s � C �ω wehave& Ccx0 & Y s Mω
� & x0 & H � & u0 & U � & � s 
 A	 x0 
 Bu0 & H 	f� in particular � (6.93)

r � R &
�
ir 
 A	 x0

�
Bu0

� � & Ccx0 & Y s M0
� & x0 & H � & u0 & U 	fR (6.94)

Proof: Chooseα
1

ωA. Choosez � C �α � ω, so that s
�

z � C �α . Set
x1 :
�

sx0 
 Ax0 
 Bu0.
Then

�
s
�

z 
 A	 x0
�

zx0
�

x1
�

Bu0, i.e.,x0
� �

s
�

z 
 A	 � 1 � zx0
�

x1 	 � � s �
z 
 A	u� 1Bu0. Thus,by Lemma6.3.10(a),

Ccx0
�

C
�
s
�

z 
 A	 � 1 � zx0
�

x1 	 � � ��ð� s � z	Ô
 Dc 	 u0 R (6.95)

Consequently, we can take Mω :
� & �� & H∞ i C %α ; t i H MY ^Ó^ � n z n � 1	 � & � & TICα

�& Dc & t i U MY ^ ( ∞, by Theorem6.2.11(c2).
(Note thatMω

�
MΣ MDc M z, wherewe canfix, e.g.,z :

�
ωA
�

1 
 ω to obtain
Mω

�
MΣ MDc Mω.) 4

If
�

is ULR (or SLR), thenwecanimprovetheaboveestimate:

Lemma 6.3.22( & Cwx0 & s M & x0 & � ε & u0 && Cwx0 & s M & x0 & � ε & u0 && Cwx0 & s M & x0 & � ε & u0 & ) Let
�9� ��  ! � WPLS

�
U � H � Y 	 . If

�
is

ULR, then,for each ω � R andε
1

0, there is Mω M ε ( ∞ s.t.& Cwx0 & Y s ε & u0 & U � Mω M ε � & x0 & H � & � s 
 A	 x0 
 Bu0 & H 	H� (6.96)
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for all x0 � H, u0 � U ands � C �ω . If
�

is merely SLR,thenwecanstill choose
Mu0 Mω M ε ( ∞ satisfying(6.96)for any(fixed)u0 � U, ω � R andε

1
0.

Proof: Assumethat
�

is ULR. Given ε
1

0, chooseα
1

ωA s.t. & ���� z	}

D & t ( ε for all z � C �α . Work otherwiseasin theproofof Lemma6.3.21(with
Dc :

�
D, Cc :

�
Cw). Thenthenormof thelast termin (6.95)is at mostε & u0 & ,

henceweobtainMω M ε asabove.

If
�

is SLR, thenthe above proof appliesexcept that we have to choose
R
1

ω s.t. & ���� s	 u0 
 Du0 & t ( ε for all s � C �R. 4
Fromtheaboveestimate,weobtainthefollowing implications:

Lemma 6.3.23(
�

τ � SHPR&
� � SLR � � � SHPR

�
τ � SHPR&

� � SLR � � � SHPR
�

τ � SHPR&
� � SLR � � � SHPR) If

�
τ is UHPR and

�
is

ULR, then
�

is UHPR.If
�

τ is UVRand
�

is ULR, then
�

is UVR.This lemma
alsoholdswith Sin placeof U.

Proof: 1� � τ � UHPR: Let
�

τ be UHPR.Then
�

τ � TICω
�
U � H 	 for all

ω
1

0,hence
� � TICω

�
U � Y 	 for all ω

1
0,by Lemma6.1.10(b2).Givenε

1
0,

chooseM :
�

M0 M ε � 2 asin Lemma6.3.22. ChooseR
1

0 s.t. & � s 
 A	�� 1B &)(
ε
�
2M for s � C � s.t.

n
s
n 1

R.

Let u0 � U and & u0 & U �
1. Setu :

�
u0χR % , x :

� �
τu, y :

� �
u, so that

u � x � y � L2
ω for all ω

1
0. Obviously,

�
u
�
s	 � u0

�
s
�
s � C � 	 .

By Lemma6.3.20,wehave
�
s 
 A	 �x � s	 � B

�
u
�
s	 (hence

�
s 
 A	 s�x � s	 � Bu0)

and
�
y
�

Cw
�
x
�

D
�
u on C � (even if

�
s 
 A	 � 1 doesnot exist for all s � C � ).

Therefore,
����

s	 u0
�

s
�
y
�
s	 � Cws

�
x
�
s	 � Bu0 for s � C � , hence& � ���� s	Ô
 D 	 u0 & Y � & Cws

�
x
�
s	 & s ε

2 & u0 & � M & s�x � s	 & �
s � C � 	HR (6.97)

But s
�
x
�
s	 � �� τ

�
s	 u0 (sinceboth sidesare holomorphicon C � and equal to�

s 
 A	 � 1Bu0 onC �max� ωA M 0� ), hence& � ���� s	3
 D 	 u0 & s ε
�
2
�

Mε
�
2M

�
ε whenn

s
n 1

R.

2� � τ � UVR: This goesas in 1� , except that now we chooseR
1

0 for
givenβ

1
α  :

�
max

�
α � τ � ωA

� (cf. Definition6.2.3).

3� CasesSHPRand SVR:Work asin 1� or 2� but chooseR andM for a
fixedu0 � U (alternatively, replace

�
by
�

P and
�

by
�

P, wherePα :
�

αu0 for
all α � C, sothatΣ � WPLS

�
C � H � Y 	 (cf. Lemma6.7.17)andstrongbecomes

equivalentto uniform,sothatwecanapply1� or 2� ). 4
CurtainandWeiss[CW89] have shown that even if both B andC “fit to A”,

they neednot “fit” simultaneously(by Lemma6.3.16,this cannothappenif B or
C is bounded):
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Example 6.3.24 (
� A B
C

! �� WPLS
� A B
C

! �� WPLS
� A B
C

! �� WPLS) Let H :
���

2 � N andU :
�

Y :
�

C. Then the
systemdefinedby

A :
� ����	 
 1 
 2 
 3

...


����
 � B :
� ����	 111

...


����
 C :
�:�

1 1 1 RGRGR ! (6.98)

(andany D ��F � C 	 ) is notwell posed,but if we replaceC by�
1 
 1 1 
 1 1 RGRGR ! � (6.99)

thenthesystembecomeswell-posed(andUR). (SeeExample6.1of [CW89] for
proofs.) w

Givenany WPLSs
� 
 � ! and

�9� �*! , theoperators
� A B
C

! arethegenerators
of aWPLSiff �

α 
 S 	 C � S 
 A	 � 1 � α 
 A	 � 1B � H∞
∞ (6.100)

for some(henceall) α � C �ωA
(see,e.g.,Theorem9.4.6(iv) of [Sbook];in thiscase,

thetransferfunctionof thesystemis (6.100)plusanarbitraryconstantin F ).
Reachabilitymeansthatwecancontrolany initial stateapproximatelyto zero

andobservability meansthatany initial statecanbeobservedfrom theoutput:

Definition 6.3.25(Reachability and observability) The reachability subspace
H� and observability subpaceH � of Σ

�\��� ��  "! � WPLS
�
U � H � Y 	 are defined

by
H� :

� � W L2
c
�
R;U 	 X / H � H � :

�
Ker

� � 	 m / H R (6.101)

We call Σ (approximately)reachableif H� � H, and (approximately)observable
if H � � H. We call Σ exactly ω-reachable(in infinite time) if

�
is ω-stableand� W L2

ω
�
R;U 	 X � H; wecall Σ exactlyω-observable(in infinitetime)if

�
is ω-stable

and
� ��F � H � L2

ω 	 is coercive(wemaydrop ω for ω
�

0). If Σ is bothreachable
andobservable, thenΣ is calledminimal.

By exact reachabilityonesometimesmeansexact reachabilityin finite time
(i.e., thatRan

� � T 	 � H for someT
1

0, seeDefinition4.6of [WR00]).
By (d) below, reachabilityandobservability areextensionsof thecorrespond-

ing classical(finite-dimensional)concepts:

Lemma 6.3.26 Let Σ
�h�-� ��  "! � WPLSω

�
U � H � Y 	 , α � R. Thenthe following

hold:

(a1) Σ is [exactlyα-]reachableiff Σd is [exactlyα-]observable.

(a2)H� � H� d

�
Ran

� � 	 , andH � � H � d

�
Ran

� � B 	 .
(b1)H� is theclosurein H of anyof

� W L2
ω
�
R;U 	 X , � W ¢ ∞

c
�
R � ;U 	 X , ; t È 0Ran

� � t 	 .
(b2)H m� � Ã t È 0Ker

� � t 	 .
(b3) Let Σ

� � WPLS. If
� �|� ���

for some
� ��r TIC∞, thenH� 0 � H� . If� �¾� �ì�

for some
� �ìr TIC∞, thenH � 0 � H � .
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(c1) Let Σ bestable. ThenΣ is [exactly] reachableif
�|�oB 1

0 [
�|�ôB ¯ 0] on

L2; Σ is [exactly] observableif
�CBV� 1

0 [
�"B � ¯ 0] on L2.

(c2) If Σ is exactlyω-observable(resp.exactlyω-reachable),thenΣ is observ-
able(resp.reachable).

(d) LetA ��F � H 	 . Then,for anyt
1

0, wehave

H� � Ran
� � t 	 � span

� ;
n $ N Ran

�
AnB	G	�� (6.102)

Ker
� � 	 � Ker

� � t 	 � Ã n $ N Ker
�
CAn 	HR (6.103)

(e) If we replaceH by H� (with the topology inherited from H), we get a
reachablerealization@ P



P
B

P
��

P
B � D � WPLS

�
U � H� � Y 	 (6.104)

of
�

, where P ��F � H � H� 	 is the orthogonal projection H # H� . If
B ��F � U � H 	 , thentheinputoperator of (6.104)is PB �ÂF � U � H� 	 .
By taking, instead,P to be the orthogonal projectionH # H � , we get an
observablerealizationof

�
; if C is bounded,thenCP

B �ºF � H � � Y 	 is the
(bounded)outputoperator of (6.104).

(f) If C is boundedandinjective, thenΣ is observable.

(g)

 t WH� X / H� and

� 
 B 	 t WH � X / H � for all t g 0.

By (b3), statefeedbackpreservesreachabilityandoutputinjectionpreserves
observability; seeSection6.6 for details. Relationsto stabilizability and de-
tectabilityareexplainedonp. 241.

Part (d) doesnot hold for unboundedA in general,e.g., if Σ is the exactly
reachablerealizationof

� �
τ � 2 (seep. 159), then χ ] � 1 M 0̂ u0 � Ker

�
π ] 0 M 1̂ � 	*Æ

Ker
� � 	 , (andCAnχ ] � 1 M 0̂ u0 is notdefined).

Proof: (b1)By definition,H� is theclosureof;
t È 0Ran

� � t 	 �ñ; t � 0Ran
� �

π ] � t M 0̂ 	 � Ran
� � ;

t � 0 L2 � Wþ
 t � 0	 ;U 	L	fR (6.105)

But
;

t � 0L2 � Wþ
 t � 0	 ;U 	G	 � L2
c
�
R � ;U 	 and ¢ ∞

c
�
R � ;U 	 aredensein L2

ω
�
R � ;U 	 ,

by TheoremB.3.11,hence(b1)holds(notethat
� W L2

ω
�
R;U 	 X � � W L2

ω
�
R � ;U 	 X ).

(b2)Trivially, Ker
� � 	 / Ker

� � t 	 for any t
1

0. Conversely, if
�

x �� 0, then� t x �� 0 for somet
1

0.
(a2) Now Ran

� � d 	 � Ran
� �"B 	 � Ran

� � H 	 (see(6.2)), andRan
� � H 	 m �

Ker
� � 	 , by Lemma A.3.1(c7). Therefore,H � � Ran

� � d 	 � H � d , by (b1).
ExchangeΣd andΣ

� �
Σd 	 d to obtainthatH� d

�
H� .

(a1)Thereachabilityclaim follows from (a2).Theexactreachabilityclaim
follows from theidentity Ran

� � d 	 � Ran
� � H 	 (from (a2)).

(b3) We have
� t :

�
π ] 0 M t ^ � π ] 0 M t ^ �¤r)F � π ] 0 M t ^ L2 	 , by Lemma2.2.8, and� � � 	 t :

� � �
τtπ � � � t � t , henceH� 0 � H� . Apply this for

�
Σ
� 	 d to obtainthe

H � 0 � H � claim.
(c1)This follows from (c1) and(c9) of LemmaA.3.1and(a2)above.
(c2)This follows from (b1)and(a1).
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(d) SetX :
� Ã n $ N Ker

�
CAn 	 . Now


 t
�

eAt :
�

∑n $ N Antn � n!, hencex �
X � � �

x	 � t 	 � C

 t x

�
0 for all t g 0, henceX / Ker

� � 	 . Let t
1

0. By (b2),
we have Ker

� � 	 / Ker
� � t 	 . Let x � Ker

� � t 	 , so thatCeAsx
�

0 for s � W 0 � t 	 .
Dif ferentiatethis n timesandsets

�
0 to obtainthatCAnx

�
0; becausen � N

wasarbitrary, wehavex � X. Thus,Ker
� � t 	 / X, andhence(6.103)holds.

Therefore,H m� � H m� d

�
Ker

� � d 	 � Ã n $ N Ker
�
B
B �

A
B 	 n 	 , hence

H� � � Ã n $ N Ran
�
AnB	 m 	 m � �G� ; n $ N Ran

�
AnB	L	 m 	 m � span

� ;
n $ N Ran

�
AnB	G	HR
(6.106)

Set
û�

:
� � d. Then Ran

� � t 	 m � Ker
�G� � t 	 B 	 � Ker

�
π � τ � t � 	 � Ker

� û� t 	 �
Ker

� û� 	 � Ran
� � 	 m � H m� , hencealso(6.102)holds.

(e) By (g), we have P
B
P



P
B
P
� 


P
B
P (note that P

B �®F � H� � H 	 is the
embeddingH� # H, P

B
P ��F � H 	 is the orthogonalprojectionH # H� with

rangespaceH, andPP
B �

IH� ).
BecauseP

B
P
� � �

, alsothenew systemis anω-stableWPLS,by Lemma
6.7.17.

An analogousclaimholdsfor H � . If C �²F � H � Y 	 , thenCx0
� � �

x0 	 � 0	 � 0
for all x0 � H m� , hencethen(hereP �ëF � H � H � 	 is theorthogonalprojection)
CP



P
B �

C



P
B � �

P
B
, i.e.,C is the (unique)generatorof

�
P
B
. By duality,

wegettheclaim onB ��F � U � H 	 .
(f) Obviously, now Ker

�
C

 	 ��� 0 � .

(g) Let t g 0. We have

 t x0 � H� for all x0 � � L2

ω , by “2.” of Definition
6.1.1,hence


 t x0 � H� for all x0 � H� , by continuity. Thus,

 t WH� X / H� .

Apply this to Σd to observe that
� 
 d 	 t WH � d X / H � d ; which by (a2) means

that
� 
�B 	 t WH � X / H � . 4

Notes
Partsof Proposition6.3.1andLemma6.3.2arefoundin theliterature,asstated

in theproofs;therestis ratherobvious.
Theorem6.3.9is dueto G. Weiss[SW01a](with a somewhatdifferentproof)

andLemma6.3.13is from [Sbook],whichalsocontainsmethodssimilar to those
in Lemma6.3.11.Corollary6.3.14is well known.

An implicit form of Lemma6.3.22for boundedB andx0 � H1 is containedin
[Keu],p. 96. Example6.3.24is asimpleconclusionof [PW]. Definition6.3.25is
essentiallyfrom [Sbook],which containsfurther resultson mostsubjectsof this
section(its final versionprobablyoverlapsmorethanexplainedabove).

The regularity theory is usuallymore fruitful thancompatibility theory, but
the latter covers all WPLSs. In someapplications,anotherapproachthat also
coversall WPLSs,namelytheuseof acombined“C&D” operator, mightbemore
practical,see[AN] and[Sbook]for details.Next weshallmotivatetheconceptof
a compatiblepair andexplain thehistoryof this notion.

The Riccati equationtheoryof [WW] andof several articlesby O. Staffans
is basedon theassumptionthat thesystemis regularandthat thespectralfactor
of an optimationproblemis SR andhasan invertible feedthrough,so that also
the corresponding(optimal) closed-loopsystemis regular (this correspondsto
Proposition6.6.18(d4)).
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If the spectralfactor is merely WR with invertible feedthrough,then the
optimal closed-loopsystemmay be irregular (i.e., not even WR). Nevertheless,
we foundthatonecanstill find closed-loop“generators”thatproducetheoutput
pointwisefrom theinputandthestate(“y

�
Ccx

�
Dcu”), andthatbysuchmethods

one can extend most of Riccati equationtheory for arbitrary control problems
(regardlessof regularity, we only needcompatibleoutputoperators)as long as
some“compatiblefeedthroughoperator”of the spectralfactor is invertible. It
alsoappearedthatby usingthesemethods,thecompleteRiccati equationtheory
for optimalcontrolcanbeextendedto thecaseof a WR systemandWR spectral
factorwith invertiblefeedthrough.

This fact leadus to definetwo weaker “regularity properties”for a WPLSin
[Mik97a], the moregeneralof which (“infraregular outputoperators”)is equiv-
alent to compatibleoutput operators. We then developeda brief compatibility
theory (including early versionsof Lemmas6.3.10and 6.3.12and Proposition
6.6.18)andusedit to derive this extendedRiccatiequationtheory. (We usedthe
theoryin themanuscriptof [Mik97b] for theWR case,but in thefinal versionof
[Mik97b] thetheoryis usedonly implicitly, for briefness.)

After finding thatWilliam Heltonuseda similar conceptfor ULR systemsin
[Helton76a],O. Staffansdevelopedthetheoryto arathermaturestatein [Sbook].
StaffansandWeissalsopresentedthis theory in [SWcompatible]and[SW01a],
the formerof which treatstherelationsbetweenthe threeapproachesmentioned
above (compatibility, regularity and“C&D”; notethatat thattime not all WPLSs
wereknown to have compatiblepairs). We refer the readerto theseworks for
furtherinformationoncompatibility.
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6.4 Spectral and coprime factorizations (
³ ���� 
 1)

Scienceis spectral analysis.Art is light synthesis.

— Karl Kraus(1874–1936)

In this section,we shall definespectralfactorization,right, left anddoubly
coprimefactorization,weak forms of coprimeness(quasi-,pseudo-),and inner
andlosslessfactorization.We thenexplain thebasicpropertiesof theseconcepts
to thedegreerequiredby thenext two sectionsandChapter7.

Thereaderswhowishto haveadeeperunderstandingof thesubject,maywish
to readalsoSection6.5,which is a furtherstudyoncoprimeness,or Chapter5 on
spectralfactorization. Other readersmay skip the next sectionandvisit it only
whenpointedby a reference.

The importanceof the factorizationsmentionedabove is due to several
reasons.For example,dynamicstabilizationis intimatelyconnectedwith coprime
factorizationsof the I/O map of the plant (see Chapter7), and so is joint
stabilizabilityanddetectability(Theorem6.6.28).

Stablecontrolproblemscanbesolvedby usinga spectralfactorizationof the
correspondingPopov operator(

� B
J
�

, where
I
y� JyJ L2 i R % ;Y ^ is the cost function

of the problem),and unstableproblemsby using a coprime, inner-right/left or
losslessfactorization(dependingon the problem) of the I/O map (

�
) of the

system;this will beexplainedin Part III.

We shallstartthis sectionby definingthreeformsof coprimeness.In number
theory, the word “coprime” meanshaving no commondivisors (except units).
Thus,numbersn � m � Z arecoprimeif f n

�
n0k � m

�
m0k, n0 � m0 � k � Z implies

thatk is aunit (i.e., invertible,hencek
� õ 1). It is well known thatanequivalent

conditionis thatxm
�

yn
�

1 for somex � y � Z, i.e.,that W nm X hasaleft inverse(e.g.,�
x y! � Z d Z).

If
�� � �� ��� :

�î�
rationalboundedscalarfunctionsC � # C � , then

��
and

��
have no commondivisor (exceptunits, i.e., elementsof r�� ) if f ` Ï� Ï� c hasno left

inversein � (equivalently, in H∞ � C � 	 ), by pp.70and386of [Vid] (ananalogous
claim holdsfor any otherprincipalidealdomainin placeof � ).

For H∞ � C � 	 in placeof � , the lattercondition(traditionallycalledcoprime-
ness)becomesstrictly strongerthantheformer(which is sometimescalledweak
coprimeness;we shallnot needit). For matrix- or operator-valuedfunctions,we
mustdistinguishbetweenright andleft coprimeness(whichimply having nocom-
monright or left divisors,respectively; seethecommentsbelow Lemma6.5.2for
furtherinformation).Therefore,weshallusethetraditionaldefinitionof coprime-
ness;wesupplementit by two weaker concepts:
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Definition 6.4.1(Coprime)

(a) Theoperators
� � TIC

�
U � Y 	 and

� � TIC
�
U 	 are right coprime(r.c.), if

�
and

�
togetherwith some

û� � û­ � TIC satisfythe(right) Bezoutidentityû­ � 
 û��� � IU R (6.107)

(b) Theoperators
û� � TIC

�
U � Y 	 and

û� � TIC
�
Y 	 are left coprime(l.c.), if

û�
and

û�
togetherwith some

� � ­ � TIC satisfythe(left) Bezoutidentityû� ­ 
 û��� � IY R (6.108)

(c) Theoperators
� � � � û� � � � TIC are doublycoprime(d.c.), if they together

with some
� � ­ � û� � û­ � TIC satisfythedoubleBezoutidentity@ � �� ­ D = û­ 
 û�
 û� û� ? � @ IU 0

0 IY D � = û­ 
 û�
 û� û� ? @ � �� ­ D R (6.109)

In (a)–(c),weaddthewords“ over
À

”, if
À / TIC andtherequirementsare

metwith
À

in placeof TIC. Theword exponential, e.g., in “exponentiallyd.c.”
will referto “o verTICexp”.

(d) Theoperators
� � TIC

�
U � Y 	 and

� � TIC
�
U 	 are pseudo–rightcoprime

(p.r.c.) if
�� B �� � ��®B �� g εI onC � for someε

1
0.

We call
� d � � d pseudo–leftcoprime (p.l.c.) if

� � � are p.r.c. (i.e., iff�� �� B � �� �� B g εI onC � for someε
1

0).

(e) The operators
� � TIC

�
U � Y 	 and

� � TIC
�
U 	 are quasi–rightcoprime

(q.r.c.) if
� �� ! u �� L2 wheneveru � L2

∞
�
R � ;U 	3Æ L2.

Wecall
� d � � d quasi–leftcoprime(q.l.c.) if

� � � areq.r.c.

(f) By the coprimenessof
�� � H∞ � C � ; F � U � Y 	G	 and

�� � H∞ � C � ; F � U 	G	 we
refer to the coprimenessof

�
and

�
(in any of the above senses). An

analogouscommentappliesto Definition6.4.4.

(RecallthatL2
∞ :
��;

ω $ RL2
ω; seeTheorem6.2.1for (f).) Beforemotivatingthe

abovedefinitions,weobservesomebasicfacts:

Lemma 6.4.2 D.c. impliesr.c. andl.c., r.c. impliesp.r.c.,andp.r.c. impliesq.r.c.
Themaps

� � TIC
�
U � Y 	 and

� � TIC
�
U 	 are[p.]r .c.iff

� �� ! is [pseudo-]left-
invertiblein TIC

�
U 	 , or equivalently, iff

� d and
� d are [p.]l.c. Themaps

�
and�

areq.r.c. iff
� �� ! is quasi-left-invertiblein TIC

�
U 	 .

(Seepp.128and131for pseudo/quasi-left-invertibility.)
The above facts will be used in the sequelwithout further mention; the

sameappliesto theobviousfact that if
� ��r TIC

�
U 	 and

� � TIC
�
U ����	 (resp.� � TIC

� ��� U 	 ), then
�

and
�

arer.c. (resp.l.c.). (Analogousclaimshold for
pseudo-or quasi-left-invertible

� � TIC
�
U 	 ; e.g., τ � 1 and

�
are q.r.c. (resp.

q.l.c.).)
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The useof any “left” resultsis minimal in this monograph,we preferusing
“right” 3 resultsandtheduality statedin thelemma.Explicit formsof many such
“left” resultscanbefoundin [Sbook].

Proof of Lemma 6.4.2: Trivially, d.c. implies r.c. andl.c.; the othertwo
implications follows from Lemma 6.5.2(ii)&(b1). The equivalencefollows
directly from thedefinitions. 4
It is instructive to observe the meaningof coprimenessin the caseof scalar

transferfunctions:

Lemma 6.4.3 Let
� � � � TIC

�
C 	 . Thenthefollowingareequivalent:

(i)
�

and
�

are [p.]r .c.

(ii)
�

and
�

are [p.]l.c.

(iii)
n �� n � n �� n g ε on C � for someε

1
0.

If
��

and
��

arecontinuousonC � ;ð� ∞ � (e.g., they arerationalor in ÑMTICL1
),

then(iii) holdsiff
��

and
��

haveno commonzeroson C � ;²� ∞ � . 4
(This follows from Lemma6.5.3(a)&(c)andthecompactnessof C � ;²� ∞ � .)
Thus,if

�
and

�
arescalarandcoprime,and

� ��r TIC∞, then“
�

cancels
no polesof

� � 1”, i.e., “
� � 1 and

� � � 1 have thesamepoles”.SeeLemma6.5.4
for thegeneralcase.

Classicalcoprimenesshasits advantages,especiallyin dynamicfeedback(see
Chapter7) including the H∞ four-block problem. However, the most useful
propertiesof coprimenessare the onesgiven in (b1) and(c1) of Lemma6.5.1,
hencefor mostresultsusingcoprimeness,alsoquasi-coprimenessis a sufficient
assumption.

Furthermore,quasi-coprimenesshas two importantadvantagesto coprime-
ness:it canoftenbemoreeasilyverifiedandit is preservedin inversediscretiza-
tion (seeTheorem13.4.4(e1);we do not know if this is the casefor pseudo-
coprimeness),thusallowing usto proveseveralimportantresultsin discretetime.
Indeed,theverificationof pseudo-coprimenessis a simple,nonconstructive pro-
cess,and“p.r.c.” implies“q.r.c.”. Moreover, theI/O mapof anexponentiallysta-
bilizable anddetectablesystemhasa q.r.c. factorization,by Theorem6.7.15(c2)
(seeCorollary6.7.16for similar implications).

For the above reasons,we usually usecoprimenessin connectionwith dy-
namic stabilizationand quasi-coprimenessfor other occasions,including state
feedback. Pseudo-coprimenessseldom implies anything useful that quasi-
coprimenesswouldnot imply, hencewemostlyneglectit.

Next we defineseveralnotionsthatareusedin connectionwith feedbackand
optimalcontrol:

3This is not anideologicalstatement.
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Definition 6.4.4(Factorizations) LetJ
�

J
B �8F � Y 	 , S �ìr)F � U 	 , and

À / TIC.

(a) Anoperator
� � TIC

�
U � Y 	 is

�
J � S	 -inner, if

� B
J
� �

S.

(b) An operator
� � TIC

�
U � Y 	 is

�
J � S	 -lossless, if

� B
J
� �

Sand
� B

π � J
� s

π � S.

(c) (SpF) A factorization y � ­ B S­ is a spectralfactorization[over
À

] ofy � y B � TI
�
U 	 , if

­ �År TIC
�
U 	 [

­ �År À � U 	 ]. In this casewe call
­

an S-spectralfactorof y � ­ B S­ .

(d1) (r.c.f.) A factorization
� � � � � 1 is a [quasi–]rightcoprimefactoriza-

tion ([q.]r.c.f.) of
� � TIC∞

�
U � Y 	 , if

� � � � TIC are [q.]r .c. and
� �r TIC∞

�
U 	 .

If, in addition,
�

is
�
J � S	 -inner (resp.

�
J � S	 -lossless),then

� � � � � 1 is a�
J � S	 -inner[q.]r.c.f. (resp.

�
J � S	 -lossless[q.]r.c.f.).

(d2) A factorization
� � � � � 1 is a right factorizationof

� � TIC∞
�
U � Y 	 , if� � � � TIC and

� �®r TIC∞
�
U 	 .

If, in addition,
� B

J
� �

S, then
� � � � � 1 is a

�
J � S	 -inner-right factoriza-

tion

(e)A factorization
� � û� � 1 û� is a [quasi–]leftcoprimefactorization([q.]l.c.f.)

of
� � TIC∞

�
U � Y 	 , if

û� � û� � TIC are [q.]l.c. and
û� �®r TIC∞

�
Y 	 .

(f) (d.c.f.) A factorization
� � � � � 1

� û� � 1 û� is a doublycoprimefactoriza-
tion (d.c.f.) [over

À
] of

� � TIC∞
�
U � Y 	 , if

� � � � û� � û� ared.c.[over
À

] and� � û� �®r TIC∞.

If (6.109)is the correspondingdoubleBezoutidentity, we say that
�

and��­ � 1 (equivalently,
�

and
û­ � 1 û� ) havea joint d.c.f. [over

À
].4

As in (f), we add the words “ over
À

” in (d) and (e) too, if the factors are
coprimeover

À
insteadof TIC. For example, the factorization

� � � � � 1 is a
r.c.f. over

À
, if
� �®r TIC∞ and

� � � � û­ � û� � À satisfy(6.107).
Wealsousetheabovedefinitionswith “pseudo” in placeof “quasi” and“p.”

in placeof “q.”.
Thewords exponentiallystable, e.g., in “an exponentiallystabled.c.f.”, will

referto “o verTICexp”.
In parts(a)–(d2),wecall Sa signatureoperator(notethatnecessarilyS

�
S
B
).

By “
�
J ����	 ” wemean“

�
J � S	 for someS �®r)F ”.

Thus,ad.c.f.containsar.c.f.andal.c.f.; theconverseis givenin Lemma6.5.8;
moreover, a r.c.f. is a right factorization.Thesefactorizationsareuniqueup to a
unit, seeLemmas6.4.5and6.5.9. In (d)–(f), the operators

�
and

û�
arecalled

numeratorsand
�

and
û�

denominators.
Inner-right factorizationsareoftencalledinner-outerfactorizationsif theright

factorhasastableinverse.Losslessnessis furthertreatedin Section2.5.

4If � is not invertiblein a reasonablesense(e.g.,in TIC∞), this will beconsideredmerelyasa
formaldefinitionuntil Section7.3.Notethat  �"!$#% !"� .
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Note thatwe have required
­

andS to be invertibleunlike someauthorsdo.
Thisway(c) coincideswith Definition5.1.1,by Lemma5.2.1(d),andthesestrong
definitionsaremoreusefulfor theresultspresentedin this monograph.

Weremarkthat,by Lemma6.5.9(a2),any operatorssatisfying(6.109)consti-
tutea d.c.f. of

� � � 1 if(f)
� ��r TIC∞. In thefinite-dimensionalcase,on often

constructsa d.c.f. of a mapby choosinga minimal, hence(exponentially)jointly
stabilizableanddetectablerealization. The sameapproachcanbe usedfor the
I/O mapfor any WPLS having SR jointly stabilizingstatefeedbackandoutput
injectionoperators,asnotedbelow Theorem6.6.28.

WhendimU ( ∞, onesometimesdoesnot requirethat
� � 1 � TIC∞, just that

det
�� �& 0, andthus(d1) becomesthedefinitionof a r.c. “H∞ � H∞ factorization”.

By Lemma6.5.4(d2),this is equivalentto ourdefinitionwhen
� � TIC∞.

Observe from Lemma6.4.3 that a scalarright factorization
� � � � � 1 is

coprimeif f
�

doesnot cancelany polesof
� � 1, i.e., if f

� � 1 and
�

have the
samepoles. In a sense,the sameholdsalsoin the infinite-dimensionalcase,by
thecommentsbelow Lemma6.5.4.

Coprimeandspectralfactorizationsareuniqueup to unit:

Lemma 6.4.5(Uniquenessof factorizations)

(a) Let
­ B

0S0
­

0 be a spectral factorization of y � y B � TI
�
U 	 . Then all

spectral factorizationsof y are givenby
­ �

E
­

0, S
� �

E
B 	 � 1S0E � 1 with

E �ìr)F � U 	 .
(b) Let

�'�
0 � � 0 	 be a right factorizationof

� � TIC∞
�
U � Y 	 . Thenall right

(not necessarilycoprime) factorizationsof
� � � � � 1 with

� � � � TIC
are given by

� � �
0 ( ,

� � �
0 ( with ( ��r TIC∞

�
U 	 ( ( � TIC

�
U 	ÔÃr TIC∞

�
U 	 if

� � �
0
� � 1

0 is a q.r.c.f.).

(c) Let
�'�

0 � � 0 	 bea q.r.c.f. of
� � TIC∞

�
U � Y 	 . Thenall q.r.c.f.’sof

�
aregiven

by
� � �

0 ( ,
� � �

0 ( with ( �®r TIC
�
U 	 .

Moreover, if oneof themis a [p.]r .c.f., thenall of themare [p.]r .c.f.’s.

(d) Let
� û�

0 � û� 0 	 bea [q.]l.c.f. of
� � TIC∞

�
U � Y 	 . Thenall [q.]l.c.f.’s of

�
are

givenby
û� � ( û� 0,

û� � ( û� 0 with ( �vr TIC
�
U 	 .

(e)Let
�)�

0 � � 0 	 bea
�
J � S0 	 -inner [q.]r .c.f. of

� � TIC∞
�
U � Y 	 . Thenall

�
J ����	 -

inner [q.]r .c.f.’s of
�

are givenby
� � �

0E,
� � �

0E (and S
�

E
B
S0E)

with E �®r�F � U 	 .
Moreover, all

�
J ����	 -inner-right factorizationsof

�
are [q.]r .c.f.’s, henceof

theaboveform. (Seealso(c).)

(f) Parts (a) and(e)holdevenif thesignatureoperators(SandS0) are required
to bemerelyone-to-one(notnecessarilyinvertible).

Note that for yñ¯ 0 one can take E :
� ¹ S0 to get y B � ­ B ­ in (i), as is

often done(e.g.,in [WW]). For WR
­

0 with an invertible feedthroughoperator
X0 :

� �­
0
� � ∞ 	 , anothercommonnormalizationis to take E :

�
X � 1

0 (i.e., X
�

I ;
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this correspondsto zerofeedthroughwhen { :
�

I 
 ­ is usedto constructa state
feedbackpair, asin Theorem9.9.10(g1)andCorollary9.9.11).

Proof: (a) This follows from Lemma5.2.1(d)&(f).
(b) Set ( :

� � � 1
0
� ��r TIC∞ to obtain

� � �
0 ( ,

� � �
0 ( . If

�
0 and�

0 areq.r.c., then ( � TIC, by Lemma6.5.1(c1).
(c) The parametrizationfollows from (b) (interchangethe rolesof

�'� � � 	
and

�'�
0 � � 0 	 to seethat ( � 1 � TIC).

If
�

0 � � 0 arer.c.,i.e.,
û­*�

0 
 û� � 0
�

I for some
û­ � û� � TIC, then

û( � 1 û­+� 
û( � 1 û� � �
I , hencethen

� � � are r.c. The p.r.c. claim follows analogously
from, e.g.,Lemma6.5.2(ii).

(d) Apply (c) to
� d. (Of course,theotherclaimsin (c) alsohavetheirduals

for (d).)
(e) It is obvious that

� � �'�
0E 	 � � 0E 	 � 1 is a

�
J � E B S0E 	 -inner [q.]r.c.f.

for eachE �ñr)F � U 	 (see(c)), hencewe only have to study the (extended)
converse.

Let
� � � � � 1 bea

�
J � S	 -inner-right factorizationof

�
. SetE :

� � � 1
0
� �

TIC
�
U 	3Ã r TIC∞

�
U 	 asin (b), sothat

� � �
0E. Then

E
B
S0E

�
E
B � B

0J
�

0E
� � B

J
� �

S� (6.110)

henceE �vr)F , by Lemma6.5.5(a);in particular,
� � � 1 is a [q.]r.c.f., by (c).

(f) For (a) we note that
­ B

S
­ � ­ B

0S0
­

0 implies that E
B
SE

�
S0, where

E
� ­U­ � 1

0 �ër TIC, henceE �7r)F , by Lemma6.5.5(a).Theconverseis trivial.
Theproof of (e)aboveappliesfor noninvertibleS too. 4

Next we recalltwo importantfactsfrom Lemma2.2.2(a1)&(d):

Lemma 6.4.6 Let y � TI
�
U 	 . We have yQ¯ 0 iff π �Øy π �ñ¯ 0. Moreover, if

π �|y π � is invertible(on π � L2), thensois y (on L2, i.e., in TI
�
U 	 ). 4

Theconverseto thelatterclaim is not true(e.g.,take y � τ
�
1	 ).

Werepeatheresomeresultsfrom Lemma5.2.1:

Lemma 6.4.7(SpF) Let y � y B � TI
�
U 	 . Thenwehavethefollowing:

(a) y�¯ 0 iff y hasthespectral factorizationy � ­ B ­ for some
­ �ºr TIC

�
U 	 .

Assumenowthat y � TI
�
U 	 hasa spectral factorizationy � ­ B S­ for some­ �®r TIC

�
U 	 , S

�
S
B �vr)F � U 	 . Thenwehavethefollowing:

(b) The Toeplitz operator π �|y π � is invertible on π � L2, and
π � ­ � 1π � S� 1 ­ � B π � is its inverse.

(SeeTheorem8.4.12for theconversefor y � MTI .)

(c) If, in addition, y � TIω
�
U 	 for someω �� 0, then

­ �®r TICexp
�
U 	 .

(d) The map y d :
�

Ry R� TI
�
U 	 has the co-spectralfactorization y d

�­ dS
�T­ d 	 B (where

­ d �vr TIC
�
U 	 ). 4
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(This is a direct consequenceof Lemma5.2.1.) Clearly y d hasa co-spectral
factorizationif f y hasaspectralfactorization,i.e., theconverseto (d) is alsotrue.

Section8.4 containsa studyon theequivalencebetweenspectralor coprime
factorizationsand the coercivity of the cost function of a control problem; see
especiallyTheorem8.4.12for MTIC classes.In Section9.1,we establisha third
equivalentconditionin termsof Riccatiequations.For very regularsystems,we
givemoreneatresultsin Theorem9.2.14andCorollary9.2.15.SeealsoChapter5
on spectralfactorization.

We finish this sectionby noting that thesearchfor a
�
J � S	 -innerr.c.f. canbe

reducedto aspectralfactorizationproblem:

Lemma 6.4.8(
�
J � S	�
J � S	�
J � S	 -inner r.c.f. vs.SpF) Thefollowing hold:

(a) Let
� � TIC

�
U � Y 	 andJ

�
J
B �²F � Y 	 . If

­ B
S
­

is a spectral factorizationof� B
J
�

, then
�T�[­ � 1 � ­ � 1 	 is a

�
J � S	 -inner r.c.f. of

�
. Conversely, if

�'� � � 	
is a

�
J � S	 -inner q.r.c.f. of

�
, then

� � 1S
� � 1 is a spectral factorizationof� B

J
�

.

(b) Let
� � � � � 1 bea [q.]r .c.f., let J

�
J
B �7F � Y 	 , andlet S

�
S
B �®r�F � U 	 .

Then
�

hasa
�
J � S	 -inner [q.]r .c.f. iff

� B
J
�

hasanS-spectral factor.

(c) Let y �vr TI
�
U d W 	 . Theny B J1 y � J1 �\y J1 y B � J1 �\y[� B J1 y[� 1 � J1.

Proof: (a) The first claim follows from (denote
�

:
� ­ � 1)

­ B
S
­ �� B

J
� � S

� �T� � 	 B J �T� � 	 andfrom 0
� ­ � �

I . Theconversefollows from
thefactthat

­
:
� � � 1 �®r TIC, by Lemma6.5.6(b).

(b) If
� � � � � 1 is a

�
J � S	 -inner[q.]r.c.f., then

� � � �[­ � 1,
� � � � ­ � 1 for

some
­ �Qr TIC, by Lemma6.4.5(c),and

�'�[­ � 1 	 B J �*­ � 1
�

S implies that­
S
­ � � B

J
�

. By goingbackwardswegettheconverseimplication.
(c) The first equivalencefollows from LemmaA.1.1(h1); the secondis

obvious(recallthatJ1 :
� �

I 0
0 � I

! ). 4
Notes
Definition 6.4.1(a)–(c),Lemma 6.4.6, Lemma 6.4.7(a)&(b), and most of

Definition 6.4.4 and Lemmas6.4.5 and 6.4.8 are from [S98a] and [S98c] (see
also[Sbook]); mostof theseareclassicalresults/definitions(exceptpossiblyfor
signs).Also Lemma6.4.2and6.4.3arewell known.

Naturally, from eachresult of this sectionon coprimeness,one can obtain
a correspondingresult on “ω-coprimeness”or on exponentialcoprimeness,by
shifting (seeRemark6.1.9); an analogousclaim appliesto most other results
concerningstability.

Theclass, :
�Q� �� �� � 1 �� �� � �� � H∞ � C � ;C

B ¥ m 	f� det
�� �& 0 � of matrix-valued

“H∞ � H∞ transferfunctions”hasbeenstudiedextensively in the literature. This
classis notcontainedin, nordoesit containtheclassof matrix-valuedwell-posed
transferfunctions.Wecanapplyourtheoryto any

� � TIC
�
Cn � Cm	 having aright

factorization(suchafactorizationis impliedby any kind of stabilizability),dueto
Lemma6.5.4(d2).Conversely, mostproofsin this andthenext sectionalsoapply
(mutatismutandis)to the , settingor to its generalizationto infinite-dimensional
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input andoutputspaceswith
��

requiredto be invertibleat leastat onepoint of
C � .

The monograph[Vid] is an excellentreferenceto coprimefactorization. Its
emphasisis on rationalmatrix-valuedtransferfunctions(equivalently, on theI/O
mapshaving afinite-dimensionalrealization),but it alsocontainssomeresultson
several moregeneralclasses.Also [Logemann93]treatscoprimefactorizations
in varioussubclassesof , (cf. Remark6.5.11),and[Smith] is instructive in the
general, setting.

During the preparationof this book, we have received several articles on
coprimefactorizationand dynamicfeedbackin a WPLS setting, theseinclude
[CWW96], [WC] and[CWW01]. Also [Sbook]containsfurtherresults.

The notionsof quasi-and pseudo-coprimenessmay be new. Ruth Curtain
[Curtain02]haslately studiedthe latter usingso calledreci-procal systems; one
of herresultsis statedbelow Lemma6.5.10.
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6.5 Further coprimenessand factorizations

I tell themto turn to thestudyof mathematics,for it is only there that
they mightescapethelustsof theflesh.

— ThomasMann(1875–1955),"TheMagic Mountain"

In this sectionwe givedeeperexplanationsof thenatureof classical,pseudo-
and quasi-coprimenessand their relationsto eachother. We also give certain
furtherresultson coprimefactorizationsandinnermaps.

We first deducethe basicfactson quasi–rightcoprimemapsfrom thoseof
quasi-left-invertibleones:

Lemma 6.5.1(q.r.c.) Assumethat
� � TIC

�
U � Y 	 and

� � TIC
�
U 	 are q.r.c.

Then,for anyω g 0, wehave

(a)
� B � � ��B-� ¯ 0.

(b1)
�

u � � u � L2 � u � L2 for all u � L2
ω
�
R;U 	 � L2

∞
�
R � ;U 	 .

(b3) There is ε
1

0 s.t. s.t. ε & u & L2 s & � u & L2
� & � u & L2 s ε � 1 & u & L2 for all

u � L2
ω
�
R;U 	 � L2

∞
�
R � ;U 	 .

(c1) We have
�[� � � � � TIC � � � TIC (and & � & TIC s ε � 1 � & �*� & TIC

�& � � & TIC ) when
� � TIC∞

�
H � U 	 .

(c2) We have
� � � ��� �ëF � X � L2 	½� � ��F � X � L2 	 (and & � & s ε � 1 � & � � & �& �ì� & 	 ) whenX is a normedspaceand

� ��F � X � L2
ω
�
R � ;U 	G	 .

(d) If
�

and
�

are [q.]r .c. and `  1 
2 c � TIC

�
Y d U 	 is [quasi–]left invertible

(over TIC), then
�

1
� �� ! and

�
2
� �� ! are [q.]r .c.; in particular,

�
and� � ( � are [q.]r .c. for any ( � TIC.

(e) For each u0 � U Æ � 0 � , we have & �� u0 & Y � & �� u0 & U �� 0 on C � and& ���� ir 	 u0 & Y � & �� � ir 	 u0 & U g ε & u0 & U for a.e. r � R andsomeε
1

0.

(f) If
� �� ! � ` � 0�

0 c ( , and ( � � 0 � � 0 � TIC, then ( is quasi–left-invertible(left-

invertibleoverTIC if
� � � are r.c.).

Proof: This follows from correspondingclaims in Lemma 4.1.8. (Set� �,�
I 0.

I
! in (d). The“non-quasi”claimsin (d) and(f) areobvious.) 4

Wego on to list somepropertiesof p.r.c.maps(henceof r.c.mapstoo):

Lemma 6.5.2(p.r.c.) Let
� � TIC

�
U � Y 	 and

� � TIC
�
U 	 . The following are

equivalent:

(i)
�

and
�

arep.r.c.;

(ii)
�û­ �� 
 �û� �� & I on C � for somebounded

�û­ � �û� : C � # F ;

(iii) There is M ( ∞ s.t. for each ω g 0 there are
û­ � û� � TIω

�
Y� U 	 satisfying& û­ & TIω s M, & û� & TIω s M, and

û­ � 
 û�/� � ITIω;

(iv) Thereis ε
1

0s.t. & � u & L2
ω

� & � u & L2
ω
g ε & u & L2

ω
(u � L2

ω
�
R;U 	 ) for all ω g 0.
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Moreover, if
�

and
�

arep.r.c.,α g ω g 0, andT � β � R, then

(a) Condition(ii) holdswith some
�û­ � �û� �Â¢ b

�
C � ; F 	 .

(b1)
�

u � � u � L2
ω � u � L2

ω for all u � L2
α
�
R;U 	 .

(b2)
�

u � � u � π ]T M∞ ^ L2
ω � u � π ]T M∞ ^ L2

ω for all u � L2
α
�
R;U 	 .

(b3)There is ε
1

0 s.t.

ε & u & L2
ω s & � u & L2

ω

� & � u & L2
ω s ε � 1 & u & L2

ω
� � u � L2

α
�
R;U 	G	fR (6.111)

(c1)Let
� � TIC∞

�
H � U 	 . Then

�[� � � � � TICω � � � TICω.

(c2)Let
� ��F � H � L2

β
�
R � ;U 	G	 . Then

� � � ��� ��F � H � L2
ω 	}� � ��F � H � L2

ω 	 .
(d) If

�
and

�
are [p.]r .c., thensoare

�
and

� � ( � for any ( � TIC.

(e)Wehave
� B � � �<B�� ¯ 0.

(f) If
� �� ! � ` � 0�

0 c ( , and ( � � 0 � � 0 � TIC, then ( is pseudo–left-invertibleon

TIC (left-invertibleif
� � � are r.c.).

Note that if dimU ( ∞, then ( �<r TIC
�
U 	 in (f), by Proposition2.2.5(3).

Thus,whendimU ( ∞, all commonright divisorsof [p.]r.c. mapsareinvertible.
We concludethat “p.r.c.”, is a strongerproperty than “weakly r.c.”; in fact,
it is strictly stronger(e.g., take f

�
s	 � se� s� � s � 1	 , g

�
1
� �

s
�

1	 , so that
f � g � H∞ � C � ;C 	 are“weakly r.c.” but not [p.]r.c.,becausef

� � ∞ 	 � 0
�

g
� � ∞ 	 ;

this is Exampleof [Smith]).
On the otherhand,“weakly r.c.” is not implied by “q.r.c.”: τ � 1 andτ � 1 are

q.r.c.but not “weakly r.c.”, becauseτ � 1 (or τ � r for any r � � 0 � 1X ) is theircommon
divisor andnot a unit (in TIC). We notethatalsothe definitionof “weakly r.c.”
usedin partIII of [Smith] is weakerthanr.c.(=p.r.c.,by Lemma6.5.3),by Lemma
4 of [Smith]. However, weshallnotusetheconcept“weakly r.c.”.

Proof of Lemma 6.5.2: The equivalenceand(a)–(c2)follow by setting�
:
�\� � � ! , W Ï�ù � Ï�0 X :

� �1
in Proposition4.1.7 (for (iv) and(b3) we use

� n
r
n �n

s
n 	 � 2 & W rs X & s � n r n � n s n 	 ) which alsogivesadditionalequivalentconditions.

(d) If
û­ � 
 û�/� � I , then

û­�� � � ( � 	}
 �Lû­ ( � û� 	 � � I ; use(ii) for the
p.r.c. case.

(e) By (v) (with ω
�

0), wehave
� B � � � B � g εI .

(f) Now
� �û­ ��

0 
 �û� �� 0 	 ( � I , by (ii). 4
Dueto (a)and(c) below, onedoesnotmeetthenotions“p.r.c.” and“q.r.c.” in

thefinite-dimensionaltheory:

Lemma 6.5.3 Let
� � TIC

�
U 	 and

� � TIC
�
U � Y 	 . Then

(a) If dimU ( ∞, then
�

and
�

arep.r.c. iff they are r.c.

(b) If dimU
�

∞, then
�

and
�

maybep.r.c.evenif they arenot r.c.

(c) If dimU ( ∞ and
�� � �� � H∞ � C � ; F � U ����	G	 are rational andM ��r)F � U 	 ,

then
��

,
��

are q.r.c. iff they are r.c. (iff & �� u0 & U � & �� u0 & Y �� 0 on C � for
all u0 � U Æ � 0 � ).
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(d) A rationalq.r.c.f. is a r.c.f.

See(theCorona)Theorem4.1.6for furtherresultsin casedimU ( ∞.
EvenwhenU

�
C
�

Y, we mayhave
�� �

e� s,
�� �

0 so that
�

and
�

are
q.r.c. but not p.r.c. We do not know whether

�
and

�
canbeq.r.c. without being

p.r.c. if we requirethat
� �®r TIC∞

�
U 	 .

Proof: (a)Thisholdsby Theorem4.1.6(b).
(b) Let

�
be the map

�
of Lemma4.1.10,andset

� �
0. Then

��ìB �� �
0
B
0 g I onC � , hence

�
and

�
arep.r.c.,but

� � � ! is not left-invertibleonTIC,
i.e.,

�
and

�
arenot r.c.

(c) (In fact,
�� � �� neednot be rational,it sufficesthatdimU ( ∞,

�� � �� �¢ � C � ;²� ∞ � ; F � U �é��	G	3Ã H∞ � C � ; F � U ����	G	 andM �vr�F � U 	 .)
Setε :

�
min ª u0

ª
U k 1 M s$ C %32 � ∞ � f

�
s� u0 	 (this exists,sinceC � ;£� ∞ � is com-

pact),where f
�
s� u0 	 :

� & �� � s	 u0 & 2 � & ���� s	 u0 & 2. If ε
1

0, then
�

and
�

are
p.r.c., hencer.c. (by (a)). If

�
and

�
arer.c., thenthey areq.r.c. It remainsto

show thatε
�

0 impliesthat
�

and
�

arenotq.r.c.
Assumethat ε

�
0. Thenthereare

�
sn
� , � un

� asabove s.t. f
�
sn � un 	[# 0

asn # � ∞. Replacestheabovesequencesby subsequencessothatsn # sand
un # u for somes andu (sinceM �®r�F � U 	 we have s �� ∞). Usetheuniform
continuityof f on C � ;8� ∞ � d � & v & U � 1 � to obtainthat f

�
sn � u	.# 0, hence

f
�
s� u	 � 0, hence

�
and

�
arenotq.r.c.,by Lemma6.5.1(e).

(d) This follows from (c) (sinceM :
� �� � � ∞ 	 �År)F � U 	 , by Proposition

6.3.1(c)). 4
By Lemma6.4.3,ascalarright factorization

� � � � � 1 is coprimeif f
�

does
not cancelany polesof

� � 1, i.e., if f
� � 1 and

�
have thesamepoles.Claim (c)

above is anextensionof this,below we givesimilar claimsin thegeneralcase:

Lemma 6.5.4(R.c.mapsdo not havecommonzeros) Let
� � TIC

�
U 	 and� � TIC

�
U � Y 	 be p.r.c. Let Ω :

���
s � C � �� �� � s	 ��r)F � U 	 � �� /0 (this set is

open,by LemmaA.3.3(A2)). Let Ω
� / C � be openand connected,let Ω1 / Ω

bebounded,andlet Ω2 / Ω satisfy0 �� Ω2. Thenthefollowinghold:

(a)
�� � 1 � H

�
Ω; F � U 	G	 .

(b) Lets0 bea boundarypointof Ω in C � . Then &   �� �� � 1 ¡ � s	 & # ∞, ass # s0

ands � Ω.

(c1) Let s0 � Ω and N � N. Then
�
s 
 s0 	 N   �� �� � 1 ¡ � s	 is boundedon Ω1 iff�

s 
 s0 	 N �� � 1 � s	 is boundedon Ω1.

(c2) Let N � N. Thens� N   �� �� � 1 ¡ � s	 is boundedon Ω2 iff s� N
�� � 1 � s	 is

boundedon Ω2.

(c3)Let Ω3 / Ω. Then
�� �� � 1 is boundedon Ω3 iff

�� � 1 is boundedon Ω3.

(d1) If
�� � H

�
Ω
�
; F � U � Y 	G	 (resp.

�� � H∞ � Ω � ; F � U � Y 	G	 ) and
�� � �� �� � 1 on

someopen,nonemptysubsetof Ω Ã Ω
�
, thenΩ

� / Ω,
�� � 1 � H

�
Ω
�
; F � U 	G	

(resp.
�� � 1 � H∞ � Ω � ; F � U 	G	 and

�� � �� �� � 1 on Ω
�
.
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(d2) If some
� � TICω satisfies

�� � �� �� � 1 on someopensubsetof C �ω , then� �®r TICω and
� � � � � 1.

In the finite-dimensionalsetting,a r.c.f. is often definedso that
�� � �� �� � 1

is requiredonly on the setwhere
�� � 1 exists. By (d2), this is equivalentto our

definitionwhenever
�

is well-posed(i.e., in TIC∞).
If a map

� � TIC∞ canbe written as
� � � � � 1, where

�
and

�
arep.r.c.

and
� �vr TIC∞, thenthepolesof

� � 1 on C � ;²� ∞ � areexactly thoseof
�

, and
thesepoleshave samemultiplicities, by (c1) and(c2) (the latter treatsthe point
∞).

In a sense,also the converseholds (if
�

and
�

are not p.r.c., then there
are

�
sn
� / C � , s∞ � C � ;º� ∞ � , � un

� / U s.t. & un & � 1
�
n � N 	 , sn # s∞,

and
��ð�

sn 	 un � �� � sn 	 un # 0, so that
��

hasa zeroand
�� � 1 hasa nonremovable

singularityat s∞.
Note that, by Lemma 3.3.9, for a map

� � TIC
�
U 	 with U infinite-

dimensional,the setof singularities(“poles”) of
�� � 1 canbe any closedsubset

of C � (excluding C �ω if we wish that
� � TIC Ã r TICω; take, e.g.,

� �
I to

obtaina r.c.f.).
Proof: (a) This follows from LemmaD.1.2(b2).
(b) This follows from LemmaA.3.3(A3))andtheproofof (c1)with N

�
0.

(c1) Let
�û­ �� 
 �û� �� � I on C � andM :

�
max

� & �û­ & � & �û� & � d � Ω1 	G	 ( ∞, as
in Lemma6.5.2(ii). Assumethat

�
s 
 s0 	 N �� � 1 � s	 is unboundedon Ω1, i.e.,

that there is
�
sn
� / Ω s.t. & �� � sn 	 � 1 & 1 n (n � N). Choose

�
un
� / U s.t.& vn & 1 n and & un &Î( 1 for n � N, wherevn :

� �
sn 
 s0 	 N �� � sn 	 � 1un. Note

that & �� � sn 	 vn &�( n sn 
 s0

n
N s MN. Now

M & � sn 
 s0 	 N ��ð� sn 	 �� � sn 	 � 1un & � M & ��ð� sn 	 vn & g & �û��� sn 	 ��ð� sn 	 vn & (6.112)g & Ivn & 
 & �û­�� sn 	 �� � sn 	 vn & 1 n 
 M
n
sn 
 s0

n
N # ∞ � (6.113)

asn # ∞, asdesired.
(c2) Replace

�
s 
 s0 	 by 1

�
s in the proof of (c1) (and let ∞

1
M g

sups$ Ω2

n
1
�
s
n
).

(c3)This follows from theproof of (c1)with N
�

0,
n
sn 
 s0

n
N
�

1.
(d1) By LemmaD.1.2(e),we have

�� � �� �� � 1 on Ω Ã Ω
�
, If therewere

somes0 � Ω
� Ã ∂Ω, then we would have & ���� s	 & # ∞ as s # s0 in Ω

� Ã Ω,
by (a), henceΩ

�Z�
Ω
; �

Ω
� Ã Ωc 	 . BecauseΩ

�
is connected,this implies that

Ω
� Ã Ωc � /0, henceΩ

� / Ω; consequently,
�� � 1 � H

�
Ω
�
; F � U 	G	 . If

�� � �� �� � 1

is boundedon Ω
�
, thensois

�� � 1, by (c3).
(d2) If some

� � TICω satisfies
�� � �� �� � 1 on someopensubsetof C �ω ,

then
�� �ïr H∞ � C �ω ; F � U 	G	 , by (d1), hence

� �ïr TICω and
� � � � � 1.

Conversely, if
� � 1 � TICω, then

� � � 1 � TICω. 4
We take now a look at the approachof Frank Callier, CharlesDesoerand

othersto obtaina d.c.f. Assumethat
� � TIC � ε

�
Cm � Y 	 and

� � TIC � ε
�
Cm 	¾Ãr TIC∞ for somem � N

�
1, ε

1
0. Then

��
:
� �� �� � 1 is meromorphicon C � � ε.
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By LemmaD.1.2(e),thesetZ :
���

s � C � � ε �� det
�� �

s	 � 0 � hasno limit points

onC � � ε. Assumenow that
n
det

�� n g ε whens � C � and
n
s
n 1

R, for someR� ε 1 0
(e.g.,

� � UHPR). Then ∞ is not a limit point of Z Ã C � (seealso Lemma
6.3.6(a2)),hencethenZ Ã C � is finite.

It hasbeenshown for severalsubclassesof suchtransferfunctionsthat from
thesezerosonecanconstructa rational(exponentiallystable)denominator

��
0 �

H∞ � C � ;Cn 	 s.t.
� � �

0
� � 1

0 is a r.c.f., where
�

0 :
� � �

0 � TICexp, and that� � �
1
� �

2, where
�

1 � TICexp and
��

2 � H∞
∞ is rational. See,e.g., [CD78],

[CD80], [Logemann93]or [Logemann87]for furtherdetailsandinformation.
Thefollowing is ageneralizationof astandardresult:

Lemma 6.5.5(Inner–outer is constant)

(a) If J � S ��F , Sis one-to-one,
� B

J
� �

Sand
� �ìr TIC, then

� �®r)F .

(b) Let J
�

J
B ��F andS

�
S
B �®r)F . If

� � is
�
J � S	 -innerand

�
is outer(i.e.,�

π � L2 is densein π � L2), then
� �vr)F .

Proof: (a) Now TIC Ì S
� � 1

� � B
J � TIC

B
, henceL :

�
S
� � 1 �ÚF , by

Lemma 2.1.7, BecauseS
�� � 1 & L on C � (see Theorem6.2.1),

�� � 1 is a
constant��F , hencesois

�
.

(b) Becauseπ � � S� 1 � B J 	 π � � π � �
π � (recall that π � � π � � �

π � ),
the range

�
π � L2 is closed in π � L2, by Lemma A.3.1(v)&(iv), hence

π � � π � L2 � π � L2. Being coercive and onto on π � L2,
�

is invertible on
π � L2, by LemmaA.3.1(c3)(ii)&(i), hence

� ��r TIC, by Lemma2.2.3. Con-
sequently,

� �®r)F , by (a). 4
As notedabove, “

�
is as stableas

� � 1” if
� � � � � 1 is a [p.]r.c.f. This

impliesseveralusefulfacts:

Lemma 6.5.6(
� � � � � 1� � � � � 1� � � � � 1) Let

� � TIC∞
�
U � Y 	 and α g ω g 0. Then the

following hold:

(a1)Let
� � � � � 1 bea p.r.c.f. andu � L2

α. Thenu � � u � L2
ω � � � 1u � L2

ω.

(a2)Let
� � � � � 1 bea p.r.c.f. Thenthere is ε

1
0 s.t.

ε & � � 1u & L2
ω s & u & L2

ω

� & � u & L2
ω s ε � 1 & � � 1u & L2

ω

�
u � L2

α
�
R;U 	L	fR

(6.114)

(b) Let
� � � � � 1 bea [p.]r .c.f. and

© � TIC
�
H � U 	 . Then

� � TICω � � � 1 �
TICω, and

� © � TICω � � � 1
© � TICω.

(c)
� � � 1 is a [p.]r .c.f. of

�
iff
� � d � d is a [p.]l.c.f. of

� d.

(d) If
� � � � � 1 is a [p.]r .c.f.,U

�
U1 d U2, and

�
22 ��r TIC

�
U2 	 , then

�
has

a [p.]r .c.f. of theform � � � � @ � �11
� �

12
0 I D � 1 R (6.115)

If
À / TIC and

� � � � � � 1
22 � À , thenwecantake

� � � � � � À ; if
� � 1

22 � À
and

� � � 1 is a [p.]r .c.f. over
À

, thenalso
� � � � � 	 � 1 is a [p.]r .c.f. over

À
,.
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(e) Let
� � � � � 1 be a [p.]r .c.f. Then

�
has a (normalized)[p.]r .c.f.

� �� � � � � 1 s.t.
� � B � � � � � B � ���

I .

(f) For ω
�

0, wecanreplace“p.” by “q.” in (a1)–(e).

Proof: (a1)&(a2)Apply Lemma6.5.2(b1)&(b3)to u
�

:
� � � 1u.

(b) Apply Lemma6.5.2(c)to
� � 1

© � TIC∞.
(c) This is trivial (recall that

� d :
�

R
� B

R� TIC∞).

(d) Now ( :
� ` I 0� � N 1

22
�

21
� N 1

22 c ��r TIC
�
U1 d U2 	 , by LemmaA.1.1(b1),

hence
� � �'� ( 	 � � ( 	�� 1 is obviously an [p.]r.c.f. too. But

� ( �` � 11 � � 12
� N 1

22
�

21
�

12
� N 1

22
0 I c , asdesired.

The
À

caseis obvious(if ( � û­ � û� � À , thensoare ( � 1 û­ and ( � 1 û� ).
(e) By Lemma6.5.2(e)andLemma6.4.7(a),we have

­ B ­ � � B � � ��B4�
for some

­ �®r TIC. Set
� �

:
� �[­ � 1,

� �
:
� � ­ � 1.

(f) Use Lemma6.5.1 insteadof Lemma6.5.2 in the proofs of (a1)–(e).4
See Theorem4.1.6(d) on the connectionbetweenright and left coprime

factorizations.
A coprimefactorizationof aperturbedmapis obtainedasfollows:

Lemma 6.5.7(D.c.f.
�

TIC
�

TIC�
TIC) Let

� � TIC∞
�
U � Y 	 and

û� � TIC
�
U � Y 	 . Thenthe

following hold:

(a) If
�

hasthed.c.f. (6.109),then@ I 0û�
I D @ � �� ­ D �65 = û­ 
 û�
 û� û� ? @ I 0
 û� I D87 � 1

(6.116)

is a d.c.f. of
� � û�

.

(b) Similarly,
û� � � � � 1

� �'� � û� � 	 � � 1 is a [q.]r .c.f., whenever
� � � 1 is.

(c)
�  

I
! � û� � � 1 is a [q.]r .c.f. iff

û� � � �� ! for a [q.]r .c.f.
� � � � � 1.

Thus,whenfactorizingof a regular transferfunction
��

, we mayassumethat
D :
� ��ð� � ∞ 	 � 0.

Proof: (a) This is obvious.
(b) This follows from Lemma6.5.1(e).
(c) Let

� �<r TIC∞
�
U 	 . We have

�  
I
! � û� � � 1 if f

û� � �  
I
! � �

:
� �� ! .

Obviously,
� �� ! and

�
are[q.]r.c. if f

�
and

�
are[q.]r.c. 4

A maphasad.c.f. if f it hasa r.c.f. anda l.c.f.:

Lemma 6.5.8(D.c.f.� r.c.f. & l.c.f.) Let
� � TIC∞

�
U � Y 	 have the r.c.f.

� �� � � 1 [over
À

] and the l.c.f.
� � û� � 1 û� [over

À
]. Thenthesefactorizations

canbeextendedto a d.c.f.@ � �� ­ D = û­ 
 û�
 û� û� ? � I
� = û­ 
 û�
 û� û� ? @ � �� ­ D � (6.117)
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[over
À

] of
�

. Moreover, if
­ � � � TIC satisfying(6.108)are given, there areû­ � û� � TIC satisfying(6.117) (the dual claim with left and right interchanged

holdsaswell).

SeeTheorem6.6.28for theequivalenceof joint stabilityanddetectabilityand
theexistenceof ad.c.f.

By Lemma6.5.6(e)(and its dual), we canabove requirethe normalizations� B � � ��B4� �
I and

û� û�vB � û� û� B �
I .

Proof of Lemma 6.5.8 LemmaA.1.1(e1)showsthatif
­

0 � � 0 � û­ � û� � TIC
satisfying(6.108)and(6.107),respectively, aregiven,then

­
:
� ­

0
� �)��û� ­

0 
û­9�
0 	 and

�
:
� �

0
� � � û�ð­

0 
 û­9� 0 	 satisfy the secondequality in (6.117)

[note that also
­ � � � À ]. The equation

� ��0� ù ! ` �ù �:�0� �� �� c � I holds in TIC∞,

by LemmaA.1.1(e5),hencein TIC (by analyticextensionon C � ). By taking
(causal)adjoints,onegetsthedualclaim. 4
(The invertibility of

�
was used in the above proof; the corresponding

assumptionin LemmaA.1.1(e5)is not superfluous.)
Given a d.c.f. of a TIC∞ map,all d.c.f.’s of that mapareobtainedfrom (d)

below:

Lemma 6.5.9(All d.c.f.’s) Let@ � �� ­ D = û­ 
 û�
 û� û� ? � I
�>= û­ 
 û�
 û� û� ? @ � �� ­ D (6.118)

in TIC
�
U d Y 	 . Thenwehavethefollowing:

(a1)
� �vr TIC∞ � û� �®r TIC∞.

(a2) If
� �®r TIC∞, then(6.118)is a d.c.f. of

� � � 1
� û� � 1 û� .

(b) All possiblechoices
­ � � � û­ � û� � TIC in (6.118) (for fixed

� � � � û� � û� ) are
parametrizedby@ � � � � (� ­ � � ( D � 1 �j= û­ � ( û� 
 � û� � ( û� 	
 û� û� ? � ( � TIC 	fR (6.119)

(c) All completionsof
� � � ! to an invertible operator in TIC

�
U d Y 	 are

parametrizedby@ � �� ­ D @ I (
0
1 D �\@ � ��1 � � (� ­;1 � � ( D � ( � TIC � 1 �vr TIC 	fR (6.120)

(d) If (6.118)is a d.c.f. (i.e., if
� ��r TIC∞), thenall d.c.f.’sof

� � � 1 aregivenby@ � �� ­ D @=< (
0

1 D � 5 @>< (
0

1 D � 1 = û­ 
 û�
 û� û� ? 7 � 1 � ( � TIC � 1 � < �ºr TIC 	fR
(6.121)
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(e) Let (6.118)be a d.c.f., and let
� � W B[B0 I X , û� �A�

I B
0 B ! , ­ �A�

I B
0 B ! , û­ � W B[B0 I X .

Thenall d.c.f.’s of
� � � 1 with such

� � û� � ­ � û­ are givenby (6.121)with extra
requirements< � W B[B0 I X , ( �,�

0 B
0 0
! , 1 �,�

I B
0 B ! .

Proof: (a) Part (a1)follows from LemmaA.1.1(c1)and(a2)is trivial.
(b) This follows from (c), becausefixing

û�
and

û�
forces

1
to beI .

(c) Clearly
� �?0� ù ! � I .

0 @ ! �ºr TIC whenever ( � TIC and
1 ��r TIC. For the

converse,assumethat
� � a�BA ! �vr TIC

�
U d Y 	 . Set@ I (

0
1 D :

�_= û­ 
 û�
 û� û� ? @ � ©� C D �vr TIC R
We must have

1 �¤r TIC, hencewe get (6.120) by multiplying the above
equationby

� ��0� ù ! to theleft.
(d) Clearly

� �;DE0�FD ù ! � � �?0� ù ! � D 0
0 I
! ��r TIC. By (b), all d.c.f.’scorrespond-

ing to thepair
�'� < � � < 	 aregivenby

� ��0� ù ! � D 0
0 I
! � I .

0 @ ! , andtheseareof the
form (6.121)(with < ( in placeof ( ). On theotherhand,all r.c.f.’s of

� � � 1

areof theform
�'� < � � < 	 for some< �vr TIC, by Lemma6.4.5.

(e) This follows by writing (6.121)out (the equation( 11
�

0 is obtained
from theright-hand-sideandtheequation< �

0 B
0 B ! 1 � �

0 B
0 B ! , or, alternatively,

from thefactthat
�

11 is injective). 4
An operatornothaving a d.c.f. is somewhatpathological,asshown below:

Lemma 6.5.10 Let
� � TIC∞

�
U � Y 	 . Theexistenceof a d.c.f. is guaranteedin the

following cases:

(a) If
�

is stable, thenit hasthed.c.f.
�

I 0 
I
! � 1 � �

I 0�  I ! .
(b1) If

��
is rational, i.e.,

�
hasa finite-dimensionalrealization,then

�
hasa

d.c.f.

(c) If
��

belongsto theCallier–Desoerclass“
� �

0	 n ¥ m”, then
�

hasa d.c.f. with��
and

�û�
rational.

(d) If
�

hasa jointly stabilizableanddetectablerealization,thenit hasa d.c.f.

(e1) Assumethat
�

is DF-stabilizable(stabilizableby dynamic(output) feed-
back; seeSection7.1). If dimU � dimY ( ∞ or someDF-stabilizing con-
troller of

�
hasa d.c.f., then

�
hasa d.c.f.

(e2)If
�

DF-stabilizablebya stablecontroller, then
�

hasa d.c.f. In particular,
this is thecaseif

�
is stabilizablebystaticoutputfeedback.

(e3) If
�

hasan exponentiallyDF-stabilizablerealizationwith boundedinput
and outputoperators (or as a WPLSof the form of Lemma6.8.5), then

�
hasan exponentiald.c.f. in MTICL1

exp.

By (e1), the mapsnot having a d.c.f. are not interestingfrom the point of
view of DF-stabilizationand optimization,at leastnot in the casewith finite-
dimensionalinput andoutputspaces.
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In cases(b) and (c), the d.c.f. can, in fact, be chosento be exponentially
coprime(andwith rational

�
and

û�
).

Accordingto [Curtain02],ad.c.f.alsoexistsif Σ andΣd areSOS-stabilizable,
or Σ andΣd arestate-and-output-stabilizable,providedthatdimU � dimY ( ∞ (or
thatweacceptpseudo-coprimeness)andthatσ

�
A	 satisfiescertainassumptions.

Proof: (a)This is clear.
(b) By [Vid, p. 387], the setC W sX of (complex) rationalfunctionsover the

field C (or any other field) is a proper Euclideandomain, hencea Bezout
domain[Vid, Fact A.4.6], so every

�� � C W sX n ¥ m hasa r.c.f. and a l.c.f., by
[Vid, Corollary 8.1.8]. (Take a minimal realization(see,e.g.,Section6.4 of
[LR]) anduseTheorem6.6.28to obtainanalternativeproof.)

(c) This is containedin Theorem2.1 of [CD80]. The class“
� �

0	 n ¥ m”
refersto Cn ¥ m-valued(matrix) functionswith elementsof form

�
f
� �
g s.t. f � g �

MTICL1

exp
�
C 	 andg �ìr TIC∞

�
C 	 .

(d) This is provedin Theorem6.6.28.
(e1) The first claim is Lemma 7.1.4 and the secondone is Proposition

7.1.6(d)andcontains(e2)asaspecialcase,by (a).
(e3)This follows from Theorem7.2.4(a)andCorollary9.2.13(c). 4

ThefactorizationresultsoverTIC (aswell asmostresultsof Chapter7 among
others)could aswell have beenstatedover MTIC or over any other structures
whereTIC

�
U 	 is replacedwith a ring with identity etc. (cf. LemmaA.1.1) we

statethis notionin a form thatwill beappliedin Section7.1:

Remark 6.5.11 Let l ,
À �

and
À / À � be as in Definition 6.2.4. Definer.c.f.’s,

l.c.f.’s andd.c.f.’s asabove, with
À

in placeof TIC and
À �

in placeof TIC∞ (i.e.,
consider

À �
astheclassof all admissibleI/O mapsand

À
astheclassof “stable”

I/O maps).
ThenLemma6.4.5(b)–(d),Lemmas6.5.9and6.5.7,andmostof Lemmas6.5.8

and 6.5.6 (and almostall I/O resultsof Section6.6 and mostof Chapter7; cf.
Remark7.0.1)hold with

À
in placeof TIC,

À �
in placeof TIC∞ and “q.” and

“p.” removed.
This is particularly usefulwhenwelet

À
beMTIC or someof its subclasses,

and take l :
�:�

all Hilbert spaces� and
À �

:
�

TIC∞, or when
À �

tic andÀ � �
tic∞.

Notes
Lemma6.5.8 is essentiallyfrom [S98a]. Lemmas6.5.5,6.5.7and6.5.9are

known at least to someextent. Probablyalso many of the other resultsare
known at least in the casewhere “pseudo-” or “quasi-” is droppedfrom the
assumptionsanddimU � dimY ( ∞. Seealso the referencesin the text and the
notesto Section6.4.
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Figure6.2: Staticoutputfeedback

6.6 Feedbackand Stabilization (ΣL, Σ K , Σ L )
TheUniverseis populatedbystablethings.

— RichardDawkins

Oneoften wantsto stabilizeandpossiblyalsoregulateor optimizea system
by feedingits stateor outputbackinto thesystemthroughsomekind of controller,
asin, e.g.,Figure6.2.All controlproblemsof Chapters8–12areof this form.

In this section,we shall introducestaticoutput feedback(Figure6.2), state
feedback(Figure6.3) andoutputinjection (Figure6.5), hencealsotheconcepts
“stabilizability” and“detectability” in their variousforms.

In finite-dimensionalcontrol theory, optimizationis usuallyrestrictedby the
requirementthat the (controlled) closed-loopsystemshould be exponentially
stable. However, sometimesstrongstability or someotherform of stability has
beenallowed,andfor infinite-dimensionalsystemsthis hasbecomeincreasingly
popularduring recentyears. Therefore,we have decidedto study all forms of
feedbackw.r.t. all formsof stability in this section.

Most of our definitionsand someof the resultsfollow [S97b], [S98a] and
[Sbook]; in particular, we reduceall formsof feedbackto staticoutputfeedback.
Wenotethatby shifting(seeRemark6.1.9)any resultonstabilization,oneobtains
a resulton exponentialstabilization,but the converseis not true, andresultson
(nonexponential)stabilizationareoftenweaker or harderto prove.

In Section6.7,we shallpresentfurtherresultsandrelatedconcepts.Dif ferent
formsof dynamic[partial] outputfeedbackarethesubjectof Chapter7. Wehave
collectedthedefinitionof all formsof feedbackto Summary6.7.1.

Now we shall introducestaticoutput feedback,wherewe feeda part Ly of
theoutputy of Σ backinto the input, asFigure6.2 shows; hereL �7F � Y� U 	 and
Σ
�h�9� ��  "! � WPLS

�
U � H � Y 	 . Underan externaloutputuL : R �7# U (external

input, control,disturbanceor analogous),theeffective input u becomesequalto
Ly
�

uL. In theinitial valuesetting(6.3)with initial valuex0 � H, thesignalsin the
resultingdashedclosed-loopsystemΣL of Figure6.2clearlysatisfythefollowing
equations:
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x
�
t 	 � 
 � t 	 x0

� � τ
�
t 	 u �

t g 0	f� (6.122)

y
� �

x0
� �

u � (6.123)

u
�

Ly
�

uL R (6.124)

Obviously, this canbe uniquelysolved in termsof x0 anduL if f
�
I 
 L

� 	 is
invertible (the correspondingsolution is given by (6.125)). We call suchan L
admissible:

Definition 6.6.1(Admissible static output feedback) Let Σ
� �9� ��  "! �

WPLS
�
U � H � Y 	 . An operator L ��F � Y� U 	 is called an admissible(static)

outputfeedbackoperatorfor Σ (or for
�

) if I 
 L
� �ìr TIC∞

�
U 	 , or equivalently,

if I 
 � L �vr TIC∞
�
Y 	 .

This is thecaseif f I 
 � L is locally invertible,by Lemma2.2.8.For
� � ULR,

this is equivalentto I 
 DL ��r)F � Y 	 , by Proposition6.3.1(c).A morethorough
motivationof admissibilityis givenin [W94b,Proposition3.6].

As shown in [W94b,Section6], thesignalsx andy in (6.122)–(6.124)canbe
interpretedasthestateandoutputof anotherwell-posedlinearsystem:

Proposition 6.6.2(ΣL) LetL �ÂF � Y� U 	 beanadmissibleoutputfeedback opera-
tor for Σ

�:�-� ��  "! � WPLS
�
U � H � Y 	 .

ThenΣL � WPLS
�
U � H � Y 	 , where

ΣL :
�\@ 
 L

�
L�

L
�

L D :
�j= 
 � � τL

�
I 
 � L 	 � 1 � � �

I 
 L
� 	 � 1�

I 
 � L 	 � 1 � �Â�
I 
 L

� 	 � 1 ? (6.125)�
Σ
@ I 0
 L

�
I 
 L

� D � 1 �
Σ
@ I 0�

I 
 L
� 	�� 1L

� �
I 
 L

� 	�� 1 D :
@ x0

uL D Y# @ x
yD R

(6.126)

We call ΣL theclosed-loopsystemwith outputfeedback operator L. In theinitial
valuesetting(6.3) with initial valuex0 and control uL, the controlled statex

�
t 	

at time t and the outputy of ΣL form the uniquesolutionof equations(6.122)–
(6.124). 4

Notethat(6.126)followseasilyfrom@ x0

uL D � @ I 0
 L
�

I 
 L
� D @ x0

u D � @ x0

u D � @ I 0�
I 
 L

� 	 � 1L
� �

I 
 L
� 	 � 1 D @ x0

uL D(6.127)

(hereu � uL : R �Â# U andΣ refersto
�-� � τ�  �! ; cf. (6.123)–(6.124)).

Repeatedfeedbackbehavesin theexpectedway:

Lemma 6.6.3(ΣL � K
� �

ΣL 	 KΣL � K
� �

ΣL 	 KΣL � K
� �

ΣL 	 K) Let L be admissiblefor Σ as above. ThenK �F � Y� U 	 is admissiblefor ΣL iff K
�

L is admissiblefor Σ; and in that case
ΣL � K

� �
ΣL 	 K (in particular,

�
ΣL 	 � L

�
Σ). 4
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(See[W94b,Remark6.5] for theproof.)

Definition 6.6.4(Stabilizing LLL) Let L �vF � Y� U 	 be an admissibleoutput feed-
back operator for Σ

�:�9� ��  "! � WPLS
�
U � H � Y 	 . Theoperator L is stabilizingfor

Σ if thecorrespondingclosedloopsystemΣL is stable.
Thesameappliesto all stability concepts(preficesfor “stabilizing”) defined

in Definition 6.1.3. E.g., L is strongly internally ω-stabilizing if ΣL is strongly
internally ω-stable, i.e., if



L is stronglyω-stable.

Analogously, wecall L
�

-stabilizing if
�

L is stable;thesameappliesto other
componentsof ΣL.

We call L [exponentially] stabilizing for
�

if L is admissibleand makes�
L
� �'�

I 
 L
� 	 � 1 [exponentially]stable.

Stabilizesmeansis stabilizingfor.

Thus, an admissible output feedback operator L I/O-stabilizes Σ �
WPLS

�
U � H � Y 	 if f y � L2 for all x0 � H anduL � L2 � R � ;U 	 , andL stabilizes

Σ [strongly] if f x is bounded[and x
�
t 	.# 0 ast # ∞] andy � L2 � R � ;Y 	 for all

x0 � H anduL � L2 � R � ;U 	 . The operatorL is exponentiallystabilizing for Σ
if f x � L2 � R � ;H 	 for all x0 � H (anduL

�
0); or equivalently, if f x � y � L2 for

all x0 � H anduL � L2 � R � ;U 	 , by Lemma6.1.10(a1)andLemmaA.4.5. (Here
x :
� 


Lx0
� �

LτuL andy :
� �

Lx0
� �

LuL arethestateandoutputof theclosed-
loopsystemΣL with initial statex0 andinput uL.)

Usuallyweshallonly needthedefinitionsof two first paragraphsof Definition
6.6.4. Termslike “

�
-stabilizing” are useful only when referring to a part of a

componentof Σ (abovewe couldsay“input-stabilizing”). Thelastdefinitionwill
beneededin connectionwith dynamicoutputfeedback(whenonly I/O mapsare
specified).

Note thatL is admissiblefor
�

if f L is admissiblefor Σ, but L maystabilize�
evenif L doesnot stabilizeΣ. Thesame,of course,holdsfor theadmissibility

andstability conceptsderivedfrom this later.
ThemapsuL � yL Y# u � y in astabilizingfeedbackinducead.c.f.:

Lemma 6.6.5 Theoperator L �²F � Y� U 	 is a stabilizingoutputfeedback operator
for
� � TIC∞

�
U � Y 	 iff@ � �� ­ D :
� @ � I 
 L

� 	 � 1 L�
L I D �j= û­ 
 û�
 û� û� ? � 1

:
� @ I 
 L
 � L

�
I 
 � L 	 � 1 D � 1

(6.128)
definesa d.c.f. of

�
(still

�
L :
� �'�

I 
 L
� 	 � 1), i.e., iff theoperators in (6.128)are

(well-posedand)stable.
If we input an extra signal yL to the output y (as y is output from Σ in

Figure6.2),thentheclosedloopmap W uL
yL XZY# W uy X is thestablemapping@ u

yD �>= � û�� û� ? @ uL

yL D R (6.129)



224 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

This is basedon theusefulformula
�
I 
 L

� 	 � 1
�

I
�

L
�

L .
Proof: Obviously, (6.128) is sufficient for L to stabilize

�
(becausethen�

L is well-posedandstable),sowe will assumethatL stabilizes
�

andprove
(6.128).

We have
�

:
� �

I 
 L
� 	�� 1 � I

�
L
�Ù�

I 
 L
� 	u� 1 � I

�
L
�

L � TIC, andû�
:
� �

I 
 � L 	 � 1
�

I
� �

I 
 � L 	 � 1 � L
�

I
� �

LL � TIC (because
�

L :
� �Ù�

I 

L
� 	�� 1

� �
I 
 � L 	u� 1 � , by LemmaA.1.1(f6));clearly(6.128)followsfrom this.

Equation(6.129)is obviously thesolutionof equations

y
�

yL
� �

u (6.130)

u
�

uL
�

LyR (6.131)4
If
�

hasa r.c.f., thenit is enoughto stabilizeuL Y# u:

Lemma 6.6.6 Let
� � � � � 1 bea r.c.f. of

� � TIC∞
�
U � Y 	 . ThenL ��F � U � Y 	 is

an admissibleoutputfeedback operator for
�

iff
� 
 L

� �vr TIC∞
�
U 	 .

An admissibleL is
�

-stabilizing (i.e.,
�

L
� �)� � 
 L

� 	�� 1 is stable) iff� � 
 L
� 	�� 1 � TIC is stable. Notethatthen

�
I 
 L

� 	�� 1
� � � � 
 L

� 	�� 1 : uL Y# u.

Proof: Now I 
 L
� � � � 
 L

� 	 � � 1, so admissibility is equivalent to� 
 L
� ��r TIC∞

�
U 	 , andwe have

�
I 
 L

� 	 � 1
� � � � 
 L

� 	 � 1
�

:
�

L and�
L :
� �'�

I 
 L
� 	 � 1

� �'� � 
 L
� 	 � 1.

If L is stabilizing,then
�

L and
�

L are(stableand)r.c., by Lemma6.6.5,
andthis in turn impliesthat

� � 
 L
� 	 � 1 � ­ �

L 
 �U� L is stable,if
­ � � � TIC

ares.t.
­ � 
 �9� � I . On theotherhand,if

� � 
 L
� 	 � 1 is stable,thenso is�

L
� �)� � 
 L

� 	 � 1. 4
Lemma 6.6.7(


 � � τ
û�
 � � τ
û�
 � � τ
û�

[strongly] stable) Assume that
� 
 � ! �

WPLS
�
U � H � � 0 � 	 and

û� �£F � H � L2 � R;U 	L	 , andthat

 � � τ

û�
is aC0-semigroup.

If
� 
 � ! is [[exponentially]strongly] stable, then


 � � τ
û�

is [[exponen-
tially] strongly] stable.

Proof: Since
�

τ
û�

is bounded,the stablecaseis obvious. If
� 
 � ! is

stronglystable,thensois
�

, by Lemma6.1.13,hencethen

 � � τ

û�
is strongly

stable.
If

� 
 � ! is exponentially stable, then
�

τ is stable, by Lemma

6.1.10(a2),hencethen
� 
 � � τ

û� 	 x0 � L2 for all x0 � H, so that

 � � τ

û�
is exponentiallystable,by LemmaA.4.5. 4
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 �
τ� �� {

Σext� x0� x� y� � x0
� { uG �I�� HuM H

u
� �

I 
Â{Ø	�� 1uM � � I 
Â{}	u� 1 � x0G J
Figure6.3: Statefeedbackconnection

Fromtheabove lemmaweconcludethefollowing:

Lemma 6.6.8(

 
 


iff



L



L



L stable) LetL, Σ, andΣL beasin Proposition6.6.2.

(a) Assumethat
�

and L
�

L are stable. If



is [strongly] stable, then



L is
[strongly] stable.

(b) Assumethat
�

LL and
�

arestable. Then



is stableiff



L is stable.

(c) Assumethat
�

LL or L
�

L is stable. If



is exponentiallystable, then



L is
exponentiallystable.

Proof: (a) By (6.125),



L 
 
 � � τL
�o�

, hencethis follows from Lemma
6.6.7.

(b) By (6.125),



L 
 
 � � τ
�
I 
 L

� 	 � 1L
� � �

LLτ
�

, which is bounded,
hence(b) holds.

(c) If L
�

L is stable,thenthis follows from Lemma6.6.7asin (a). If
�

LL is
stable,thenweapplythesamefor Σd andLd. 4
WhenΣ andΣL areI/O-stable,their stabilitiesareequivalent:

Corollary 6.6.9(ΣΣΣ iff ΣLΣLΣL stable) Let the assumptionsof Proposition6.6.2hold.
Let I 
 L

� �vr TIC. ThenΣ is [SOS-/strongly/exponentially]stableiff ΣL is.

Notethat
� � � L � TIC � I 
 L

� �®r TIC, becauseI
�

L
�

L
� �

I 
 L
� 	 � 1.

Proof: “Only if ”: ThestableandSOS-stablecasefollow from (6.125);the
strongly [exponentially]stablecasefollows from the stablecaseandLemma
6.6.8(a)[(c)].“If ”: Exchangetherolesof Σ andΣL. 4
Next we shall formulateandstudystabilizability anddetectability. A reader

more familiar with matrix presentationsof systemsthan (abstract)integral op-
eratorsmight wish to still think the systemsas groupsof generatingoperators
(   A B

C D ¡ ), which canbedonein theregularcase(andtheformulaelook thesame,
just “the font is changed”,from



to A etc.,asin Proposition6.6.18).

A state feedbackcan be reducedto an output feedbackas follows. The
appropriateconnectionhasbeendrawn in Figure6.3.
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Definition 6.6.10(Admissible statefeedback) 1. A pair
� � { ! is calledan

admissiblestatefeedbackpair for Σ
� ��� ��  ! � WPLS

�
U � H � Y 	 if the extended

system

Σext :
� �	 
 �

τ� �� {


 (6.132)

is a WPLS and I 
º{ ��r TIC∞
�
U 	 , i.e., L :

�j�
0 I ! is an admissibleoutput

feedback operator for Σext.
We often denotethe correspondingclosedloop systemby (here

�
:
� �

I 
{}	 � 1)

Σ M � �	 
 M � M τ� M � M� M {NM 

 � �	 
 � � τ
� � �"�

τ� � � � � � �� � � 
 I



 (6.133)

�
Σext

@ I 0
 � I 
8{ D � 1 �
Σext

@ I 0� � � D :
@ x0

uM D Y# �	 x
y

u 
 uM 

 R (6.134)

2. Thepair
� � { ! is a stabilizingstatefeedbackpair if, in addition,L is

a stabilizingoutput feedback operator for Σext; we usepreficesas in Definition
6.6.4above, and add, in addition, the prefix “ [q.]r.c.” (resp.suffix “ in

À
”), if�

:
� � �

and
�

are [q.]r .c. (resp.
� � � � À ; cf. Definition 6.2.4). The pair� � { ! is exponentially[q.]r.c.-stabilizingfor Σ if

� � { ! is exponentially
stabilizingand

�
and

�
are exponentially[q.]r .c.; equivalently, if there is ω

1
0

s.t. x ω
� � { ! is [q.]r .c.-stabilizingfor x ωΣ (seeRemark6.1.9).

3. ThesystemΣ � WPLS is stabilizableif it hasa stabilizingfeedback pair;
weuseherepreficesandsufficesasabove(e.g., stronglyr.c.-stabilizable).

4. We call
� � { ! stableiff

�
and { are stable. We call

� � { ! WR
(resp.SR,UR,...) iff { is WR(resp.SR,UR,...).

5. Wecall Kc anadmissiblecompatiblestatefeedbackoperatorfor Σ if
�
Kc � 0	

is a compatiblepair for
� A B
K F

! . We call Kw an admissibleWR statefeedback

operatorfor Σ if { is WRand ` A B
Kw 0 c generate

� A B
K F

! . We usehere preficesand

sufficesasabove(see2. and4.).

Thus,e.g.,a stabilizing
� � { ! is stabilizingin MTIC for Σ if f

� � � � �
MTIC, equivalently, if f `  POb O c � MTIC; an admissible

� � { ! is
� � � ! -

stabilizingfor Σ if f
� M and

� M arestable. Of course,Σext � WPLS iff
�é� �� b ! �

WPLS. Thus,
� � { ! is admissiblefor Σ if f

� � { ! is admissiblefor� 
 � ! .
In the literature,notion “K is admissiblefor A (resp.Σ)” often meansthat� A

K
! (resp. ` A B

C B
K B c ) generatea WPLS, i.e., that K “fits” to A (resp.to Σ). To

avoid misinterpretation,weneverusethis convention,henceadmissibilityalways
containsthe requirementthat the correspondingfeedbackis well-posed,e.g.,� � { ! is admissiblefor Σ if f it “fits” to Σ and I 
�{ �Qr TIC∞. Thus, we
follow theconventionof [S95]–[S98d].
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If dimH ( ∞, thena reachablesystemis exponentiallystabilizable,by p. 91
of [LR]. This is not thecasein general:if

� � TIC
�
U � Y 	 , thenthedualof (6.11)

is stableandexactly 0-stabilizable(in infinite time)but notevenoptimizable(see
Definition6.7.3),hencenotexponentiallystabilizable.

Any boundedK is anadmissibleULR statefeedbackoperator:

Lemma 6.6.11(BoundedKKK) Let Σ
�>�9� ��  ! � WPLS

�
U � H � Y 	 and

�
K F ! �F � H d U � U 	 .

Then
�
K F ! generate an admissiblestatefeedback pair for Σ iff I 
 F �r)F � U 	 . If I 
 F �År)F � U 	 , then

�
I 
 F 	 � 1K ��F � H � U 	 is an ULR admissible

statefeedback operator for Σ, andcorrespondingclosed-loopsystemsare identi-
cal moduloE :

� �
I 
 F 	�� 1 (see(6.136)).

By Proposition6.6.18(d),for
� 
 � ! � WPLS

�
U � H � � 0 � 	 , theclosed-loop

systemcorrespondingto K ��F � H � U 	 is generatedby
� A� BK B

K 0
! .

Proof: By Lemma6.3.16(c),
� � �� b ! � WPLS

�
U � H � U 	 and { is ULR. By

Proposition6.3.1(c),
� � { ! is admissibleif f I 
 F �®r)F � U 	 .

Assumethat I 
 F �Úr)F � U 	 . SetK
�
:
�

EK, whereE :
� �

I 
 F 	 � 1. Then
K
�
is admissibleandULR, by theabove. If

�
qK
� { � ! is thecorresponding

statefeedbackpair, then{ � � K
� �

τ
�

E
�
K
�

τ � F 	ö
 EF
�

E { � I 
 E � (6.135)

becauseEF
�

E 
 I , hencethenLemma6.6.12applies. 4
A coordinatetransformin the feedbacksignaldoesnot essentiallyaffect the

system:

Lemma 6.6.12(Making FFF zero) Let
� � { ! , Σ and Σ M be as in Definition

6.6.10. Let E �ïr)F . Then also
�

E
� �� E { � I 
 E ! is an admissiblestate

feedback pair for Σ (havingsamepreficesand sufficesas
� � { ! does),and

thecorrespondingclosed-loopsystemis givenby�	 
 M � M E � 1τ� M � M E � 1� M {NM E � 1 � E � 1 
 I



 (6.136)4
(We leave the easyverificationof this andthe following two lemmasto the

reader.)
Thus, if { is WR andE :

�
I 
 F ��r�F � U 	 (this is necessaryif { is UR or{~�Ä{ B � SR, by Proposition6.3.1(a1)&(b1)),thenwe cantake F

�
0 w.l.o.g. In

particular, any UR statefeedbackis equivalent(in the senseof the lemma)to a
UR statefeedbackoperator. Weshalloftenusethis fact.

Thefollowing is obvious:

Lemma 6.6.13(Stableis stabilizable) The pair
�

0 0 ! is [IO-
/SOS-/strongly/exponentially] r.c.-stabilizing for Σ iff Σ is [IO-/SOS-
/strongly/exponentially]stable.
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Thus, an [IO-/SOS-/strongly/exponentially] stable system is [IO-/SOS-
/strongly/exponentially]r.c.-stabilizable(but not viceversa). 4

Naturally, analogousclaimsalsohold for detectabilityandfor joint stabiliz-
ability anddetectability(Definition6.6.21).

Wecanalwaysusenegative feedbackto recover theoriginal system:

Lemma 6.6.14(
� 
 � M 
ô{ M !� 
 � M 
ô{QM !� 
 � M 
ô{ M ! for Σ MΣ MΣ M ) Let

� � { ! , Σ and Σ M be as in Defi-
nition 6.6.10. Then

� 
 � M 
o{ M ! � � 
 � � I 
 � ! is an admissiblestate
feedback pair for Σ M , and the correspondingclosed-loopsystemis Σext with the
addedrow

� 
 � 
ô{ ! . 4
Remark 6.6.15(Historical definitions of exponentialstabilizability) In most
infinite-
dimensionalclasses,one traditionally definesonly exponential stabilizability
(not stabilizability, strong stabilizability etc.) and usesa stronger definition:
onerequirestheexistenceof a bounded(K ��F � H � U 	 ) exponentiallystabilizing
state-feedback operator (see, e.g., [CZ]).

For Pritchard–Salamon-systems(see Section 6.9), the definition is even
stronger: Σ M mustbe exponentiallystablealso in the larger statespace“ R ”,
not merely in H :

�TS
.

Our definition was adoptedfrom [S98a]. However, in somearticles on
regular WPLSs(e.g., in [WR00]),onerequirestheexistenceof a SRexponentially
stabilizing state-feedback operator; also this definition is stronger than our
definition of exponentialstabilizability (we do not know whether it is strictly
stronger).

In the worksof I. Lasiecka, R. Triggiani and others (e.g., in [FLT]), some-
timesalso“non-admissible” feedback is accepted,i.e., themapu Y# uL neednot
be well-posed;this is a specialcaseof the settingof Definition 8.3.15and Sec-
tion 9.7(seealso(8.34)),Therefore, underthatconventiononeusuallytreatsonly
“the left columnof Σ M ”, which is well posed;anyexternalinput(“u M ”; e.g., distur-
banceor modelingerror) might“explode” thesystem.Thisconventionmakesop-
timizability equivalentto exponentialstabilizability. (Optimizabilityis theweak-
estreasonableextensionof theclassicalconcept“exponentialstabilizability”; see
Definition6.7.3.)

By Theorem9.2.12,all thesedefinitionsof exponentialstability coincidefor
systemshavingB bounded(or



Bu0 � L1

loc
�
R � ;H 	 for each u0 � U). Notealso

thatby “stabilizability” oneoftenmeansexponentialstabilizability. 4
All this appliesalso to (exponential)detectability (Definition 6.6.21) and

estimatability, mutatismutandis.
A statefeedbackpair inducesafactorization

� � � � � 1 of
�

. However, most
suchfactorizationsdo notcorrespondto statefeedback.

It is not enoughto find a right factorization
� � � � � 1 to obtain an I/O-

stabilizing feedbackpair, theremust also exist a suitable
�

for { :
�

I 
 � � 1.
Therefore,

�{ must be analytic outsidethe spectrumof A (this is most obvious
when

�{ � K
�
s 
 A	 � 1B

�
F is rational;in thegeneralcaseoneshoulduse(6.40)
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with
�� Y# �{ andC Y# K onsomeright half-planeand(possibly)analyticextension

elsewhere).Hence,in thefinite-dimensionalcase,theMcMillan degreeof { must
not exceedthedimensionof thestatespaceH. Thus,only a small fractionof all
right factorizationsof

�
correspondto I/O-stabilizingstatefeedbackpairs.

The concept“[q.]r.c.-stabilizability” is equivalent to stabilizability by such
a pair

� � { ! that the right factorization
� � � � � 1 mentionedabove is a

[q.]r.c.f. Sincethis conceptis new, weshall look at it morecloselybelow.
In Chapters8.3–12.3,the importanceof this conceptwill becomeobvious;

e.g., the Popov operatorof a sufficiently regular strongly stablesystemhasa
spectralfactorizationif f thecorrespondingRiccatiequationhasaq.r.c.-stabilizing
solution,andundersuitableassumptionssuchsolutionsleadto solutionsof several
control problemsalso in the unstablecase. Also Remark9.9.9 explains the
advantagesof q.r.c.-stabilizabilityin optimal control; somesufficient conditions
for q.r.c.-stabilizabilityaregivenin Corollary6.7.16.

By definition, [q.]r.c.-stabilizationmeanssucha stabilizationthat the map� �� ! : uM Y#�W yu X (see(6.133)–(6.134)or Figure6.3)becomes[quasi–]leftinvertible
overTIC. In particular, for suchapair themap W yu X�Y# uM is well-definedandstable.

Therefore,to constructa systemthat is stabilizablebut not q.r.c.-stabilizable,
we let

��
haveapole(at1) thatis notsharedby

��
, sothatwemusthave

�� �
1	 � 0

to make
� M :

� �Q�
stable,in whichcase

��
:
� �� ��

alsohasazeroat1, i.e.,
�

and�
arenotq.r.c.:

Example 6.6.16 (Exponentially stabilizablebut not q.r.c.-stabilizable)For the
systemΣ :

� �9� ��  "! generatedby
� 1 1
0 1
! , a statefeedbackoperatorK � C results

in
�� �

s	 � � s 
 1	 � � s 
 1 
 K 	 � ��ð� s	 , A
�

BK
�

1
�

K, henceonly K
�

0 is q.r.c.-
I/O-stabilizing (even q.r.c.-SOS-stabilizing),whereasK ( 
 1 is exponentially
stabilizing,K

� 
 1 is
��� � ! -stabilizing(but notI/O-stabilizing),andK

1 
 1,K �� 0
is only output-stabilizing.In particular, this systemis not q.r.c.-stabilizable(see
Example8.4.4of [Sbook] for a lesstrivial example). This follows from the fact
that



hasanunobservablepole. w

As above, lack of q.r.c.-stabilizability typically correspondsto situations
wherethe semigrouphasunobservablepoles. Conversely, onecanoften make
a stabilizing pair r.c.-stabilizingby cancelingthe commonzerosof

��
and

��
.

Indeed, from Lemma 6.5.4 one observes that in the finite-dimensionalcase,� � � � � 1 is a (q.)r.c.f. if f the zerosof
��

coincidewith the polesof
��

, up to
themultiplicity. Thus,then(q.)r.c.-I/O-stabilizationmeansI/O-stabilizationwith
a minimalnumberof zeros.(SeealsoLemma6.5.3(d).)Theinfinite-dimensional
situationis similar.

For anexponentiallystabilizableanddetectablesystem(e.g.,aminimalfinite-
dimensionalsystem),any I/O-stabilizing state feedbackpair is exponentially
q.r.c.-stabilizing,by Theorem6.7.15(c1).This is oneof thereasonswhy [q.]r.c.-
stabilizabilityis notasimportantin thefinite-dimensionalcase.

We do not know whetherthereis a SOS-stabilizablesystemthat is not q.r.c.-
SOS-stabilizable(or a (well-posed)right factorizationthatcannotbereducedto a
q.r.c.f.).
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For a stablesystem,any stable, stabilizing statefeedbackpair is [q.]r.c.-
stabilizing(andconversely, see(c)). Thisandrelatedresultsaregivenbelow:

Lemma 6.6.17(Stablecase:{ � TIC �{ � TIC �{ � TIC � r.c.-stab.) Let Σ
� ��� ��  "! � WPLS.

(a) Let
�

bestable, and let
� � { ! I/O-stabilizeΣ. Thenthe following are

equivalent:

(i) { is stable;
(ii)

� � { ! is r.c.-I/O-stabilizingfor Σ;
(iii)

� � { ! is q.r.c.-I/O-stabilizingfor Σ;
(iv) I 
Â{ �®r TIC.

Moreover,
� � { ! is [q.]r .c.-SOS-stabilizingiff it is stable(i.e., iff

�
and{ arestable)andΣ � SOS.

(b) If Σ � SOS, then a SOS-stabilizingfeedback pair for Σ is stableiff it is
[q.]r .c.-SOS-stabilizing.

(c) Let
� � { ! bea stableI/O-stabilizingfeedback pair for Σ, andlet

�
be

stable.

Then
� � { ! is r.c.-I/O-stabilizing. Moreover, it is r.c.-SOS-stabilizing

iff Σ � SOS, and it is [strongly/exponentially] r.c.-stabilizing iff Σ is
[strongly/exponentially]stable.

(d) Let
� � { ! be admissiblefor Σ � SOS. Then

� � { ! is r.c.-SOS-
stabilizingiff it is stableand

�
I 
8{Ø	 � 1 � TIC.

Proof: (a) If { � TIC, then
�

:
� �

I 
7{}	 � 1 ��r TIC, which makes
�

:
��'�

I 
v{}	 � 1 � TIC and
�

:
� �

I 
®{¼	 � 1 � TIC r.c. (seeDefinition 6.6.10).
Conversely, if

�
and

�
areq.r.c., then

� � 1 � TIC, by Lemma6.5.6(b),hence
then { � TIC.

Let { bestable.Thepair
� � { ! is [q.]r.c.-SOS-stabilizingif f

� M :
� � �

and
� M � � � �+� arestable.But

� �
is stableif f

�
:
� � � 1 � � is (because� �®r TIC). If

�
is stable,then

�
is stableif f

� M is.
(b) This follows from (a).
(c) The first two claimsarefrom (a), the last onefollows from Corollary

6.6.9.
(d) This follows from (a) and(b). 4

If B andC arebounded,thenit easyto verify that the generatorsof (6.125)

are given by ` A� BL i I � DL ^ N 1C B i I � LD ^ N 1i I � DL ^ N 1C D i I � LD ^ N 1 c , i.e., formally we just (remove τ and)

replaceeachoperatorby its feedthroughoperator;ananalogouscommentapplies
to otherforms of feedbacktoo. For unboundedB andC, the situationis similar
but muchtrickier, asobviousfrom thefollowing importantresults:

Proposition 6.6.18(Generators ` ALLL BLLL
CLLL DLLL c of ΣL) Make the assumptionsand use

thenotationof Proposition6.6.2.Then(a1)–(c4)hold:
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(a1)Dom
�
AL 	 / HBL

�
HB andH

B
CL

�
H
B
C.

(a2)For Res
1

max
�
ωA � ωAL

� wehave�
s 
 AL 	 � 1 
 � s 
 A	 � 1 � � s 
 A	 � 1BLCL

�
s 
 AL 	 � 1 (6.137)� �

s 
 AL 	 � 1BLLC
�
s 
 A	 � 1 ��F � H � HB 	fR (6.138)

(a3)ThegeneratorsA andAL aregivenby

AL
�

A
�

BLCL : Dom
�
AL 	É# H � (6.139)

A
�

AL 
 BLLC : Dom
�
A	|# H R (6.140)

(b1) (ΣLΣLΣL) Let Σ havecompatibleoutput operator pair
�
Cc � D 	 s.t. I 
 LD or

I 
 DL is left-invertible.

ThenbothI 
 LD andI 
 DL are left-invertible, ΣL hascompatiblegenera-
tors (here

�
I 
 DL 	 � 1

left maybeanyleft inverseof I 
 DL)@ AL BL�
CL 	 c �

DL 	 c D � @ A
�

BLCL BL�
I 
 DL 	 � 1

leftCc
�
I 
 DL 	 � 1

leftD D on Dom
�
AL 	|d U �

(6.141)
A
�

AL 
 BLLCc �vF � HB � V 	 � CL 	 c � �
I 
 DL 	 � 1

leftCc �vF � HB � Y 	 and B
�

BL
�
I 
 LD 	 �ìF � U � V 	 (seethe proof for the identificationof BLU / HL� 1

and BU / H � 1; here V is a Banach spaces.t. H /c V /c H � 1 and V /c
HL� 1).

If I 
 LD ��r)F , thenBL
�

B
�
I 
 LD 	�� 1 �²F � U � V 	 andAL

�
A
�

BL
�
CL 	 c �F � HB � V 	 .

(b2)Let Σ beWRandlet I 
 LD or I 
 DL beleft-invertible. Then(b1)applies
with

�
Cc � D 	 � � Cw � D 	 .

If, in addition,I 
 LD �®r)F , thenB
B
L

� �
I 
 D

B
L
B 	u� 1B

B
w on Dom

�
AL 	 .

(b3)Let Σ beSR.ThenI 
 LD andI 
 DL are left-invertible, and(b1)and(b2)
applywith

�
Cc � D 	 � � Cs � D 	 . Moreover, thenΣL is SR iff I 
 LD �®r)F .

If I 
 LD �®r�F , then@ AL BL

CL DL D � = A
�

BLCL B
�
I 
 LD 	�� 1�

I 
 DL 	�� 1Cs
�
I 
 DL 	�� 1D ? ��F � HB d U � V d Y 	fR

(6.142)
(seethe proof for the identificationof BL WU X and B WU X ), AL

�
A
�

B
�
I 


LD 	 � 1LCs �7F � HB � V 	 , B � BL �7F � U � V 	 , whereV is a Banach spaces.t.H/c V densely, V /c H � 1, V /c HL� 1. Seealso(c4).

(b4)Let Σ beUR.ThenI 
 LD �®r)F , ΣL is URand(6.142)holds.

(c1)Let
�

beSR.Then
�

L is SRiff I 
 DL �vr)F � Y 	 .
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(c2) Let
�

L be WR and let I 
 DL have a left inverse
�
I 
 DL 	 � 1

left. Then�
CL 	 s / � I 
 DL 	 � 1

leftCw.

(c3) Let
�

L be SR.ThenI 
 DL has a left inverse
�
I 
 DL 	 � 1

left, and
�
CL 	 s /�

I 
 DL 	 � 1
leftCs.

(c4) Let
�

be SRand I 
 DL ��r)F � Y 	 . Then
�
CL 	 s � �

I 
 DL 	 � 1Cs, and�
B
B
L 	 s � � I 
 D

B
L
B 	 � 1B

B
s.

In particular, Dom
�G�

CL 	 s	 � Dom
�
Cs 	 and Dom

�G�
B
B
L 	 s	 � Dom

�
B
B
s 	 (with

equivalentnorms).

(c5) Let
�T�

L 	 d beSRandlet I 
 DL havea left inverse. ThenI 
 DL �®r)F � Y 	
and

�
CL 	 w � � I 
 DL 	 � 1Cw.

(c6)Let
�

beSR.Assumethat
�

L � MTIC∞. ThenI 
 DL �ìr)F � Y 	 , � CL 	 L M s ��
I 
 DL 	�� 1CL M s, and

�
B
B
L 	 L M s � � I 
 D

B
L
B 	�� 1B

B
L M s.

In particular, Dom
�L�

CL 	 L M s	 � Dom
�
CL M s	 andDom

�G�
B
B
L 	 L M s	 � Dom

�
B
B
L M s	

(with equivalentnorms).

Make theassumptionsandusethenotationof Definition6.6.10.Then

(d1) (Σ MΣ MΣ M ) Let
� ` Cc

Kc c � � DF ! 	 bea compatiblepair for Σext. AssumethatX :
�

I 
 F

hasa left inverseM. ThenΣ M is compatiblewith�	 AM BM
CM D M
K M FM 

 � �	 A

�
BM Kc BM

Cc
�

DMKc DM
MKc M 
 I



 on HB d U � (6.143)

AM � A
�

BMKc onDom
�
A	 , andB

�
BM X onU (theremarksof (b1)apply).

By (a), Dom
�
AMÄ	 / HB

O � HB.

Moreover,
�­��

s	 � X 
 Kc
�
s 
 A	 � 1B, and

�� �
s	 � M

�
MKc

�
s 
 AM 	 � 1BM .

If
­

is WR, then
� �

x0
�

MKw

U� � S 	 x0 a.e.; if

­
is SR, then

� �
x0
�

MKs

�� � S 	 x0 a.e., for anyx0 � H.

If X �vr)F , thenBM � BM onU, andAM � A
�

BMKc on HB.

(d2) (
�
Kc � 0	�
Kc � 0	�
Kc � 0	 ) Let

� ` Cc
Kc c � � D0 ! 	 be a compatiblepair for Σext. Then Σ M is

compatiblewith�	 AM BM
CM D M
K M FM 

 � �	 A

�
BKc B

Cc
�

DKc D
Kc 0



 on HB d U � (6.144)

(theremarksof (b1)apply).Moreover, (d1)applies(with M
�

I
�

X).

In particular, 
 Kc is admissiblefor ` � O � O� O  O c , andtheresultingclosed-loop

systemis ` � ��  � � � b c .
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ΣUUUU V W W W WYXZΣ M Σ
�\[ �	$] � ^.�_C� `U��ba � { a � 

K

K c d
K e

Kf
w

K g
Figure6.4: Thesettingof Proposition6.6.18(f)

(d3)Assumethat
`9['hji

WR andF k 0. ThenΣ l hascompatiblegeneratorsmn
Al Bl
Cl D l
K l Flpoq k mn

A r BKw B

Cw r DKw D
Kw 0 oq on HB s U t (6.145)

Moreover, then u Clwv s x Cw r DKw, u K lyv s x Kw, z{ u sv k I | Kw u s | Av~} 1B,z� u sv k I r Kw u s | A | BKw v~} 1B, and �*� x0 k Kw ] ��uY� v x0 a.e.

(d4) ( u Ks
[
0vu Ks
[
0vu Ks
[
0v ) Assumethat

`?i
WR,

h�i
SRandF k 0. Then

h l is SR,Σ l is WR
with generators(6.145)(which holdsalsowithKs in placeof Kw). Moreover,
then u Cl v w k Cw r DKs on HB, and u K l v s k Ks.

If D k 0, then u Cl'v w k Cw. If
`

is SR,thenΣ l is SRand u Clyv s k Cs r DKs.

(e)Assumethat � � h��
is SRandthat ���3� ���� � � i WPLSu U [ H [ Z v . If � is WR

(resp.SR),thentheweak(resp.strong)Weissextensionsof S: Domu Alyv�� Z
andSw � Dom� A� : Domu Av�� Z are identicalon HB.

(f) Let ��� h �
beSRandF k 0. Let ��� g h g � beWRandadmissiblefor

Σ l with closed-loopsystemΣ � andFg k 0.

Then K
a
: k K r K g w �Dom� A� is WR and admissiblefor Σ, and � ��� ���� � �����

formsthetop two rowsof thecorrespondingclosed-loopsystem(andK
a
w k

Ks r K g w onHB, by(e)). Thepair generatedbyK
a
andcorrespondingclosed-

loopmapsaregivenby��� a h a � k ����g�r { gy� h r h g8| h g h � [ (6.146)� � a � h a � � k�� � ����r �9l �¡� g | I
� t (6.147)

Thus,if K andK g havesomestrongor uniformregularity property, thenso
do K

a
andK

a� .

(g) WehaveK
a k K

a¢a
(onHB) £6� al k¤� a¢al £ ��� a h a � k ��� a¢a h a¢a �

for any
compatibleadmissiblestatefeedback operatorsK

a
andK

a¥a
.

Recall that u CL v s x u I | DL v } 1
leftCw meansthat the latter is an extensionof

the former, i.e., that Domu¦u CL v sv x Domu¦u I | DL v } 1
leftCw v and u CL v sx0 k§u I |

DL v } 1
leftCwx0 for all x0

i
Domu¦u CL v sv . In (c2)–(c5),“DL” denotesthefeedthrough
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operatorof
`

L
i

WR; obviously, “DL” k D � L whenever
`¨i

WR (so that “D”
exists).

By (c4),wehaveDomu¦u CL v sv k¨u I | DL v } 1Domu Csv despitethefactthatthe
strongextensionsarecomputedw.r.t. differentsemigroupgenerators(AL andA,
respectively); therefore, u K l v s k Ks in (d4) (seethe proofsof (c3) and(c2) for
details;also(e) relatesto this).

It is notknown, whether, e.g.,(c4)holdswith CL © s in placeof Cs etc.(with the
exceptionof (c6); do not mix the generatorCL of

_
L with the strongLebesgue

extensionCL © s of C). However, when
`

is SR, we have Cs k CL © s on HB, by
Proposition6.2.8(c1)&(c4)&(d1). Analogously, most of the above proposition
canbewrittenwith Lebesgueextensions.

Recallalsothat compatibleoutputoperators(e.g., u CL v c and u DL v c) arenot
uniquein generalandmay differ from u CL v w and u DL v w even if ΣL is WR (butu CL v w and u DL v w areunique).

Theclosed-loopsystemΣL neednotbeWR in (b2):

Example 6.6.19 If we set ª` : k«� 0 �� d 0 � i TIC ¬ WHPR andL : k � 0 0
0 I

�
, where`­i

TIC ¬ SHPRis as in Example6.2.6, then ª` L k � �®� d �� d 0 ��¯i WR, although

I | L ªD k I
i±°+²

. Thus,if Σ is any realizationof ª` , then(b1) and(b2) applybut
ΣL is not regular. ³

This factandtheneedfor closed-loopgeneratorsfor Riccati equationtheory
wasourmainmotivationto introducecompatiblegeneratorsin [Mik97a]. Cf. also
Lemma6.3.11.

Proof of Proposition 6.6.18: (a1) By [S97b, Proposition37], we have
HB k HBL : k´u s | AL v } 1 µH r BU ¶Q· Domu AL v , andHÇL

k HÇ (for the stable
case;the proofsapply in the generalcasetoo; alternatively, useshifting (see
Remark6.1.9)or see[Sbook]for thegeneralcase).

(a2)This is Proposition6.6 of [W94b] (just take theLaplacetransformof
theidentity ] L | ] k ^ τL

_
L k ^ LτL

_
, which follows from (6.125)).

(b1) The (left-)invertibility of I | DL is equivalent to that of I | LD, by
LemmaA.1.1(f6). The other claims are given in Theorem6.5.1 of [Sbook]
(originally mostlyfrom [Mik97a] exceptfor BL). Wesketchtheproof below.

1¹ AL, u CL v c and u DL v c: The formula for A was given in (a3). Set
ω : k maxº ωA

[
ωAL » . By Theorem6.2.11(c1),Lemma6.3.10(a)and(6.125),

wehavez_ u sv k C u s | Av [ z_ L u sv k CL u s | AL v } 1 [ (6.148)z` u sv k D r Cc u s | A } 1 v B and u I |±z` L v z_ L k�z_ u s i C ¼ω v t (6.149)
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Thus,for any s
i

C ¼ω , wehaveu I | DL v CL u s | AL v } 1 k Cc ½ u s | Av } 1 r¾u s | Av } 1BLCL u s | AL v } 1 ¿ (6.150)k Cc u s | AL v } 1 iÀ² u H [ Y v [ (6.151)

by (a3), henceCL kÁu I | DL v } 1
leftCc on Ranu s | AL v k Domu AL v . Since u s |

AL v } 1BL kÂu s | Av } 1B u I | L z` u sv¦v } 1, by (6.125) and Theorem6.2.11, we
obtainthat

D r Cc u s | AL v } 1BL u I | L z` u sv¦v k¨u I | DL v z` u sv [ hence (6.152)u I | DL v } 1 u D r Cc u s | AL v } 1BL v k�z` u sv u I | L z` u sv¦v } 1 kÃz` L u sv [ (6.153)

by (6.125),so that u I | DL v } 1 u Cc
[
Dc v is a compatiblepair for ΣL (we canuse

for u CL v c : k´u I | DL v~} 1Cc the sameW asfor Cc), by Definition 6.3.10. (An
alternativeproof wouldhaveusedLemma6.3.12.)

2¹ BL: Chooseα
i

σ u Av c ¬ σ u AL v c, sothat u α | Av i °+² u H [ H } 1 v and u α |
AL v °+² u H [ HL} 1 v , where H } 1 : k Domu A̧ v ¸ , HL} 1 : k Domu A̧L v ¸ , by Lemma
A.4.6. Set

V : k¨u α | Av W[ Ä u α | Av x0
Ä
V : k Ä x0

Ä
W
[

(6.154)

VL : k¨u α | AL v W[ Ä u α | AL v x0
Ä
VL : k Ä x0

Ä
W
[ u x0

i
W v ; (6.155)

J : k¨u α | AL r BLLCc v u α | Av } 1 iÀ² u V [ VL v (6.156)

JL : k¨u α | A | BL u CL v c v u α | AL v } 1 i%² u VL
[
V v t (6.157)

It follows that H xc V xc H } 1, H xc VL xc HL} 1, andthatV andVL areinde-
pendentof α (obviously, H kTu α | Av H1 x V andV xc H } 1; by the resolvent
equation,V is independentof α asaset;by LemmaA.3.6,alsothetopologyof
V is independentof α, by LemmaA.4.6).

Assumingthat u I | DL v is left-invertible,adirectcomputation(see[Sbook])
shows thatJLJ k I

i%² u V v , i.e., that u α | Av~} 1JLJ u α | Av k I
i�² uW v . Since

J is boundedlyleft-invertible,we have J
i¾°9² u V [ V Å v , wereV Å : k J µV ¶ x VL.

Thus,J definesanembeddingV � VL with rangeV Å . By (a3),J � H k I k JL �H ,
hencewe canandwill identify V to V Å (notethat this mayalter thenormof V
from theonedefinedabove, but thenew norm is equivalent,i.e., the topology
of V is unchanged).

Then J becomesthe identity on V, henceα | A k α |�u AL | BLLCc v i² uW[ V v (usethe definition of J). By Lemma6.3.10(g),it follows that B
i
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one can compute that BL u I | LD v k B (and BL
iÃ² u U [ VL v , by Lemma

6.3.10(g)).
If I | LD

i�°9² u U v , then we get the final two claimsby exchangingthe
rolesof ΣL andΣ (notethatthenJJL k IVL, hencethenV Å k VL, i.e.,V k VL).

3¹ Remark: We do not know whethernecessarilyu CL v w kÇu CL v c : kÇu I |
DL v } 1

leftCc, or equivalently(by Lemma6.3.10(d3)),DL kÈu DL v c, whenΣ andΣL

areWR andI | DL
i±°+² u Y v . Of course,this is not thecasein (6.142),where

“WR” is replacedby “SR”.
(b2)Thisfollowsfrom (b1),exceptfor B̧L kÉu I | D ¸ L ¸ v~} 1B̧w, whichis from

(c2) appliedto Σd i WR u Y[ H [ U v andL ¸ , giving u B̧L v s kTu I | D ¸ L ¸ v~} 1B̧w on
Domu¦u B̧L v s v .

(As notedbelow theproposition,ΣL neednot beWR evenif Σ is WR and
I | LD

iÊ°+² u U v .)
(b3) (NotethatDomu Av k : H1 andDomu AL v arein generalpropersubsets

of HB; the notion “A
iË² u HB

[
V v ” in (b3) refersto A �HB

, whereA standsfor,
e.g.,its extensionto H (seeLemma6.1.16(a)).Thesameappliesfor AL.)

We prove thecaseI | DL
ij°+² u Y v below; therestfollows from (b2) and

Proposition6.3.1(a1).
1¹ Theproof: We fix α

i
σ u Av c ¬ σ u AL v c, sothat u α | Av iÊ°+² u Hk

[
Hk } 1 v

(k
i

Z). Let W betheclosureof H1 in Domu Csv (equivalently, in Domu¦u CL v s v ,
by (c4)). SinceH1 is densein Domu CL © sv , andDomu CL © sv xc Domu Csv , wehave

H1 xc HB xc Domu CL © sv xc W xc Domu Csv xc H xc V : k�u α | Av W xc H } 1 t
(6.159)

Analogously, we see that W is the closure of Domu Av in Domu¦u CL v sv k
Domu Cs v . Now H is densein V, becauseH1 is densein W. Therefore,J in
(b1)becomestheuniquecontinuousextensionof I : H � H to V � VL.

This way, we have Cc : k Cs �W, u I | DL vÌ} 1Cc k§u CL v s �W, u I | DL v~} 1D
becomesthefeedthroughoperatorof Æ L , andweobtain(b3) from theformulae
of (b1) and (c4) (note from the proof of (b1) that now V k VL and B

[
BL
i² u U [ V v ).

2¹ An equivalentconstructionfrom [W94b], pp. 52–56: G. Weissshows
that,for eachx0

i
V, theelementJx0 : k VL-limr Í ¼ ∞ r u r | Av } 1x0

i
VL exists.

ConverselyJLx0 : k V-limr Í ¼ ∞ r u r | AL v } 1x0
i

V exists for eachx0
i

VL and
J k¨u JL vÌ} 1 iÊ°9² u V [ VL v . He thenshows thatJ andJL are(unique)continuous
extensionsof I : H � H. By density, they mustbeequalto theextensionsof 1¹
(i.e.,of (b1)). It follows that

x0 k lim
r Í ¼ ∞

r u r | Av } 1x0 k lim
r Í ¼ ∞

r u r | AL v } 1x0 u x0
i

V k VL v (6.160)

(bothlimits convergein bothH } 1 andHL} 1).
By Proposition6.2.8(e),we alsohave B

iÎ² u U [ Domu B̧L © sv¦v . We do not
know whetherDomu B̧L © sv ¸ (andDomu¦u B̧L v L © sv ¸ ) is alwayscontainedin V.
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(b4) By Proposition6.3.1(b1), the admissibility of L implies that ΣL is
uniformly regularandI | DL

i±°+²
; therestfollows from (b3).

(c1)This follows from Proposition6.3.1(a3)(andLemma6.2.5).
(c2) (Here“DL” denotesthefeedthroughoperatorof Æ L; if Æ i WR, then,

obviously, DL k D � L).
Weusetheargumentof Proposition7.1of [W94b] (whichcontains(c3)and

(c4)):
For x0

i
Domu¦u CL v sv , by Lemma6.2.12,thelimit

Cwx0 k w-limCsu s | Av } 1x0 k w-lim sÏÐ x0 u sv (6.161)k w-lim s Ñu I |�Æ L v Ð Lx0 u sv k w-lim su I |ÒzÆÓu sv L v~ÔÐ Lx0 u sv (6.162)k w-lim u I |±zÆ$u sv L v CLsu s | AL v } 1x0 k�u I | DL v u CL v sx0 (6.163)

exists as s � r ∞ (becauseCLsu s | A� v~} 1x0 � u CL v sx0 strongly and u I |zÆ$u sv L v:� I | DL weakly;seealsoLemmaA.3.1(j2)),henceCw is anextension
of u I | DL v u CL v s. BecauseI | DL is left-invertible,we obtain(c1).

(c3) By Proposition6.3.1(a1),I | DL hasa left inverse.Thesecondclaim
is obtainedexactlyasin (c2) (with stronglimits).

(c4) The u CL v s formula follows from (c3) and(c1) (andLemma6.6.3); in
particular, Domu¦u CL v sv k Domu Csv . By LemmaA.3.6, thedomainsmusthave
equalnorms(sinceboth x

c
H). The u B̧L v s formulafollows from this (asin the

proof of (b2)).
(c5) By Proposition6.3.1(a1),u I | DL v ¸ hasa left inverse,i.e., I | DL has

a right inverse,henceI | DL
iÕ°+² u Y v . Now the proof of (c2) shows that

Cwx0 k�u I | DL v u CL v wx0 for all x0
i

Domu¦u CL v w v , henceu CL v w x Cw.
But u¦u I |ÀÆ L v~} 1 v d kÖu¦u I |ÀÆ L v d v~} 1 i SR,by Proposition6.3.1(a3),hence

onecananalogouslyverify thatCw x u CL v w.
(c6) By Theorem2.6.4(c2)(shifted), Æ L

i
MTIC∞ £«× : k´u I |�Æ L vÌ} 1 i

MTIC∞; assumethatthis holdsandthat Æ is SR.
It follows that × iØ° ULR, E

iÃ°+² u Y v and I |ÒÆ L kÖ× } 1 i ULR, by
Proposition6.3.1(c)&(a3),so that I | DL k E } 1 ij°+² u Y v and Æ L

i
SR. Set

g Ù : k¤×�| E. Notethat
Ð

L k¾× Ð k E
Ð r g Ù Ð .

Choosex0
i

Domu CL © sv . Then f : k Ð x0
i

L2
∞ and1

t Ú t
0 f dm k : y0 r ε u t v:�

y0 as t � 0r , wherey0 : k ECL © sx0
i

Y, by Proposition6.2.8(c4)&(c3). If
g
i

L1
∞, then,by theFubiniTheorem,wehave

1
t Û t

0
g Ù Ð x0 dm k 1

t Û t

0 Û s

0
g u r v f u s | r v dr ds k 1

t Û t

0
g u r v Û t

r
f u s | r v dsdr

(6.164)k Û t

0
g u r v t | r

t
u y0 r ε u t | r v¦v dr � 0

[
(6.165)
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ast � 0r . Analogously, if ∑k
Ä
Ek
ÄÌÜ � Y �QÝ ∞, andTk Þ 0 for all k

i
N, thenÄ 1

t Û t

0
∑
k

Ekτ } Tk f
Ä
Y ß ∑

k

Ä
Ek
Ä3Ä t | Tk

t
u y0 r ε u t | Tk v¦v Ä Y � 0

[
(6.166)

ast � 0r , wherethesumrunsover º k i N àà Tk Ý t » . From(6.164)and(6.166)
we obtainthat 1

t Ú t
0 uá×â| E v f dm � 0, ast � 0r . Because1

t Ú t
0 E f dm � Ey0,

ast � 0r , this implies that u CL v L © sx0 exists andis equalto y0 k ECL © sx0, by
Proposition6.2.8(c4)&(c3).

Sincex0
i

Domu CL © sv wasarbitrary, we have CL © s x E u CL v L © s. Exchange
therolesof Σ andΣL to obtainthat u CL v L © s x E } 1CL © s. Theclaimon B̧L follows
by duality.

(d1) This follows from (b1), except for the z{ , z� and �9� formulae,
which are from Lemma6.3.10(a)and Lemma6.2.12 (we have u K l v s x Kw

[ u K lwv s k Kw], by (c2) [(c4)]). Note that the “ u I | DL v } 1
left” of (b1) is givenbyu I | � DF � � 0 I

� v } 1
left k � I DM

0 M
�
.

(d2)This follows from (d1).
(d3) If

{ i
SR, then

� i
SR, by Proposition6.3.1(a3),hencethen Æ\l�kÆ � i

WR. The rest follows from (b1), (c2) and (d1). (Note that (6.145)
i² u HB s U

[
V s Y s U v , by (b1).)

(d4) Now Ksu s | Av~} 1 k sz{ u sv K lãu s | Al vÌ} 1 andCl su s | Al vÌ} 1 k Csu s |
Av~} 1 r±zÆ�u sv z� u sv Ksu s | Av~} 1 (cf. (c2)); theclaimsfollow from theseequations
andProposition6.3.1(a3)(becauseHB x Domu Ksv etc.).

(e) (In fact,without any regularity assumptionson ��� h �
, we have the

equalityon Domu¦u K l v sv ; i.e., for x0
i

Domu¦u K l v sv we have x0
i

Domu Ssv £
x0
i

Domu SA
s v with equalvalueson domains,asoneeasilyobservesfrom the

proof.)
SetSw : k w-limsÍ ¼ ∞ Ssu s | Al v } 1, SA

w : k w-limsÍ ¼ ∞ Swsu s | Av } 1.
Let x0

i
HB. Then,by (a2),wehave

Swsu s | Av } 1x0 k Ssu s | Al v } 1x0 r Sw u s | Av } 1BKl su s | Al v } 1x0 ä Swx0 r 0
[

(6.167)

becauseSw u s | Av~} 1B ä 0 andK l su s | Al vÌ} 1x0 � u K l v sx0 (seealsoLemma
A.3.1(j2)). Therefore,x0

i
Domu SA

w v and SA
wx0 k Swx0. The SR caseis

analogous.
(f) Recallfrom (a1)that“HB” is thesamefor all four systems.FromLemma

6.7.12weobtain(6.146)and(6.147).
Becauses z�bÅãu sv x0 ä u K å v wx0 r IKsx0 v , ass � r ∞, for all x0

i
HB (evenfor

all x0
i

Domu Ks v ¬ Domu¦u K å v w v ), theoperator
h Å is WR andK Åw k Ks r¾u K å v w

on HB (even on Domu Ks v ¬ Domuãu K åáv w v ). Thus, K Å:k§u K Åw v � Dom� A� k K ru K å)v w �Dom� A� .
By (6.146)andLemma6.2.5,we have F Åæk F r Få | Få F k 0 (since

h
is

SR).Recallfrom Lemma6.2.5thatstronganduniformregularitypropertiesare
preservedundercompositionandvectoroperations.
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(g) By Lemma6.3.10(d3), ����Å h Å � k ���bÅ¢Å h Å¥Å � if f K Åæk K Å¢Å on HB.
Obviously, eitherimpliesthat �9Ål k?�bÅ¢Ål .

Assume then that ��Ål kç�bÅ¢Ål . Then è�Ål kéè¨rÖê τ ��Ål k«è�Å¢Ål , andÐ Å l k Ð rÊÆ τ �ëÅl k Ð Å¢Ål , henceAÅ l k AÅ¢Ål , CÅl k CÅ¢Ål and K Ål k K Å¢Ål . By (6.144),
we have Σ Å l k Σ Å¥Ål . Since | K Ål kì| K Å¢Ål is admissiblefor Σ Å l , we obtain that���bÅ h Å � k ���bÅ¢Å h Å¢Å � , by Lemma6.6.14. í
Theformulaebetweendifferentoperatorsin Proposition6.6.18arestraightfor-

wardaslongaswestayin H (whichobviouslyincludesthedomainsandextended
domainsof C, K andB̧ ). However, whenwrite formulaefor B andBL, or for A
andAL with input spacesuchasHB, largerthanthedomainof theoriginal opera-
tor, we facethefactthatH } 1 ¯k HL} 1 in general.

Thus, theseformulaedependon how we identify a part of H } 1 (containing
H r B µU ¶ ) to apartof HL} 1 (containingH r BL

µU ¶ ). Wemakethefollowing remark
on this:

Remark 6.6.20(B k BlB k BlB k Bl ) (1.) TheidentificationbetweenB andBl in Proposition
6.6.18(d2)(thecompatiblecasewithout feedthrough,dueto O. Staffans[Sbook]
(or [SW00])) is basedon an isometricisomorphismJ : u α | Av W � u α | Al v W
(seetheproofof (b1)),which is a continuousextensionof I : H � H; hereW · HB

is thedomainof � Cc
Kc � .

If H1 is densein W, thenH is densein u α | Av W and u α | Al v W, and thus
this extensionis unique. If this is not the case, then Σ has several compatible
pairs for the sameW, and the identificationdependson the pair chosen.Thus,
whenapplying the formula B k Bl , oneshouldwrite out the spacesu α | Av W
and u α | Al v W for thesystemunderstudy;in several applicationsit is completely
natural to identifythem.

If I | F is merely left-invertible, then we can still embed u α | Av W intou α | Al v W, still so that the embeddingis a continuousextensionof I : H � H,
andweobtaina weaker connectionbetweentheoperators, asshownin (d1) (or
(b1)).

(2.) Theidentificationin theSRcase(e.g., Proposition6.6.18(d4)),dueto G.
Weiss[W94b], is basedon a rathernatural identification;thespaceW hasbeen
chosenso that H1 is densein W. Of course, insteadof V, onecould chooseto
closeH w.r.t. a differentnormthanthatof V andtry to obtaina spacecontaining
H r BU andembeddableinto H } 1.

Still, we recommendthe reader to always check the meaningof V before
applyingtheformulaB k Bl (or theformulafor Al outsideDomu Alwv ).

Naturally, thecasefor staticoutputfeedback is analogous.Seetheproofsof
(b1)and(b3) for detailson thetwo identificationsmentionedabove.

Asobservedin theproofof (b3),theidentificationof Weissis a specialcaseof
theidentificationof Staffans. í

If Σ canbestabilizedby outputinjection (i.e., by feedingthe outputbackto
the systemthroughan extra input, as in Figure 6.5, then we call Σ detectable
(we useduality to avoid a longertreatmentanalogousto that for statefeedback
stabilizability):
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è î τ ê τÐ ï Æð
x0

ñ xñ y

ñ v ò ó
y

ðô ¼¼ñ π ¼ võ
ð

π ¼ u

Figure6.5: Outputinjectionconnection

Definition 6.6.21(Detectability) Let Σ kö�y� �� � � i WPLSu U [ H [ Y v . A pair �y÷ ø �
is an admissibleoutputinjection pair for Σ if the extendedsystem �y� ÷À�� ø � � is a

WPLSandI | ïÈiÊ° TIC∞ (i.e., L k � I0 � is admissiblefor �y� ÷%�� ø � � ).
Such a pair �w÷ ø � is stabilizingif theresultingclosedloopsystem

Σ õ : kúù èpr î τ ª� Ð îjª� êërËîÉª� Æª� Ð ª� | I ª� Æ û (6.168)

(here ª� : kÇu I | ï v~} 1) is stable, i.e., if L is stabilizing; in this case, we call Σ
detectable.

If � A ü
C 0

�
generate a WR WPLS ��� ÷� ø � and ��÷ ø � is an admissible(resp.

stabilizing)output injection pair for Σ, then ý is called a WR admissible(resp.
stabilizing)outputinjectionoperatorfor Σ.

Admissibleoutputinjectionandstatefeedback pairs ��÷ ø � and � � hÈ�
are

called jointly admissiblefor Σ if they arepartsof a singleWPLS

ΣTotal : k mn è î êÐ ï Æ� × h oq i WPLSu Y s U
[
H
[
Y s U v (6.169)

(with someinteractionoperator× i TIC∞ u Y[ U v ). If the closed-loopsystemsof
ΣTotal correspondingto L k � 0 0

0 I

�
and ªL k � I 0

0 0
�

are stable, then the pairs are
jointly stabilizingandΣ is jointly stabilizableanddetectable.

We usepreficesand sufficesas in Definitions6.6.10and 6.6.4 above (e.g.,
strongly l.c.-detectablemeanshaving a admissiblepair �y÷ ø � s.t. Σ õ is strongly

stableand ª� and ª� Æ are l.c.). Preficesprecedingthe word “jointly” apply to
bothclosed-loopsystems(henceto bothpairs).

The two closed-loopsystemscorrespondingto jointly admissiblepairs are
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è î τ ê τÐ ï Æ� × hð
x0

þx þy þzò óô¼ } þπ ¼ u þulò ð
y

ðô ¼}ñ võ ñ π ¼ vò ó

Figure6.6: TheextendedsystemΣTotal

è î τ ê τÐ ï Æ� × hð
x0

þx þy þzò óô ¼¼ñ u ñ π ¼ ulò ð
y

ðô ¼}ñ võ ñ π ¼ vò ó

Figure6.7: Theclosed-loopsystemu ΣTotalv L
easilyseento begivenbyu ΣTotalv L k mn èpr�ê τ u I | h v } 1 � î¡r�êÿu I | h v } 1 × ê\u I | h v } 1Ð r¡Æ$u I | h v } 1 � ï r ÆÓu I | h v } 1 × Æÿu I | h v } 1u I | h v~} 1 � u I | h v~} 1 × u I | h vÌ} 1 | I oq [

(6.170)u ΣTotalv��L k mn èpr¡î τ u I | ï v } 1 Ð î$u I | ï v } 1 ê�r î u I | ï v } 1 Æu I | ï vÌ} 1 Ð u I | ï v~} 1 | I u I | ï v~} 1 Æ��r�×�u I | ï vÌ} 1 Ð ×\u I | ï v~} 1 h r¡×ÿu I | ï v~} 1 Æ oq t
(6.171)

Any [strongly/exponentially]stableΣ is [strongly/exponentially]jointly r.c.-
stabilizableandl.c.-detectable(take

h k 0 k ï kØ��kÕîÖk�× ). Becauseof the
duality explainedin Lemma6.7.2,weomit mostleft definitionsandleft results.

Detectability meansroughly that the unstableparts of the systemcan be
detectedin the output. Observability meansthat the whole statespacecan be
observed in the output. The latter condition soundsstronger, and, indeed,an
observablesystemis exponentiallydetectable,by p. 91 of [LR], if dimH Ý ∞.
In general this is not the case(recall the word “roughly” above): for anyÆ i TIC u U [ Y v , the (infinite-dimensional)system(6.11) is stableandexactly 0-
observable(in infinite time)but not evenestimatable(seeDefinition6.7.3).

Detectabilitydoesnot imply observability evenfor dimH Ý ∞ (just take any
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exponentiallystableè with
Ð k 0). By duality, therelationsbetweenreachability

andstabilizabilityareanalogous.
Next weshalllist a few factson joint stabilizabilityanddetectability. Westart

with a ratherobviousremark:

Lemma 6.6.22(Jointly stabilizing � � � separately) If � ÷ ø � and ��� h �
are

jointly admissible[stabilizing] for someWPLSΣ, then �y÷ ø � and � � hÃ�
are

admissible[stabilizing] for Σ; all preficesandsufficesapply.

Proof: 1¹ Admissibility: Joint admissibility is obviously equivalentto the
invertibility of I | h andI | ï in TIC∞, hencetheadmissibilityclaim holds.

2¹ Stabilization: Compare(6.170) to (6.133) and (6.171) to (6.168) to
obtain the claim in brackets and the claim on preficesand suffices (note
that by “r.c.-” we refer to

�
: k�u I | h v~} 1 and � : k­Æ � and by “l.c.-” toª� : k¨u I | ï v~} 1 and ª� : k§ª� Æ , is in Definitions6.6.10and6.6.21). í

Theconverseis not true:

Example 6.6.23 (Stabilizing but not jointly stabilizing) If A, B and C are
as in Example6.3.24, then the output injection pair (right column) in ½ A B

0 0
¿

and the statefeedbackpair (lower row) in ½ A 0
C 0

¿ areadmissiblefor ½ A 0
0 0

¿ , by
Lemma6.3.16andProposition6.3.1(c),but they arenot jointly admissible,by
Example6.3.24(thereis no suitableinteractionoperator× ).

By replacingA by A r ω for a suitableω
i

R (seeRemark6.1.9), we can
make the two pairs stabilizing but yet not jointly stabilizing (not even jointly
admissible). ³

Nevertheless,we do not know whetherthere is a systemthat is [exponen-
tially] stabilizableanddetectablebut not [exponentially]jointly stabilizableand
detectable.[Neither do we know whetheroptimizability andestimatability(see
Definition 6.7.3)is strictly weaker thantheabove two conditions.All thesecon-
ditionsareequivalentif thesystemis sufficiently regular, by Theorem7.2.4(c).]

Lemma 6.6.24 We have “exponentiallyjointly stabilizableand detectable” =
“jointly exponentiallystabilizableand detectable”and “strongly jointly stabi-
lizableanddetectable”= “jointly stronglystabilizableanddetectable”.

Proof: Let ��� h �
and �w÷ ø � be jointly stabilizing, so that

I |�u ªL | L v Æ Total kç������
	 � iØ° TIC in terms of (6.172). By Lemma 6.6.3,uãu ΣTotalv L v��L } L kÖu ΣTotal v��L, henceu ΣTotalv L is [exponentially]stronglystableif fu ΣTotalv��L is [exponentially]stronglystable,by Corollary6.6.9. í
If C is boundedlyleft-invertible,thenonecandetecteverythingaboutthestate

from theoutput;in particular:

Lemma 6.6.25 Let Σ k �y� �� � � i WPLSω u U [ H [ Y v bes.t.TC k I for someT
i² u Y[ H v . ThenΣ is exponentiallydetectable.
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In standardstabilizationproblemswe have C k µ I¸ ¶ , so that onecanchoose
T : k§� I 0

�
.

Proof: Take ý : kÇ| rT
iÊ² u Y[ H v , G k 0, r Þ ω. Then � � ÷� ø � is well-

posed,by Lemma6.3.16(b),henceso is ��� ÷��� ø � � , and
ï

is ULR. Moreover,
thegeneratorof è õ is A r¡ý Cs k A | rI , by Proposition6.6.18(b3),henceè õ is
exponentiallystable,by LemmaA.4.2(g2). í
In theclassicalcase,any admissiblestatefeedbackandoutput-injectionpairs

arejointly admissible:

Lemma 6.6.26(KKK and ý ý ý jointly) Let ��� h �
and �w÷ ø � be admissible(resp.

exponentiallystabilizing)pairs for Σ.
If K or ý is bounded,then � � hÃ�

and ��÷ ø � are jointly admissible(resp.
jointly exponentiallyr.c.- andl.c.-stabilizing).

Proof: Let K bebounded(theothercaseis analogous).Then � K 0 F
�

extends �y� ÷À�� ø � � to a WPLS,by Lemma6.3.16(c),hence � � h �
and �y÷ ø �

arejointly admissible(resp.and � � hÃ�
is exponentiallyr.c.-stabilizingand� ÷ ø � is exponentiallyl.c.-stabilizing,by Theorem6.6.28(andRemark6.1.9).í

In the uniformly regular case,jointly stabilizing pairs can be replacedby
jointly stabilizingK and ý :
Lemma 6.6.27 If ��� h �

and �w÷ ø � are jointly stabilizing for Σ k �y� �� � � iWPLSu U [ H [ Y v with interaction operator × , thenso are � R� I | Ru I | h v �
and ��÷ ø � with R× , andsoarealso ��� h �

and ��î S I |±u I | ï v S � with × S,
for anyR

iÊ°9² u U v , S
i±°+² u Y v . All preficesandsufficesapply.

In particular, if ΣTotal is UR,thenwecanhaveF k 0, G k 0 andE k 0.

Proof: 1¹ We observe from equations(6.170)–(6.171)that corresponding
closed-loopsystemsare equalexcept that ê L �� ê LR} 1, Æ L �� Æ LR} 1 and�

L �� �
LR} 1 (hence

h
L �� I |Îu I | h L v R} 1 k h LR} 1 r I | R} 1), and u ΣTotalv��L

is affectedanalogously.
2¹ If ΣTotal is UR, thenI | F

[
I | G

iB°9²
, by Proposition6.3.1(b1),hence

wecanhaveF k 0 andG k 0 (takeR kÃu I | F v~} 1, S kÈu I | Gv~} 1 in 1¹ ). More-
over, if we replace× by ×p| E, thenwe addtheelementsof the third column
of (6.170)plus µ 0 0 I ¶ T, times | E, to thesecondcolumnof (6.170),hencethe
stabilityof (6.170)is notaffected.An analogousclaimholdsfor (6.171).Thus,
thenew pairs(thosewith F k 0, G k 0) with ×â| E arestabilizingexactly in
thesamesenseastheold ones. í
Werecallthemainresultof [S98a]:

Theorem 6.6.28(d.c.f. £ £ £ jointly) Let Æ i TIC∞ u U [ Y v . Thenthe following are
equivalent:

(i) Æ hasa d.c.f.;
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(ii) Æ hasa jointly I/O-stabilizableandI/O-detectablerealization;

(iii) Æ hasa stronglyjointly r.c.-stabilizableandl.c.-detectablerealization.

Moreover, anyjointly I/O-stabilizingpairs(if any)for anyrealizationof Æ are
jointly r.c.- andl.c.-I/O-stabilizing.

Recall from the definition that (iii) meansthat both (6.170) and (6.171)
becomestronglystableandthat Æ�k�� � } 1 is a r.c.f. and Æ�k6ª� } 1 ª� is a l.c.f.,
where ª� : k�ª� Æ , ª� : kÈu I | ï v~} 1.

If Σ is thecorrespondingrealizationand � � h��
correspondsto astabilizing

SRK
i�² u H1

[
U v , then z� u sv k I r Ks u s | Av~} 1B and z�/u sv k D rju Cs r DKsv u s |

Av~} 1B areSR, by Proposition6.6.18(b3). An analogousclaim obviously holds
for thewholed.c.f.whenalso �w÷ ø � correspondsto a SRoperator. (If K andH are
merelyWR, thenthesameformulaecanbeappliedbut thefactorizationneednot
beWR.) SeeSection5 of [WC] andSection3 of [CWW96] for analogousresults
(in the SR exponentiallystabilizingcase,which canbe obtainedby shifting the
aboveresult).

Proof: Thisfollowsfrom theproofof Theorem4.4of [S98a];wesketchthe
proof below.

1¹ “(iii) � (ii)”: This is trivial.
2¹ “(ii) � (i)”: Assume(ii) anddenotetheI/O mapsof (6.170)and(6.170)

by � ø L � L

L � L � and � ø��L � �L
 �

L � �L � , respectively. ThentheTIC u U s Y v maps� � �� {�� k �
I r h L |b× LÆ L I | ï L

� and ù ª{ |/ª�|/ª� ª� û k �
I | h �L × �L|9Æ �L I r ï �L � (6.172)

areinversesof eachother;hereΣ õ is thesystem(6.168)(see[S98a]for details
(or usedirect computation);note that there

� k ” × l ” kE|�× L and
� k ” × õ ” k|b× �L becauseof different signs in the Bezout equationsof [S98a]). Thus,

if the pairsare jointly I/O-stabilizing, then(6.172)definesa d.c.f. of Æ (and��� h �
and �y÷ ø � arejointly r.c.- andl.c.-I/O-stabilizing).Consequently, we

have (i) holds.
2¹ “(i) � (iii)”: We work asin Lemma6.6.29:Let (6.109)bea d.c.f. of Æ .

Startwith, e.g.,astronglystablerealization(say, ΣL) of� ï
L Æ L× L
h

L
� : k �

I | { �| � � | I
� (6.173)

(cf. Definition 6.1.6),whereCloseit with the outputfeedbackoperatorL Å : k�
0 0
0 | I

� (which is admissiblesince
� ij°

TIC∞) to obtaina WPLSΣTotal : ku ΣL v L � ; drop the middle column and bottom line of ΣTotal to obtain Σ
i

WPLSu U [ H [ Y v .
Theadditionaloperatorsin ΣTotal constitutestronglyjointly stabilizingand

detectingpairs and an interactionoperatoras in Definition 6.6.21: indeed,u ΣTotalv } L � k ΣL, and,by Lemma6.6.3,(6.171)is stronglystableif f�
I 0
0 I

� | �
I 0
0 | I

� � I | { �| � � | I
� k � { |��| � � � (6.174)
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is in
°

TIC, by Corollary6.6.9,andthisis thecase,by assumption(see(6.109)).í
By samemethods,weobtainthefollowing:

Lemma 6.6.29 If(f) Æ i TIC∞ hasa right factorization[[q.]r .c.f.] Æ�k�� � } 1,
then Æ hasa strongly[[q.]r .c.-]stabilizablerealization.

Theconverseis alsotrue,by Definition 6.6.10.If
� i

UR or
� [ � } 1 i SR,

we cantake M k I above, by Proposition6.3.1(a3)&(b1)andLemma6.4.5,i.e.,
thenthe feedbackpair � � I | � } 1 � in the proof below hasno feedthrough:� K I | M } 1 � k � K 0

�
.

Proof: Take a strongly stable realization Σ l of � �� } I
�

(e.g. Σ l : kù π � τ π ��� ���� π �
I � �� } I � û i WPLS0 u U [ L2

ω u R ¼ ;Y v [ Y v ), andcloseit with L : k � 0 | I
�

to geta realization

Σext : k mn è êÐ Æ� I | � } 1 oq : k�u Σ l v L i WPLSt (6.175)

By Lemma 6.6.3, � � I | � } 1 � is strongly [[q.]r.c.-]stabilizing for
Σ : k �y� �� � � . í
Notes
All definitionsarebasicallyfrom [S98a];thesuffices,someprefices(suchas

r.c.-stabilization)andtheconcept“compatiblestatefeedback(or outputinjection)
operator” are new. The definition of stabilizability in [WC] and [CWW96]
is equivalent to the existenceof a SR exponentiallystabilizing statefeedback
operator;adualremarkappliesto detectability.

Proposition6.6.2 is [S98a, Proposition3.2], which is a variant of [W94b,
Proposition3.6] (thesemigrouppartof this wascontainedalreadyin [Sal87]).

Lemma6.6.3 is [W94b, Remark6.5]. Part of Lemmas6.6.7and6.6.8and
Corollary6.6.9arebasedon Lemma21 of [S97b]andon its proof.

Most of parts(a1)–(a3),(b3), (c1)–(c5)and (d4) of Proposition6.6.18are
basedon [W94b] or on the methodsused in its proofs. Most of (b1) and
(d1) are from [Mik97a]; the claims on BL (including V and the corresponding
identification)wereaddedin [Sbook].

Example6.6.19is basedon [SW01b].Theorem6.6.28is essentiallyTheorem
4.4of [S98a](Theorems3.2and3.4of [CWW96] presentanindependentvariant
for regularWPLSs);theproofof Lemma6.6.29is analogous.

A classicalWPLSreferencefor outputfeedbackis [W94b],whichcontainsthe
rudimentsof staticfeedbackandstatefeedback;the mostcompletereferenceat
presentis [Sbook,Chapters7&8], whoseresultsarepartiallycontainedin [S98a].
Most existing literaturetreatsexponentialstability ratherthanstability; however,
the resultson the latter always imply analogousresultson the former, but the
conversedoesnothold.
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6.7 Further feedbackresults

Stabilityitself is nothingelsethana moresluggishmotion.

In this section,we presentfurther resultson feedback;especiallyon stabiliz-
ability. Wealsodefineandstudyoptimizabilityandestimatability, whichareweak
formsof exponentialstabilizabilityandexponentialdetectability, respectively.

For thereaderto distinguishbetweentheseveralstabilityconceptsintroduced
aboveandin thenext chapter, wegivehereasummaryof all suchconcepts:

Summary 6.7.1(Stabizability concepts) Let Σ k �y� �� � � i WPLSu U [ H [ Y v and
ω
i

R.

(a) [6.6.4] An operator L
i?² u Y[ U v is called a stabilizing (static) output

feedbackoperatorfor Σ if L is admissible(I | L Æ i?° TIC∞ u U v ) and the

resultingclosed-loopsystemΣL kÂ� � L � L�
L � L � is stable.

If such an L exists,wecall Σ stabilizableby staticoutputfeedback.

Whenever L is s.t. ê L is stable, L is called ê -stabilizing for Σ; the applies
alsoto theothercomponentsof Σ.

Evenwithoutreferenceto Σ, wesaythatL is stabilizingfor Æ i TIC∞ u U [ Y v
whenL is admissibleand Æ : k¾Æ*u I | L Æ v~} 1 is stable.

(b) [6.6.10] A pair � � hÃ�
is calleda stabilizingstatefeedbackpair for Σ if

theextendedsystemΣext is a WPLSandL : k � 0 I
�

stabilizesΣext.

If such a pair ��� h �
exists,wecall Σ stabilizable.

Whenweaddtheprefix“ [q.]r.c.-” (resp.suffix “ in � ”) (e.g., “ ��� h �
is

[q.]r .c.-stabilizing”), wemeanthat � and
�

are [q.]r .c. (resp. � [ � i � ),
where

�
: k¨u I | h v~} 1, � : k¾Æ � .

The pair ��� h �
is exponentially[q.]r.c.-stabilizingfor Σ if ��� h �

is exponentiallystabilizingand � and
�

are exponentially[q.]r .c.; equiv-
alently, if � ω � � h �

is [q.]r .c.-stabilizingfor � ωΣ for someω Þ 0 (see
Remark6.1.9).

(c) [6.6.21] A pair �y÷ ø � is an stabilizing output injection pair for Σ if� î d ï d � is a stabilizingstatefeedback pair for Σ.

If such a pair � ÷ ø � exists, we call Σ detectable. We use prefices(e.g.,
“[q.]l.c. ”) asin (b).

(d) [6.6.21] Theoutputinjectionandstatefeedback pairs � ÷ ø � and ��� h �
are called jointly stabilizingfor Σ if they are part of a singleWPLS(6.169)
andbothL k � 0 0

0 I

�
andL k � I 0

0 0
�

stabilizethisWPLS.

If such pairsexist,wecall Σ jointly stabilizableanddetectable.

By dynamicfeedback (DF) we meanoutputfeedback similar to that defined
in (a) but with a dynamiccontroller L, i.e., L

i
TIC∞ u Y[ U v neednot be static.

In dynamicpartial feedback (DPF, aka. measurementfeedback) we meanthe
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situation where the input and output of the controller are connectedonly to
a part of the output and input of the systemto be controlled. Maps with
internal loop are a generalized conceptof TIC∞ maps. This conceptmakes
the algebraic stabilizationtheory more complete, and it has also a reasonable
physicalinterpretation.

Theseconceptsarestudiedin Chapter7, but weincludethemin thissummary
for easycomparison;herealsoΞ is anarbitrary Hilbert space:

(e) (DF) [7.1.1] A map  i
TIC∞ u Y[ U v is a stabilizing (DF-)controller forÆ i TIC∞ u U [ Y v if L k I is stabilizingfor � 0 !� 0

�
.

If such a  exists,wesaythat Æ is DF-stabilizableandthat  DF-stabilizesÆ .

(e’) (DF-IL) [7.2.1] A map "jk �$# 11 # 12# 21 # 22 � i TIC∞ u Y s Ξ
[
U s Ξ v is astabilizing

(DF-)controllerfor with internalloop Æ i TIC∞ u U [ Y v if L k I is stabilizing
for (7.20).

If such an " exists,wesaythat Æ is DF-stabilizablewith internalloop and
that " DF-stabilizesÆ with internalloop.

(f) (DPF) [7.3.1] A map  i
TIC∞ u Y[ U v is a stabilizing DPF-controllerforÆ i TIC∞ u U s W

[
Z s Y v if � 0 !0 0

�
is a stabilizingDF-controller for Æ .

(f ’) (DPF-IL) [7.3.1] A map " k � # 11 # 12# 21 # 22 � i TIC∞ u Y s Ξ
[
U s Ξ v is a

stabilizing(DPF-)controllerwith internalloop for Æ i TIC∞ u U s W
[
Z s Y v

if (7.58) is an admissible[stabilizing] (DF-)controller for Æ with internal
loop.

If such an " exists,wesaythat Æ is DPF-stabilizablewith internalloopand
that " DPF-stabilizesÆ with internalloop.

In (e)–(f’), one can make analogous definitions with Æ replacedby its
realization[and  or " replacedby its realization],seeDefinitions7.1.1,7.2.1
and7.3.1.

WhenwesaythatL is stronglyinternallyω-stabilizingfor Σ, wemeanthatwe
do not require thecorrespondingclosedloop systemΣL, to bestablebut strongly
internally ω-stable; the sameappliesto all other stability concepts(prefices)of
Definition6.1.3.

Samepreficesare usedfor stabilizability by static output feedback (e.g., “ Σ
is strongly internally ω-stabilizableby static output feedback”), and theseare
inheritedby definitions(b)–(f’), where also further preficesand sufficescan be
used(see2. and 4. of Definition 6.6.10). In (d), preficesprecedingthe word
“jointly” applyto bothpairs.

In (a)–(f’), weusethe word admissibleinsteadof stabilizingif L is (merely)
admissible. Theword stabilizesmeans“is stabilizingfor”. SeeRemark6.7.19for
ω-stabilization(ω

i
R).

SeeDefinition 7.2.11for mapswith a coprime (that is, a d.c., r.c., or l.c.)
internal loop. Remark6.7.19explains ω-stabilizationfurther. We usually say
“stabilizing” insteadof “admissiblestabilizing”.
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Theconceptsof Summary6.7.1areinvariantunderduality:

Lemma 6.7.2(Duality) Make theassumptionsof Summary6.7.1.
Thenthe properties(a)–(f’) of the summaryare invariant to the following

extent:

(a) L is admissiblefor Σ iff Ld is admissiblefor Σd.

If L is admissible, then u Σd v Ld k u ΣL v d. Thus,e.g., L is [exponentially]
stabilizingfor Σ iff L is [exponentially]stabilizingfor Σd, etc.

(b)&(c) A pair � ÷ ø � is anadmissibleoutputinjectionpair for Σ iff � î d ï d �
is anadmissiblestatefeedback pair for Σd.

Moreover, thecorrespondingclosed-loopsystems(see(6.168)and(6.133))
are dualsof each other, hence � ÷ ø � is [exponentially/ exponentially[q.]l.c.-
/ [q.]l.c.-]stabilizing for Σ iff � î d ï d � is [exponentially/ exponentially
[q.]r .c.- / [q.]r .c.-]stabilizingfor Σd.

Thus,Σ is stabilizableiff Σd is detectable, etc.

(d) Thepairs � � h �
and �w÷ ø � are jointly admissible(resp.[exponentially]

jointly stabilizing) for Σ iff � î d ï d � and �&% d� d � are jointly admissible

(resp.[exponentially]jointly stabilizing)for Σd. Thecorrespondingclosed-
loop systemsare dualsof each other modulopermutationsof the two I/O
rowsandcolumns.

Thus,Σ is jointly stabilizableanddetectableiff Σd is jointly stabilizableand
detectable, etc.

(e)–(f’) Analogously,  is admissiblefor Æ in the senseof (e) (resp.(e’), (f),
(f ’)) iff  d is admissiblefor Æ d in thesenseof (e) (resp.(e’), (f), (f ’)).

Moreover, the correspondingclosed-loopsystemsare dualsof each other
modulopermutationsof I/O rowsandcolumns.Thus,  is [exponentially]
stabilizingfor Æ in thesenseof (e) (resp.(e’), (f), (f ’)) iff  d is [exponen-
tially] stabilizingfor Æ d in thesenseof (e) (resp.(e’), (f), (f ’)).

Analogousremarksapplyto realizationsof Æ (and  ).

By Æ d we mean Æ d in caseof (e) or (e’) and � � d
22 � d

12� d
21 � d

11 � in caseof (f) or (f ’)

(notethat thesecorrespondto " d, not to " d, in Definitions7.2.1and7.3.1). Cf.
alsoProposition7.2.5(d),Lemma7.2.6andProposition7.3.4(d).

Becauseof the duality betweenthe closed-loopsystems,alsomostprefices
andsuffices(e.g.,“internally”, “I/O-”, “weakly”, “ω-”, and“in � ” if �¨k'� d) are
preserved(although“output” becomes“input”, “[q.]r.c.” becomes“[q.]l.c.” etc.).
However, the “strong” properties(e.g., “strongly detectable”)areexceptionsto
this duality, becausetheadjointof a stronglystablesystemneednot bestrongly
stable.In thefollowing wewill applythesefactswithout furthermention.

Proof: (a) u I | Æ L v d k I | Ld Æ d i ° TIC∞ if f I |¡Æ L
i °

TIC∞ (becauseu � v d i °+² u TICω v for any ω
i

R) but alsoif f I |�Æ dLd i¾° TIC∞. Thus,L is
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admissibleif f Ld is. Obviously, u Σd v Ld kTu ΣL v d. Theremainingclaimsfollow
from this.

(b)–(d) Thesefollow from (a), becausethe extendedsystemsaredualsof
eachothermodulothepermutationof I/O rows and/orcolumns(rows for (b),
columnsfor (c) andbothfor (d)).

(e)–(f’) (Here  i TIC∞ u Y[ U v or TIC∞ u Y s Ξ
[
U s Ξ v .)

Thesefollow from (a),becausethedualof (7.21)is equalto its counterpart
for Σd and ªΣd modulothe permutationof its two first I/O rows andcolumns.
The well-posedcase(i.e., the casewithout internal loop) is a specialcaseof
this (alternatively, usethesameproof with (7.4 in placeof (7.21)).

(This appliesto “  stabilizesÆ ”, “  stabilizesΣ” and“ ªΣ stabilizesΣ”, in
thesenseof any of Definitions7.1.1,7.2.1and7.3.1,with or without internal
loop.)

(SeeProposition7.2.5(d)and Proposition7.3.4(d) for alternative partial
proofs.) í
Optimizability is the weakest reasonableextensionof the finite-dimensional

conceptexponentialstabilizability. In theinfinite-dimensionaltheory, theformer
conceptoften takes the place of exponential stabilizability (as formulated in
Definition6.6.10),hencewe shallstudythis conceptbriefly:

Definition 6.7.3(Optimizability and estimatability) Let Σ k ��� �� � � i
WPLSu U [ H [ Y v .

If for each x0
i

H there is u
i

L2 u R ¼ ;U v s.t.x : k¾è x0 rÀê τu is in L2, thenwe
call Σ optimizable. Wecall Σ estimatableif Σd is optimizable.

Obviously, Σ is optimizableif f ��è ê � is optimizable(oneoftensaysthatu A [ Bv is optimizable).
It follows from thedefinitionthatΣ is optimizableif f thecost

Ä
x
Ä 2
2 r Ä u Ä 22 is

finite for eachx0
i

H thereis u
i

L2 u R ¼ ;U v . Therefore,the assumptionthat
a systemis optimizableis often called the finite cost condition. The concept
“ ( Σ

exp u x0 v ¯k /0 for all x0
i

H” of Section8.3 is alsoequivalentto optimizability.
Exponentialstabilizability (by statefeedback)impliesoptimizability. In fact,

even exponentialstabilizability by (static or dynamic,even partial and/orwith
internalloop) outputfeedbackimpliesoptimizability, by Lemma6.7.6,Theorem
7.2.3(c1) and Theorem7.3.11(c1). Therefore, optimizability is a necessary
conditionfor the solvability of any standardcontrol problemover exponentially
stabilizingstateor outputfeedbackcontrollers.

If, e.g.,B is bounded(seeTheorem9.2.12for weaker sufficient conditions),
thenoptimizability is equivalentto exponentialstabilizability(this is alsothecase
for any discrete-timesystems,by Proposition13.3.14).However, it is not known
whetherthis equivalenceholdsfor generalWPLSs(or equivalently, by Remark
6.9.5, for generalPritchard–Salamonsystems).The situationis analogouswith
thedualproperties,estimatabilityandexponentialdetectability.

Thefollowing is obvious:

Lemma 6.7.4 If �;è ê 1 ê 2
� i

WPLS is s.t. ��è ê 1
�

is optimizable, then
sois � è ê 1 ê 2

�
. í



250 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

By duality, if

� ��
1�
2

� i WPLSis s.t. � ��
1 � is estimatable,then

� ��
1�
2

� estimatable.

Next weprove thetwo lemmasmentionedabove.

Lemma 6.7.5 Anyexponentiallystabilizablesystemis optimizable.

Henceany exponentiallydetectablesystemis estimatable,by duality.
Proof: Let ��� h �

be exponentially stabilizing for Σ. By Lemma
6.1.10(c1),L2 ) è õ x0 kTè x0 rjê τ � l x0 and � l x0

i
L2 for all x0

i
H (see

(6.133)),henceΣ is optimizable.(A secondproof: applyLemma6.7.6to Σext.)í
Lemma 6.7.6(ΣLΣLΣL exp.stable k � Σk � Σk � Σ is opt. & est.) If there is an exponentially
stabilizing output feedback operator for Σ

i
WPLS, then Σ is optimizableand

estimatable.

We extend this (andpartially the converse)for dynamicoutput feedbackin
Theorem7.2.3(c1)andTheorem7.3.12.

Proof: Now (6.125) is exponentially stablefor someL, hence,for any
x0
i

H, the function u : k L
Ð

Lx0
i

L2 satisfiesè x0 rÒê τu kÕè L
i

L2. Thus,
Σ is optimizable.By duality(seeLemma6.7.2(a)),Σ isalsoestimatable. í
Wehave “u

[
y
i

L2 � x
i

L2” for estimatablesystems:

Theorem 6.7.7(u
[
y
i

L2 � x
i

L2u
[
y
i

L2 � x
i

L2u
[
y
i

L2 � x
i

L2) Let Σ k �y� �� � � i WPLSu U [ H [ Y v be esti-
matable. Thenthere is M Ý ∞ s.t.if u

i
L2 u R ¼ ;U v andx0

i
H ares.t.y : k Ð x0 rÆ u

i
L2, thenx : k¾è x0 r�ê τu

i
L2 ¬+* 0 and

Ä
x
Ä
2 ß M u Ä x0

Ä
H r Ä u Ä 2 r Ä y Ä 2 v .

Proof: Theproof will begivenin Section8.3,seeLemma8.3.20.(Except
for the * 0 property, this would follow from Theorem13.3.15and Theorem
13.4.4(a3)&(e3)). í
Weneedtwo moreimplicationsbetweenthesignals:

Lemma 6.7.8(u
[
x
i

L2 � y
i

L2u
[
x
i

L2 � y
i

L2u
[
x
i

L2 � y
i

L2) Let �w� �� � � i WPLSu U [ H [ Y v . If u
[
x
i

π ¼ L2,

theny
i

π ¼ L2, where x0
i

H is arbitrary and µ xy ¶ : k§�y� � τ� � � µ x0
u ¶ . In fact, there is

M k MΣ Ý ∞ s.t.
Ä
y
Ä
2 ß M u Ä u Ä 2 r Ä x Ä 2 r Ä x0

Ä
H v .

Conversely, if u
i

L2
ω u R ¼ ;U v , ω

i
R, x

[
y
i

L2 and Æ iÊ° TIC∞, thenu
i

L2.

By combining the above lemma with Theorem6.7.7, we seethat “u
[
x
i

L2 � y
i

L2” holdsfor arbitraryWPLSs,“x
[
y
i

L2 � u
i

L2” for WPLSswithÆ iÒ° TIC∞, and“u
[
y
i

L2 � x
i

L2” for estimatableWPLSs.
Proof: By thesecondinequalityof Theorem13.4.4(a3),wehaveÄ

x
Ä-,

2
r � � N;H � r Ä ∆Su

Ä-,
2
r � � N;U � ß M Å u Ä x0

Ä
H r Ä x Ä L2

ω � � J;H � r Ä u Ä L2
ω � � J;U � v (6.176)

for someM Å�k M ÅΣ Ý ∞. Combinethis with Lemma13.3.18to obtainthefirst
claim(thus,our M dependson Σ only).
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Theconversefor Æ iÎ° TIC∞ followsfrom thefactthatx andu arethestate

andoutputof theclosed-loopsystem � � �� � } I � } I
(the“flow-invertedsystem”)

with inputy andinitial statex0 (it is straightforwardto verify this,seeExample
6.2.4of [Sbook]). í
For an exponentiallydetectablesystem,output-stabilizationis equivalent to

exponentialstabilization:

Lemma 6.7.9 Let Σ k �w� �� � � i WPLSu U [ H [ Y v beestimatable.

If a statefeedback pair ��� h �
or an outputinjectionpair �y÷ ø � or a static

outputfeedback operator L output-stabilizesΣ, thenit stabilizesΣ exponentially.

Proof: 1¹ Output feedback: Let L output-stabilizeΣ. Let x0
i

H. Set
u : k L

Ð
Lx0

i
L2, x : k¾è Lx0, µ y1

y2 ¶ : k y : k Ð Lx0
i

L2, sothat

x k è x0 r�ê τu
[

y k Ð x0 r¡Æ u
[

y1 k Ð 1x0 r¡Æ 1u
[

(6.177)

by (6.126).Consequently, x
i

L2, by Theorem6.7.7.Becausex0 wasarbitrary,è L is exponentiallystable,by LemmaA.4.5.
2¹ Statefeedback or outputinjection: Apply 1¹ with theextendedsystem

(which is alsoestimatable,by Lemma6.7.4)in placeof Σ. í
Next we explore the connectionbetweenstability and stabilizability (see

Definitions6.1.3,6.6.10and6.6.21):

Theorem 6.7.10 Let Σ k���� �� � � i WPLS.

(a) (Stability) Thefollowing areequivalent:

(i) Σ is stable(i.e., Σ
i

WPLS0);
(ii) Æ is stableandΣ is detectableandoutput-stabilizable;
(iii) Æ is stableandΣ is q.r.c.-stabilizable;
(iv) Æ is stableandΣ is q.l.c.-detectable.

(b) (SOS-Stability)Thefollowingareequivalent:

(i) Σ is SOS-stable(i.e., Σ
i

SOS);
(ii) Æ is stableandΣ is output-stabilizable;
(iii) Æ is stableandΣ is q.l.c.-output-detectable.

(c) (Strong stability) Thefollowingareequivalent:

(i) Σ is stronglystable;
(ii) Σ is stableandstronglydetectable;
(iii) Æ is stable, Σ is output-stabilizable, andstronglydetectable;
(iv) Æ is stableandΣ is stronglyq.r.c.-stabilizable;
(v) Æ is stableandΣ is stronglyq.l.c.-detectable.

(d) (Exponential stability) Thefollowing areequivalent:
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(i) Σ is exponentiallystable(i.e., Σ
i

WPLSω for someω Ý 0);
(ii) ê is stable(or u s | Av~} 1B

i
H∞) andΣ is optimizable;

(iii)
Ð

is stable(or C u s | Av } 1 i H∞) andΣ is estimatable;
(iv) Æ is stable, andΣ is optimizableandinput-detectable;
(v) Æ is stableandΣ is output-stabilizableandestimatable;
(vi) Æ is stableandΣ is optimizableandq.r.c.-stabilizable;
(vii) Æ is stableandΣ is estimatableandq.l.c.-detectable;
(viii) Æ is stableandΣ is optimizableandestimatable.

Proof: In (a)–(d),obviously (i) alwaysimpliesall theotherconditions(use,
e.g., ��� h � k � 0 0

�
), henceweonly prove theconverseclaims.

We givemoredetailedproofsfor part(b); theotherproofsaregivenbriefly
(andthey aremoreor lessanalogousto thosein (b)).

(b) “(ii) � (i)”: Assume(ii), i.e., that Æ ,
Ð l and �9l arestablein (6.133)(for

some � � hÈ�
). Thenalso

Ð k Ð lN|�Æ���l is stable,hence(i) holds.
“(iii) � (i)”: Assume(iii), i.e., that Æ is stableand thereis an admissible

outputinjection pair � ÷ ø � for Σ s.t. ª� Ð is stable,where ª� : kTu I | ï v~} 1, andª� : k ª� Æ and ª� are q.l.c. Then also Æ¨k I } 1 u)Æ v is a q.l.c.f. of Æ , henceª� k ª� I
iË°

TIC, by Lemma6.4.5(d).Consequently,
Ð kìª� } 1 uPª� Ð v is stable,

hence(i) holds.
(a) “(ii) k � (i)”: Assume(ii). Then

Ð
is stable,by (b). From (6.168)we

seethatalso ê±k¤ê õ |�î õ Æ and è¾k è õ |%î õ τ Ð arestable.
“(iii) � (i)”: This follows from Lemma6.6.17(a)&(c). “(i v) � (i)” is the

dualresultof this.
(c) “(ii) � (i)”: This follows from Lemma6.6.8(where“Σ”: k (6.168)and

L : kÂ� | I 0
�
). (Note thatananalogousstabilizability resultwould require �

to be stable.) “(iii) � (ii)” & “(v) � (ii)”: Thesehold by (a). “(i v) � (i)”: This
follows from Lemma6.6.17(a)&(c).

(d) “(iii) � (i)”: If Σ is estimatableand C u s | Av~} 1 i H∞, then Σ is
exponentially stable,by Proposition6.2 of [WR00] (use discretizationand
Theorem13.3.13for analternativeproof; this alsoappliesto “(viii) £ (i)”).

Assumethen that
Ð

is stableand Σ is estimatable. By Theorem6.7.7,è x0
i

L2 for all x0
i

H (take u k 0 andnote that y : k Ð x0
i

L2), henceè
is exponentiallystable,by LemmaA.4.5. An alternative proof (for the dual
claim (ii) � (i)) is obtainedby slightly modifying the proof of Proposition6.1
of [WR00] (combinedto thedualof Theorem6.2.11(c2)).

“(v) � (iii)”: Let ��� h �
beoutput-stabilizingfor Σ. Then ��� h �

is
exponentiallystabilizing,by Lemma6.7.9,henceΣ is stable,by (a)(ii).

“(ii) � (i)”&“(i v) � (ii)”: Thesearethedualsof “(iii) � (i)” and“(v) � (iii)”
(notealsothat u s | Av~} 1B

i
H∞ £ ê τ

i
TIC).

“(vi) � (ii)”: [“(vii) � (iii)”]: This follows from implication (iii)[(i v)] � (i)
of (a).

“(viii) £ (i)”: This is Theorem6.3of [WR00]. í
Any admissiblestate feedbackpair ��� h �

for a systemΣ preserves
stabilizabilityin thefollowing way: if Σ l is thecorrespondingclosed-loopsystem
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and �y� �� � � is stabilizablein somesense,thenthecomponents� �3� � �� � �3� � of Σ l can

be stabilizedexactly in the samesense(see(a) below). This only appliestwo
thetop two rowsof theclosed-loopsystems;weneedcoprimenessor exponential
stabilizationin orderto guaranteethatalsothethird row of theclosed-loopsystem
The situationwith output injection is analogous(see(b)), whereasstaticoutput
feedback(see(c)) preservesanything:

Lemma 6.7.11(Stabilizability preserved) Let Σ k§�w� �� � � i WPLSu U [ H [ Y v .
(a) ( ��� h ���� h ���� h �

) Optimizability, exponential stabilizability, and all �y� �� � � -stabilizability properties (see (a’)) are invariant under admissiblestate
feedback. Moreover, if Σ is estimatable, thensois Σ l (of (6.178)).

(a’) The stabilizability of the “ �y� �� � � part” of a systemis invariant under
admissiblestatefeedback:

Let ��� h �
and � � 2 h 2 � be admissiblestatefeedback pairs for Σ,

andlet

Σ l : k mn è l ê lÐ l Æ l� l h l oq and Σ l � : k mn è�l � ê l �Ð l � Æ�l �� 2l � h 2l � oq (6.178)

bethecorrespondingclosed-loopsystems,respectively.

Thenthe statefeedback pair ��� å h å � definedby (6.180)is admissible
for Σ l , andthetwotoprowsof thecorrespondingclosed-loopsystemarethe

two top rows � � � � � � �� � � � � � � of Σ l � .
Moreover, with additionalassumptions,thispair ���ÿå h å � stabilizeseven

more (here Σ1l : kö� � � � �� � � � � ):
(a1) Let � � hÃ�

be q.r.c.-I/O-stabilizingfor Σ. Then ��� 2 h 2 � is
[q.r.c.-]I/O-stabilizingfor Σ iff ���ÿå h å � is [[q]r .c.-]I/O-stabilizing
for Σ1l [(if f I | h å iÒ° TIC)].

(a2) Let ��� h �
be q.r.c.-SOS-stabilizingfor Σ. Then � � 2 h 2 � is

[q.r.c.-]SOS-stabilizingfor Σ iff ��� å h å � is [stable and r.c.-]SOS-
stabilizingfor Σ1l .
Thus, ��� 2 h 2 � [q.r.c.-]stabilizes Σ (resp. weakly, strongly) iff��� å h å � [[q.]r .c.-]stabilizesΣ1l (resp.weakly, strongly).

(a3)Thepair � � 2 h 2 � is exponentiallystabilizingfor Σ iff ����å h å �
is exponentiallystabilizingfor Σ1l .

(a4) Let � � 2 h 2 � be exponentially[q.]r .c.-stabilizingfor Σ, and let��� h �
beI/O-stabilizingfor Σ.

Then ���ÿå h å � is exponentially r.c.-stabilizing for Σ1l , and� � hÃ�
is exponentially[q.]r .c.-stabilizingfor Σ.
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Σ.... V / / / /&0ZΣ l Σ l � [ Σ �132 465 798 2 :
2;� ��å h å �

Figure6.8: Thesettingof Lemma6.7.11(a’)

(a4’) Let ��� h �
be exponentially[[q.]r .c.-]stabilizing for Σ. Then��� 2 h 2 � is exponentially[[q.]r .c.-]stabilizingfor Σ iff � ��å h å �

is I/O-stabilizing (or input-stabilizing) for Σ1l (in which case���ÿå h å � is exponentiallystableand exponentiallyr.c.-stabilizing
for Σ1l ).

(a5) Let � � 2 h 2 � be exponentiallystabilizingand [q.]r .c.-stabilizing
for Σ, andlet ��� h �

beI/O-stabilizingfor Σ.

Then ����å h å � is exponentially r.c.-stabilizing for Σ1l , and��� h �
is exponentiallystabilizingand[q.]r .c.-stabilizingfor Σ.

(a6)Claims(a1)–(a5)alsoholdwith Σ l in placeof Σ1l .
(b) ( ��÷ ø ���÷ ø ��y÷ ø � ) Estimatability, exponentialdetectability, andall �y� �� � � -detectability

properties(cf. (a)) are invariant underadmissibleoutputinjection. More-
over, if Σ is optimizable, thensois Σ õ (of (6.168).

(c) (ΣLΣLΣL) All differentversionsof stabilizabilityanddetectabilitylisted in Sum-
mary6.7.1(a)–(d)(includingpreficesandsufficesexceptthosecorrespond-
ing to 4. of Definition 6.6.10),as well as optimizabilityand estimatability
are preservedunderadmissiblestatic output feedback, i.e., the systemsΣ
and ΣL of Proposition6.6.2are output feedback stabilizable, stabilizable,
detectableor jointly stabilizableanddetectableexactlyin thesamesense.

Proof: (a) All �w� �� � � -stabilizability propertiesof Σ and Σ l areequal,by
thefirst claim in (a’). By (a3),Σ is (equivalently, �;è ê � is) exponentially
stabilizableif f Σ l is (interchangetheir rolesfor theconverse).

In discretetime, optimizability is equivalent to exponentialstabilizabil-
ity, by Proposition13.3.14,henceinvariantunderstatefeedback. By Theo-
rem13.4.4(e3)&(e1),optimizabilityandstatefeedbackareinvariantunderdis-
cretization,henceoptimizability is invariantunderstatefeedbackin continuous
time too.

Finally, for estimatability(of Σ l , not �w� �� � � ), we canusediscretizationas
above (sinceexponentialdetectabilityis preserved in discretetime: A rÎý C k
A r BMK r � ý ªH � � C ¼ DMK

MK

�
, where ªH : k´|9ý D | B). Alternatively, we can

establishthedualclaimby notingthatif u
i

L2 is s.t.x : kBè x0 r�ê τu
i

L2, then
y : k Ð x0 rÎÆ u

i
L2, by Lemma6.7.8. But è õ x0 r ê õ τu rÎî õ τ u | yv k x

i
L2.

Consequently, if Σ is estimatable,thenso is Σ õ , for any output injection pair�y÷ ø � .
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(a’) ExtendΣ to ΣExt2 with thesetwo statefeedbackpairs,andlet Σ l 2 bethe
closed-loopsystemof ΣExt2 correspondingto L : k§� 0 I 0

�
, i.e.,

ΣExt2 : k m<<n è êÐ Æ� h� 2 h 2
o>==q [ Σ l 2 : k m<<n è�l ê lÐ l Æ�l� l h l� 2l h 2l o>==q k

m<<n èpr¡ê τ
� � ê �Ð r Æ � � Æ �� � � | I� 2 r h 2 � � h 2 � o>==q [

(6.179)
where

�
: k { } 1 : k­u I | h v~} 1 ij° TIC∞. BecauseL Å : k � 0 0 I

�
makesthe

first, secondandfourth rows of ΣExt2 equalto Σ l � , it follows from Proposition
6.6.3thatL Å | L doesthesamefor Σ l 2. Therefore,thestatefeedbackpair (here� 2 : k�u I | h 2 v } 1)��� å h å � : k � � 2l |%� l h 2l | h l � k � � 2 | { 2 � � I | { 2 � �

(6.180)

also does the samefor Σ l 2, in particular, it is admissiblefor Σ l , and the
correspondingclosed-loopsystem

Σ � : k m<<n è\l � ê l �Ð l � Æ l ��9l � h l ��+� h � o ==q : k m<<n è�l8r�ê l τ �*� ê l � åÐ l r Æ l �9� Æ l � å�+l8r h lã�+� h l � å� å ��å � å | I
o ==q [ (6.181)

where
� å : kÖu I | h å v } 1. In particular, thetwo top rows of Σ � areequalto the

two top rows of u Σ l 2 v � L � } L � , i.e., to thoseof Σ l � .
Indeed, the µ x0

uL ¶ �� µ x0
u ¶ map “ � I 0} L

�
I } L � � } 1

” (cf. (6.127)) of this state
feedbackconnectionis equalto that correspondingto L ÅP| L with Σ l , i.e., to� I 0�@? % ?A�B? � kÂ� I 0% � �B? � seealsoformula(6.134).

Thefourth row of Σ � is givenby���9� h � � k ����å h å � � I 0� å���å � å � k � � å � 2 |%� � å | I
�

(6.182)k � {;� 2 � 2 |%� {;� 2 � [ (6.183)

since
� å k�u I | h å v~} 1 k�u { 2 � v~} 1 k {�� 2.

(a1) Now ÆÕkÃÆ\l � } 1 is a q.r.c.f. The maps Æ�l � and
� 2 are [q.r.c. and]

stable, if f
� å�k � } 1 � 2 i TIC u U v ¬ ° TIC∞ u U v [ ¬ ° TIC u U v ], by Lemma

6.4.5(b)[(c)].But
h � r I k � å i TIC u U v [ ¬ ° TIC u U v ] if f ��� å h å � is [r.c.]-

I/O-stabilizing[(equivalently, [q.r.c.]-I/O-stabilizing),by Lemma6.6.17(a)].

(Actually � ��å h å � will then[r.c.-]I/O-stabilizethe whole Σ l 2, because
alsotheadditionalrow � � 2l h 2l � � I 0� ? % ? � ? � is equalto � � 2l � h 2l � � , hence
I/O-stable,by assumption.A similar commentappliesto (a2).)

(a2) Becausethe secondrow of Σ � (i.e., of Σ l � ) is now stable, and��� å h å � is [r.c.-]I/O-stabilizingfor Σ l undereitherassumption,by (a1),we
only have to show that �+� is stableif f �9l � is stable(since ����å h å � is q.r.c.-
SOS-stabilizingif f it is stableandr.c.-SOS-stabilizing,by Lemma6.6.17(b)).
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Wehave���Ó�±k�u)Æ � v u � å � 2 |%� v k Æ � 2 � 2 |�Æ � �Tk Ð l � | Ð l [ and (6.184)� �Ó�±k � � å � å k �¡� å u'� 2 |±u � 2 v } 1 � � v k � 2 � 2 | � �Tk � 2l � |%� l t
(6.185)

Since
Ð l � , Ð l and � l arestableundereitherassumption,it follows that

� �/�
and �;��� arestableif f � 2l � is stable.But this holdsif f �9� is stable,by Lemma
6.5.2(c2),asrequired.

(The“Thus” commentfollows from thefactthatthefirst row ��è l � ê l � �
is thesamefor Σ � andΣ l � .)

(a3) Now Σ l � is exponentiallystable,henceso are è l � kÃè�� andΣ � , by
Lemma6.1.10.

(a4) 1¹ “Only if ”: By (a3),
� å k h � r I , Σ l � and Σ � are exponentially

stable.But
� } 1å kTu � 2 v~} 1� is stable,by Lemma6.4.5(b)(with C : k � } 1å ).

Therefore,by Lemma2.2.7, thereis ε Þ 0 s.t.
� å i�° TIC } ε u U v and Σ � i

WPLS} ε.
It followsthat

� k � 2 � } 1å and Æ\lQk¤Æ�l � � } 1å areexponentially[q.]r.c.,by
Lemma6.4.5(c)(shiftedby | ε; cf. Remark2.1.6).

Moreover,
� å is exponentiallyr.c.with any TIC } ε u U [ Ù v operator(in partic-

ular, with theotherI/O componentsof Σ � ), hence ��� å h å � is exponentially
r.c.-stabilizingfor Σ l .

By Theorem6.7.10(d)(vi),Σ l is exponentiallystable,hence � � h �
is

exponentially[q.]r.c.-stabilizingfor Σ.
2¹ “If ”: Since ���ÿå h å � is exponentiallystable(since è�l is), it follows

that
� å i±° TIC (evenexponentially, asin 1¹ ). Therestfollowsasin 1¹ .
(a4’) Since è�l � k�è\� is commonfor Σ l � andΣ � , oneof themis exponen-

tially stabilizingif f theotheris. By Theorem6.7.15(b1), ��� å h å � is expo-
nentiallyr.c.-stabilizingif f it is I/O-stabilizing(or input-stabilizing)(sinceΣ l is
exponentiallystable).

Assumethat this is the case.Then
� å i ° TIC } ε u U v for someε Þ 0, so

that � � 2 h 2 � isexponentially[q.]r.c.-stabilizingif f ��� h �
is,byLemma

6.4.5(c).
(a5)Theproofof (a4)applies,exceptthatnow wehaveto applytheoriginal

(unshifted)versionof Lemma6.4.5(c).
(a6) Equation(6.181)shows that also ���*l � h l � � of (6.181) is stable

(resp.I/O-stable)whenever � �*l h l � and � �9� � å � arestable(resp.I/O-
stable).

Therefore,(a3)–(a5)and the “only if ” partsof (a1)–(a2)hold for Σ l in
placeof Σ1l (for the[q.]r.c. claimsthis is trivial sincein thosecaseswe always
have (exponentiallyin (a4))

� å i±° TIC, asshown in theproof of (a1),sothat
in thosecases���ÿå h å � is r.c.-I/O-stabilizingwhenever it is I/O-stabilizing
(exponentiallyr.c.-stabilizingin (a4))).For the“if ” partsof (a1)–(a2),we note
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that mn Æ�l �h l � �� å oq k mn Æ\l �u � | I v � å� å oq (6.186)

is [quasi-]left-invertibleoverTIC if f

� Æ l �� å � is [quasi-]left-invertibleoverTIC.

(b) This followsfrom (a)by duality, i.e.,by takingcausaladjoints(notethat
“strongly stable”mapsto “strongly̧ stable”).

(c) Thepreservationof optimizability andestimatabilityis shown in Theo-
rem7.3of [WR00]; for therestwededuceasfollows:

Let L beanadmissiblestaticoutputfeedbackoperatorfor Σ.
1¹ For (a)of Summary6.7.1,theclaim follows from Lemma6.6.3(whatK

is for Σ, thatK | L is for ΣL).
2¹ Part (b) of Summary6.7.1: Use the notationof Proposition6.6.2and

Definition6.6.10andL andlet � � h��
beadmissiblefor Σ. Set��� L

h
L
�

: k ��� h � � I 0
L
�

L � I } L � � � 1
�

(6.187)

(cf. (6.126); thus this is the bottomline of u Σext vED L 0 F ). Then ��� L
h

L
�

is
admissiblefor ΣL. Now (we leave thedetailsto thereader)��� å h å � : k ��� L | L

Ð
L

h
L | L Æ L

�
(6.188)

is admissiblefor ΣL, becauseu I | h åYv } 1 k¨u { u I r L Æ L v¦v } 1 k¨u I | L Æ v � iÊ°
TIC∞ u U v t (6.189)

Therefore, � I 0} % ? I } � ? � } 1 kú� I 0� I } L � � � % � I } L � � � � . Consequently, the com-

bined µ x0
u� ¶ �� µ x0

uL ¶ �� µ x0
u ¶ mapis givenby�

I 0
L
Ð

L u I | L Æ v } 1 � � I 0u I | L Æ v � � u I | L Æ v � � k �
I 0� � � � k �

I 0|9� I | h � t
(6.190)

Consequently, the closed-loopsystemof ΣL with the statefeedbackpair���ÿå h å � is givenbymn è L ê LÐ
L Æ L�ÿå h å¡oq D L 0 F k mn è l ê lÐ l Æ\l� l | L

Ð l h l | L Æ l oq t (6.191)

Thus, if Σ l is stablein somesense,then so is (6.191). Moreover, Æ�l andu h l r I v | L Æ\l are[q.]r.c. if f � : k¾Æ�l and
�

: k�u h lær I v are[q.]r.c.,by Lemma
6.5.1(d).Obviously, Æ l ['h l r I

i ª� if f Æ l [ u h l r I v | L Æ l i ª� . Thus,all prefices
andsufficesarepreservedexceptthoseof 4. of Definition6.6.10.

(Remark: the preficesin 4. of Definition 6.6.10neednot preserve, i.e.,��� h �
might be,e.g.,SRor exponentiallystableevenif ��� å h å � were

not. Our claim concernsonly thestabilizabilityof Σ andΣL, includingprefices
andsufficesothersthanthoseconcerningthedirectpropertiesof � and

h
.)
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3¹ Part (c) of Summary6.7.1:this is analogousto 2¹ (use � ÷ L } � L Lø
L } � L L � ).

4¹ Part (d) of Summary6.7.1: Let Σ and (6.169) be as in Definition

6.6.21,let L
i�² u Y[ U v beadmissiblefor Σ andlet

� � L ÷ L � L�
L
ø

L � L% L



L � L

� betheclosed-

loop systemof (6.169)inducedby the output feedbackoperator � L 0
0 0
�
. Then

onecaneasilyverify that ��� L | L
Ð

L
h

L | L Æ L
�

and � ÷ L } � L Lø
L } � L L � arejointly

admissible(with the interaction operator × ÅL : kÇ× L | L
ï

L r h LL | L Æ LL)

for ΣL : k � � L � L�
L � L � (seethe proof of [Sbook, Lemma8.2.7] for a heuristic

derivationfor theformulae).
Straightforward computationsshow that the closed-loopsystem corre-

spondingto outputfeedbackoperator � 0 0
0 I

�
ismn è L î L | ê LL ê LÐ

L
ï

L |�Æ LL Æ L� L | L
Ð

L × L | L
h

L r ï LL
h

L oq � 0 0
0 I � k

mn è l î l | ê l L ê lÐ l ï lN|�Æ�l L Æ�l� l | L
Ð l × l | L

h l | ï l L h l oq t
(6.192)

Thus,if � 0 0
0 I

�
is stabilizingfor (6.169),thenit is stabilizingfor ΣL

ext; thesame
appliesall preficesandsuffices(exceptfor theonesconcerningthestabilityand
regularity of ��� h �

and ��÷ ø � ; cf. 2¹ above). A similar computationshows
thatthesameappliestheoutputfeedbackoperator � I 0

0 0
�
.

Therefore,the systemΣL inherits the joint stabilizability propertiesof Σ.í
We often needto apply part (a) of the above lemmawith Σ and Σ l inter-

changed.Let usmake this explicit:

Lemma 6.7.12 Let � ª� ªh � be an admissiblestatefeedback pair for Σ with

closed-loopsystemΣ l , and let ��� å h å � be an admissiblestatefeedback pair
for Σ l with closed-loopsystemΣ � . Then���9Å h Å � k � �ÿå�r { å4ª� ªh r h å | h å ªh � k � { Åá�+l8r ��å h Å � (6.193)

is anadmissiblestatefeedback pair for Σ with closed-loopsystem

Σ Å � : k mn è�� ê �Ð � Æ\��9Å� h Å � oq k mn è�l8r�ê � Å τ �ÿå ê � ÅÐ l8rG��Å ��å ��Å�9l r � Å)� å � ÅP| I oq [ (6.194)

where
{ Å : k I | h Å , � Å : kÈu { Å v~} 1, ��Å : k¾Æ � Å kjÆ l { } 1å ,

{ å : k I | h å , ª{ : k I |%ªh .

Moreover,
{ Å k { åÌª{ , � Å � k?� l r ª� �+� and

� Å k ª�B� å .
In particular, Σ Å � is equalto Σ � exceptfor �bÅ� and

h Å � . Also Lemma9.12.3(a)–
(c) apply(with sameproofs);seealsoProposition6.6.18(f).

Proof: Apply Lemma 6.7.11(a)with substitutionsΣ �� Σ l , Σ l �� Σ,
Σ l � �� Σ � , so that “ � � h��

” k � |9�*l | h l � , by Lemma 6.6.14,
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Σ.... V / / / /&0ZΣ l Σ � [ Σ Å �HJI 2 I 4LK 7 8JM : M;� �ÿå h å �
Figure6.9: Thesettingof Lemma6.7.12

“ ��� 2 h 2 � ” k§� �ÿå h å � and“ � ��å h å � ” k§� �bÅ h Å � . í
In optimizationproblems,one often first stabilizesa systemexponentially

and thenoptimizesthe exponentiallystableclosed-loopsystemwith the aid of
aspectralfactorization.

Sinceoptimizationshouldbe independenton preliminary stabilization,one
would expectthesamefor theexistenceof a spectralfactorization;this is indeed
thecase:

Lemma 6.7.13(Exp. stabilizedSpF) Let ��� h �
and � � 2 h 2 � be expo-

nentiallystabilizingstatefeedback pairsfor Σ
i

WPLSu U [ H [ Y v with closed-loop
systemsΣ l andΣ � , respectively.

If Æ ¸� J Æ��Bk ª{ ¸ Sª{ for someJ k J ¸ iÀ² u Y v , S
iB°+² u U v and ª{ iB° TIC u U v ,

then Æ ¸l J Æ l k¨u { Å v ¸ J { Å , where
{ Å : kÈª{ u I | h 2 v u I | h v~} 1 i±° TICexp u U v .

Proof: By Lemma6.7.11(a’), ��� å h å � : k (6.180)is exponentiallystable
andexponentiallystabilizingfor Σ l (sinceè\l and è�� areexponentiallystable;
seeLemma 6.1.10), and it leadsto closed-loopsystemwith sametop two
rows. In particular,

{ å : k I | h å�k§u I | h 2 v u I | h v~} 1 iÃ° TICexp u U v , andÆ��Êk¾Æ�l { } 1å .

Consequently, Æ\¸l J Æ�l�k { ¸ å Æ\¸� J Æ�� { å k´u { Å'v ¸ J { Å , where
{ Å : k ª{+{ å . By

Lemma6.4.7(c), ª{ iÒ° TICexp, hence
{ Å iÒ° TICexp. í

By combiningLemma6.7.11and Theorem6.7.10we obtain the following
result:

Proposition 6.7.14(An I/O-stabilizing LLL is stabilizing) Let Σ
i

WPLS.

(a) (SOS) If Σ is SOS-stabilizable, then any I/O-stabilizing static output
feedback operator L for Σ is SOS-stabilizing.

(b) ([Strong] stability) Supposethatanyof thefollowing conditionsholds:

(1.) Σ is [[exponentially]strongly] q.r.c.-stabilizable.
(2.) Σ is [[exponentially]strongly] q.l.c.-detectable.
(3.) Σ is SOS-stabilizableand[[exponentially]strongly] detectable.
(4.) Σ is detectableand[exponentially]stabilizable.

Thenany I/O-stabilizingstaticoutputfeedback operator L for Σ is [[expo-
nentially] strongly] stabilizing.



260 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

(c) (Exponential stability) Supposethatanyof thefollowingconditionsholds:

(1.) Σ is optimizableandestimatable;
(2.) Σ is optimizableandinput-detectable;
(3.) Σ is estimatableandoutput-stabilizable;
(4.) Σ is optimizableandq.r.c.-stabilizable;
(5.) Σ is estimatableandq.l.c.-detectable.

Thenany I/O-stabilizing static output feedback operator L for Σ is expo-
nentially stabilizing. Conversely, if someI/O-stabilizing output feedback
operator for Σ is exponentiallystabilizing, then(1.) holds.

Note the “missing strongstabilizability result” in (4.) correspondingto the
analogous“results” missingin Theorems6.7.10(c),7.2.3and7.3.11(we do not
evenknow whethersuch“results”aretrue).

Of course,onecananalogouslydeducefrom Theorem6.7.10,that,e.g.,if Σ is
estimatable,thenanoutput-stabilizingL is exponentiallystabilizing,but theabove
resultswill beappliedto the I/O-stabilizationtheoryof Chapter7, hencewe are
only interestedof consequencesof I/O-stabilizationonly.

Proof: (a)&(b)(1.) By Lemma6.7.11(c),the resultingclosed-loopsystem
ΣL is also [SOS-/strongly/exponentially] q.r.c.-stabilizable. Becauseit is
I/O-stable,by the assumption,it is [SOS-/strongly/exponentially] stable,by
Theorem6.7.10(notethat“q.r.c.” is notneededin theSOScase).

The proofs of (b) assuming(2.), (3.) or (4.) are analogous. (We do
not know whetherthe (mere) “strong” version of (4.) holds; cf. Theorem
6.7.10(c)&(d)(iv).)

(c) Theproof of (c) is analogousto thatof (b), exceptfor thenecessityof
(1.): If L

i ² u Y[ U v is exponentiallystabilizingfor Σ, thenu : k L u I |$Æ L v~} 1 Ð x0

is in L2 and satisfiesè x0 rBê u
i

L2, by (6.125). By duality (seeLemma
6.7.2(a)),alsoΣd is optimizable,i.e.,Σ is estimatable. í
Wenow list similar (oftenweaker) resultsonstatefeedbackstabilization:

Theorem 6.7.15(An I/O-stabilizing ��� h ���� h ���� h �
is stabilizing) Let Σ

i
WPLS,

let ��� h �
beanadmissiblestatefeedback pair for Σ.

(a1) Let Σ be [q.]r .c.-stabilizable. Then ��� h �
is [q.]r .c.-stabilizingfor Σ

iff ��� h �
is q.r.c.-SOS-stabilizingfor Σ.

(a2) Let Σ bestrongly[q.]r .c.-stabilizable. Then ��� h �
is strongly[q.]r .c.-

stabilizingfor Σ iff ��� h �
is q.r.c.-SOS-stabilizingfor Σ.

(b1) Let Σ be exponentially[q.]r .c.-stabilizable. Then ��� h �
is exponen-

tially [q.]r .c.-stabilizingfor Σ iff it is I/O-stabilizingor input-stabilizing.

(b2)LetΣ haveaexponentiallystabilizingand[q.]r .c.-stabilizingstatefeedback
pair. Then ��� h �

is exponentiallystabilizingand[q.]r .c.-stabilizingfor
Σ iff it is I/O-stabilizingor input-stabilizing.
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(b3) Let Σ beoptimizable. Then ��� h �
is exponentiallystabilizingfor Σ iff� � h��

is input-stabilizingfor Σ.

(c1) Let Σ be output stabilizable (or optimizable)and estimatable. Then� � h��
is exponentiallyq.r.c.-stabilizingfor Σ iff it is I/O-stabilizing,

output-stabilizingor input-stabilizing.

(c2)LetΣ beestimatable. Then � � h �
is q.r.c.-I/O-stabilizingiff � � h �

is I/O-stabilizing.

Moreover, � � hÈ�
is exponentially q.r.c.-stabilizing iff � � hÃ�

is
output-stabilizing.

(c3) Let Σ be input-detectable. Then � � hÈ�
is exponentially q.r.c.-

stabilizingiff ��� h �
is exponentiallystabilizing.

(d) Let � è ê � be[strongly] stable. If � � hÈ�
is output-stabilizing, then��� h �

[strongly] stabilizesè .

(e) If Σ is exponentiallystable, thenthefollowingareequivalent:

(i) ��� h �
is I/O-stabilizing

(ii) ��� h �
is input-stabilizing

(iii) ��� h �
is output-stabilizing

(iv) ��� h �
is exponentiallyr.c.-stabilizing;

(v) u I | h v } 1 i TIC.

We leave the dual results(concerningoutput injection) to the reader(see
[Sbook,Theorem8.4.11]).Notethat ��� h �

is I/O-stabilizingif f � [ � i
TIC,

where
� k�u I | h v } 1, � : k Æ � (henceÆ¾kN� � } 1).

Theconclusionof part (b1) is quitestrong:any I/O-stabilizingfeedbackpair
for Σ is exponentiallyq.r.c.-stabilizing(notethattheq.r.c.f. Æ±kO� � } 1 mentioned
above is exponentiallyq.r.c.); this conclusionis basedon Lemma6.1.10(a1).

Recall from Lemma6.6.13that an exponentiallystablesystemis obviously
exponentially r.c.-stabilizableand estimatable,and a strongly stablesystemis
stronglyr.c.-detectable.

The results in (a) are not as strong as their counterpartsfor static output
feedback. The reasonis that we had to assumethat ��� h �

is q.r.c.-SOS-
stabilizing,becausean I/O-stabilizingpair would only guaranteethat somepair

wouldstabilize � �3� � �� � �3��� , by Lemma6.7.11(a),andthatis notenoughfor Theorem

6.7.10.
Proof of Theorem6.7.15: The“only if ” partsaretrivial, soweonly prove

the“if ” parts,with thenotationof Definition6.6.10.
(a1)[&(a2)] By Lemma 6.7.11(a2), some stable pair � � å h å � r.c.-

stabilizesΣ l . By Lemma6.7.10(a)(iii)[(c)(iv)], Σ l is [strongly] stable.
If Σ hasa r.c.f., thentheq.r.c.f. Æ¾kN� � } 1 is a r.c.f., by Lemma6.4.5(c).
(b1)&(b2) Thesefollow from Lemma6.7.11(a4)&(a5).
(b3) If Σ is exponentially stabilizable, then, by Lemma 6.7.11(a3),Σ l

is exponentially stabilizable,henceit is exponentially stable, by Theorem
6.7.10(d)(ii).
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Assumethenthat Σ is optimizable.Then∆SΣ l is exponentiallystable,by
thediscrete-timeversionof this claim,henceΣ l is exponentiallystable.

(c1) By (c2),Σ is exponentiallyq.r.c.-stabilizable.Therefore,theclaimson
input- andI/O-stabilizationfollow from (b1); theclaim on output-stabilization
follows from (c2).

(If Σ is optimizableandestimatable,then ��� h �
is exponentiallyq.r.c.-

stabilizing by discretizationof Σ, ��� h �
and this result (seeProposition

13.3.14).)
(c2) 1¹ Let ��� h �

be output-stabilizing. By Lemma 13.3.17(b),
∆S ��� h �

is exponentiallyr.c.-stabilizingfor ∆SΣ, hence ��� h �
is ex-

ponentiallyq.r.c.-stabilizingfor Σ, by Theorem13.4.4(e1).
2¹ Let � � h �

beI/O-stabilizing.By Lemma13.3.17(c),∆S � � h �
is

exponentiallyr.c.-stabilizingfor ∆SΣ, hence ��� h �
is exponentiallyq.r.c.-

I/O-stabilizingfor Σ, by Theorem13.4.4(e1).
(c3) By thedualof (c1), any input-stabilizable�y÷ ø � is exponentiallyq.l.c.-

stabilizing,henceΣ is exponentiallydetectable.Therefore,(c3) follows from
(c1).

(d) This follows from Lemma 6.6.8. (Note that if ��� h �
is SOS-

stabilizing,thenit is [strongly] stabilizing.)
(e) This follows from (c1) andthefact that Æ and

h
arenecessarily(expo-

nentially)stable(by Lemma6.1.10(a1)). í
SinceSOS-q.r.c.-stabilizabilityis ratherimportantfor optimizationtheory(un-

lesswe requiretheclosed-loopsystemto beexponentiallystable),wesummarize
below threecasesin whichthispropertycanbededucedfrom otherstabilizability
anddetectabilityproperties:

Corollary 6.7.16(q.r.c.-stabilizable) If Σ is [strongly/SOS-]stable, or Σ is jointly
[strongly/SOS-]stabilizableand I/O-detectable, or Σ is output-stabilizableand
estimatable, thenΣ is [strongly/SOS-]q.r.c.-stabilizable. í

(This follows from Lemma6.6.13(r.c.), Theorem6.6.28(r.c.) andTheorem
6.7.15(c1)(exponentiallyq.r.c.).)

We notethatcertainkind of similarity transformsdo not affect theproperties
of asystem:

Lemma 6.7.17(Permutations) Let Σ k � � �� � � i WPLSu U [ H [ Y v . Let also
U Å , H Å and Y Å be Hilbert spaces,F

iØ°+² u U Å [ U v , E
iØ°+² u H Å [ H v , and G

i°9² u Y Å [ Y v . Thenthe following systemsare also WPLSsand havethe exactly
thesamestability, stabilizabilityanddetectabilityproperties(thoselistedin Sum-
mary6.7.1,includingpreficesandsufficesandoptimizabilityandestimatability)
asΣ has: ù E } 1 è E E } 1 êÐ

E Æ û [ � è ê FÐ Æ F
� [ � è ê

G
Ð

GÆ � t (6.195)

If, instead,wedo not requireF andG to beinvertible, thentheabovesystems
are still WPLSsandhavesamestability propertiesand Σ (but the stabilizability
anddetectabilitypropertiesmaybeweaker or stronger in general).
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Thesameholdsfor �
L è R L êÐ

R Æ � (6.196)

if R
iÀ² u H Å [ H v andL

i�² u H [ H Å v ares.t.LR k IH � and
Ð

Pè P k Ð è P
[

Pè Pê?k
Pè�ê andPè Pè P k Pè P, where P : k RL

iÀ² u H v .
Obviously, invertibleE, F andG do not essentiallyaffect theotherproperties

of a systemeither. In particular, permutations(of the above form) of rows and
columnsdonot affect thepropertiesof asystem(matrix).

Proof: (We will use this lemma only for properties(a)–(d) of Sum-
mary 6.7.1, so the readerneednot worry about that (e)–(f’) have not been
studiedthis far.)

We only prove the “if ” claims; the converseswill follow from this by
applyingE } 1 (resp.F } 1, G } 1) in placeof E (resp.F, G).

It is obviousthatthethreesystemsof (6.195)arein WPLSω if Σ is (for any
ω
i

R).
For E, the operatorsstabilizing/detectingΣ will stabilize/detectthe first

systemin (6.195)in any case.

For F, we may useF } 1L in (a) to obtain � � L � L F�
L � L F � as the closed-loop

system; similar remarksprove the other casestoo (with the notationsof
the correspondingdefinitions,use � F } 1 � F } 1 h F

�
in (b), F } 1  in (c),

multiply (7.20)by H : k � F 0
0 IY P Ξ � to the right andby its inverseto the left (so

thatL k I k H } 1IH is stabilizingfor theresultingsystem,by (a)) to prove(e’),
andsoon.

Oneeasilyverifiestheclaimon(6.196)by usingLemmaA.4.2(h2). í
In the dynamicoutputfeedbacktheoryof Chapter7, we will often combine

a plant Σ1
i

WPLSu U [ H [ Y v and its controllerΣ2
i

WPLSu Y[ H2
[
U v to form a

larger systemin the following way (with the third andfourth rows interchanged
for convenience):

Lemma 6.7.18 Let Σi k �w� �� � � i WPLSu Ui
[
Hi
[
Yi v for i k 1

[
2. If Σ1 and Σ2

havesomeproperty(with someallowablepreficesandsuffices)listedin (a)–(d)of
Summary6.7.1,thensodoestheir parallelconnection

Σ : k m<<n è 1 0 ê 1 0
0 è 2 0 ê 2Ð
1 0 Æ 1 0

0
Ð

2 0 Æ 2

o ==q t (6.197)

Moreover, Σ1 and Σ2 are optimizable(resp.estimatable)iff Σ is optimizable
(resp.estimatable).

Proof: This is obvious,becausetherequiredstabilizing/detectingoperators

for Σ canbe combinedfrom thosefor Σi (i k 1
[
2); e.g.,we useL : k � L1 0

0 L2 �
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and ��� h �
: k � % 1 0 � 1 0

0 % 2 0 � 2

�
(the symbolscorrespondto thosein Sum-

mary6.7.1). í
The concept“ω-stabilization” is sometimesusedin the literature. All our

stabilizationresultscanbeshiftedto ω-stabilizationresults:

Remark 6.7.19(ω-stabilization) It followsfromRemark6.1.9thatanyfeedback
or injection X (seeSummary6.7.1) is ω-stabilizing for Σ

i
WPLS iff � } ωX is

stabilizingfor � } ωΣ (all preficesandsufficesapply).
In particular, onegetsdirectlya corollary aboutω-stabilizationof anyof the

resultsin this section(or in thoseto follow).
For example, if ÆÈkQ� � } 1 is a r.c.f. over TICω, then L ω-stabilizes Æ iffu � | L � v } 1 i TICω, by Lemma6.6.6. Thesecorollaries canbeusedto deduce

resultson exponentialstabilization. í
Recallthat“exponentially”means“for someω Ý 0” andthathence“exponen-

tially strongly” is equivalentto “exponentially”.

Notes
Most of Lemma6.7.2 is well known. Optimizability hasbecomepopular

since(or before)[FLT], estimatabilityis from [WR00]. Lemmas6.7.5and6.7.6
arefrom [WR00] (in fact, from earlierconferenceversionsof [WR00]). While
writing thesenotes,we found an independentcopy of Lemma6.7.8in [WR00].
The implicationu

[
y
i

L2 � x
i

L2 of Theorem6.7.7wasgivenin Lemma14.1
of [ZDG] for finite-dimensionalexponentiallydetectablesystems.

In the spring of 1999, the manuscriptof this monographcontained(a) and
the q.r.c. and q.l.c. partsof Proposition6.7.14; partsof Theorem6.7.10and
Lemma6.7.11(c)wereimplicitly containedin its proof. O. Staffansadoptedthese
into [Sbook] andexpandedthemto early variantsof Theorem6.7.10(including
(c)(ii)&(iii) andweaker variantsof (a)(ii) and(d)(ii)&(iii)) andof Lemma6.7.11.
We thenadoptedtheseandexpandedthemto Theorem6.7.10by addingfurther
resultsand(d)(iii) from Theorem7.4 of [WR00] (which extendedCorollary 1.8
of [Rebarber]),and the H∞ partsof (d)(ii)&(iii) from Propositions6.1&6.2 of
[WR00].

Theclaimson optimizability andestimatabilityin Lemma6.7.11(c)arefrom
Theorem7.3of [WR00]; mostof therestis from Lemma8.2.7of [Sbook].Much
of Lemma6.7.11(a)&(b)andLemma6.7.12is basedonLemma4.5of [S98a].

Ther.c.partsof (a1)and(a2)andthe(r.c.) I/O partof (b1)of Theorem6.7.15
arefrom Theorem8.4.11of [Sbook].

Severalof theabove resultscanbefound in [Sbook] (probablyevenmorein
its final version)with a moredetailedproof; see[Sbook]alsofor further results.
Thearticle[WR00] includesfurtherresultsonoptimizabilityandestimatability.
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6.8 Systemswith R Bu0 S Lp TVU 0 W 1X ;H Y
I mustCreatea System,or beenslav’d byanotherMan’s;
I will notReasonandCompare: mybusinessis to Create.

— William Blake (1757–1827),"TheWordsof Los"

In this sectionwe shall studythe propertiesof systemswhosesemigroupis
smoothingin thesensedescribedbelow. In Section9.2,weshallestablisharather
completeRiccatiequationtheoryfor suchsystems.

If B is bounded(B
i ² u U [ H v ) or A is smoothing,thenwemayhave è*u t v Bu0

i
H for a.e.t Þ 0 whenever u0

i
U (this is typical for parabolic-typesystems),in

which caseactually è B
i *ÿu¦u 0 [ ∞ v ; ² u U [ H vãv , asshown in (b1) below. However,

unlessBu0
i

H, we have
Ä è*u t v Bu0

Ä
H � ∞ ast � 0r . Nevertheless,oneoften

has è Bu0
i

Lp u¦u 0 [ ε v ;H v for some(henceall) ε Þ 0; in that casewe actually
have è Bu0

i
Lp

ω u R ¼ ;H v for any ω Þ ωA. If the above conditionis satisfiedfor
all u0

i
U , then è B

iÎ² u U [ Lp
ω u R ¼ ;H v¦v for all ω Þ ωA andwe have a number

of additionaltools andregularity propertiesat hands,asoneobservesfrom the
resultsof this section.Naturally, ananalogousclaim appliesto thedualpropertyè\¸ C ¸ y0

i
Lp u¦u 0 [ ε v ;H v (y0

i
Y).

As above, by “ è Bu0
i

Lp u µ 0 [ T v ; Ù v ” we mean just that π D 0 © T � è Bu0
i

Lp u µ 0 [ T v ; Ù v (i.e., this expressiondoesnot sayanything aboutπ DT ©∞ � è Bu0). The
readermightwish to recallProposition6.3.4beforegoingon.

Lemma 6.8.1(è B
iÀ² u U [ Lp vè B
i�² u U [ Lp vè B
i%² u U [ Lp v ) Let Σ k ��� �� � � i WPLSu U [ H [ Y v , ω Þ ωA, T Þ

0 and p
i µ 1 [ ∞ ¶ .

(a) Wehaveè B
i%² u U [ Lp

ω u R ¼ ;H v¦v iff è Bu0
i

Lp u µ 0 [ T v ;H v for all u0
i

U.

Thisholdsfor p k 2 iff u s | AvÌ} 1B
i

H2
strongu C ¼ω ;

² u U [ H v¦v .
(b1)For anyt Þ 0, thefollowingare equivalent:

(i) è t B µU ¶ x H;
(ii) è t ¸ µH ¶ x Domu B̧w v ;
(iii) è t ¸ µH ¶ x Domu B̧L © sv ;
(iv) B̧ è t ¸ extendsto

² u H [ U v .
If (i) holds, then è sB

i ² u U [ H v , è s ¸ i ² u H [ Domu B̧L © sv¦v andu)è sBv ¸ k B̧L © sè s ¸ for all s Z t, è B
i *ÿu µ t [ ∞ v ; ² u U [ H vãv and è\¸ i*ÿu µ t [ ∞ v ; ² u H [ Domu B̧L © sv¦v¦v .

(b2) è t Bu0
i

H for a.e. t
i µ 0 [ T v , for all u0

i
U iff B̧Ìè t ¸ extendsto

² u H [ U v
for a.e. t

i µ 0 [ T v .
Assume, in addition, that è Bu0

i
H a.e. on µ 0 [ T v for all u0

i
U, and that

q
i µ 1 [ 2¶ , α

i
R.

(c) è B
i *ÿu¦u 0 [ ∞ v ; ² u U [ H v¦v , è ¸ i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu B̧L © sv¦v¦v and

CL © sè Bu0
i

Lq
loc u¦u 0 [ ∞ v ;Y v ¬ Lq

ω u µ T [ ∞ v ;Y v (in particular, è Bu0
i

Domu CL © sv a.e. on
R ¼ ) for all u0

i
U.
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(d1) We haveCL © sè B
i±² u U [ Lq

ω u R ¼ ;Y vãv iff CL © sè Bu0
i

Lq u µ 0 [ T v ;Y v for all
u0
i

U.

Thisholdsfor q k 2 iff zÆÒ| D
i

H2
strongu C ¼ω ;

² u U [ Y v¦v .
(d2) We haveCL © sè B

i¡² u U [ ² u YB [ Lq
ω u R ¼ v¦v¦v iff [ CL © sè Bu0

[
y0\ Y i Lq u µ 0 [ T v¦v

for all u0
i

U, y0
i

Y.

Thisholdsfor q k 2 iff zÆÒ| D
i

H2
weaku C ¼ω ;

² u U [ Y vãv .
(e1) If Fu0 : k CL © sè Bu0

i
Lq u µ 0 [ T v ;Y v for all u0

i
U, then Æ i SLR ¬ SVR

(and Æ i
ULR if q Þ 1), zÆ�k zF r D and Æ u k F Ù u r Du for all

finite-dimensionalu
i

L2
ω u R;U v r L2

loc u R ¼ ;U v (for all u
i

L2
ω u R;U v r

L2
loc u R ¼ ;U v if F

i
Lp u R ¼ ;

² u U [ Y v¦v ).
(e2)Conversely, if zÆ±k zF r D for someF

i ² u U [ Lp
α u R ¼ ;Y v¦v , thenF k CL © sè B.

If, in addition, F
i

L u R ¼ ;
² u U [ Y vãv , then è B

iÕ² u U [ Domu CL © sv¦v a.e.
and CL © sè B k F a.e., hence then CL © sè B

i
eα ] Lp

strongu R ¼ ;
² u U [ Y v¦v ¬

L u R ¼ ;
² u U [ Y v¦v .

(e3) Claims (e1)–(e2) also hold with replacements
² u U [ Lp

α u R ¼ ;Y v¦v ��² u U [ ² u YB [ Lp
α u R ¼ v¦vãv , Lp

α �� Lp
weak, Lq �� Lp

weak, Lp
strong �� Lp

weak, SLR ��
WLR, SVR �� WVR (andCL © s �� CL ©w in the“in addition” paragraph).

(f) We have π ¼ Æ π } u k π ¼ u CL © sè B Ù π } uv i *ÿuãu 0 [ ∞ v ;Y v for any finite-
dimensionalu

i
L2

ω u R;U v .
Actually, in (a) we have è B

i
Lp

strong©ω u R ¼ ;
² u U [ H vãv , by (c). Notealsothat

Lp u µ 0 [ T v ;H v x Lp� u µ 0 [ T v ;H v for pÅ i µ 1 [ p¶ , hencethecasep k 1 is theweakest
one(thisappliesto Lemma6.8.3(a)too).

Werephrasethemostimportantresultsof (d1), (e1)and(e2)asfollows:

Corollary 6.8.2(Æ¾k D r CL © sè B ÙÆ¾k D r CL © sè B ÙÆ¾k D r CL © sè B Ù ) Let ��� �� � � i WPLSu U [ H [ Y v beWRands.t.è Bu0
i

H a.e. for all u0
i

U. Then ÆÀ| D is a strongconvolution iff Cw è Bu0
i

Lq u µ 0 [ T v ;Y v for someq
i µ 1 [ 2¶ andall u0

i
U.

If this is thecase, thenCw è B k CL © sè B
iÀ² u U [ Lq

ω u R ¼ ;Y v¦v , and u)Æ�| D v u k
Cw è B Ù u k CL © sè B Ù u for each ω Þ ωA andeach finite-dimensionalu

i
L2

ω. í
(Note that “Cw è Bu0

i
Lq u µ 0 [ T v ;Y v ” includesthe assumptionthat è t Bu0

i
Domu Cw v for a.e.t

i µ 0 [ T v . SinceLq u µ 0 [ T v ;Y v x L2 u µ 0 [ T v ;Y v for q
i u 2 [ ∞ ¶ , we

could allow for any q
i µ 1 [ ∞ ¶ in the above equivalence(but possiblynot in the

latterparagraph).)
In deriving (b)–(f), we take advantage of the fact that

Ð
is “almost

L2
strong©ω u R ¼ ;

² u U [ H v¦v ”, i.e.,
ÐÊi$² u U [ L2

ω u R ¼ ;H v¦v . Since
Ð

neednotsatisfycor-
responding“uniform” condition,wecannotpresentcomplete“uniform” analogies
of (b)–(f) in Lemma6.8.3.

The readermight wish to consultLemmasF.2.2–F.2.4 (resp.LemmaD.1.7)
for convolutions correspondingto (a) (resp. to Lemma 6.8.3(a); the former
(“strong”) convolutionscoincidewith thesestandard(“uniform”) convolutionsfor
Lp

ω functions).
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Proof of Lemma 6.8.1: (The logical orderof the proof goesasfollows:
(a)–(b2),(c), (f), (d1)&(d2)1¹ , (e1)–(e3),(d1)&(d2)2¹ .)

(a) 1¹ Thefirst equivalence:“Only if ” is obvious,soassumethat è Bu0
i

Lp u µ 0 [ T v ;H v for all u0
i

U .
Let u0

i
U andchooset

i u 0 [ T v s.t.xt : k�è t Bu0
i

H (recall that è Bu0
i*ÿu R ¼ ;H } 1 v , sothat è t Bu0 is well-definedfor eacht Z 0).

Then è t ¼ ] Bu0 k¨è xt
i

Lp
ω u R ¼ ;H v ¬^*ÿu R ¼ ;H v , by LemmaA.4.5. Con-

sequently, è t ¼ ] Bu0
i

Lp
ω u R ¼ ;H v . Becauseu0

i
U was arbitrary, we

have è B µU ¶ x Lp
ω u R ¼ ;H v . But, è B

iÕ² u U [ Lp
ω u R ¼ ;H } 1 vãv , hence è B

i² u U [ Lp
ω u R ¼ ;H v¦v , by LemmaA.3.6.

2¹ The claim on H2
strong: We have

Ä u s | AvÌ} 1Bu0
Ä
H2 � C �ω ;H � k_

2π
Ä è Bu0

Ä
L2

ω
, by (D.36).

(b1) Note first that è t B
i�² u U [ H v follows from (i) and è t ¸ i² u H [ Domu B̧L © sv¦v follows from (iii), by Lemma A.3.6. Becauseè ] } t i *ÿu µ t [ ∞ v ; ² u H v¦v , these imply that è B

i *ÿu µ t [ ∞ v ; ² u U [ H vãv andè\¸ i *ÿu µ t [ ∞ v ; ² u H [ Domu B̧L © sv¦v , and we have è sB
iì² u U [ H v , è s ¸ i² u H [ Domu B̧L © sv¦v for all s Z t.

1¹ (i) £ (ii), u)è t Bv ¸ k B̧L © sè t ¸ : For eachx0
i

H1, wehave[ x0
[ è t Bu0\a` H1 ©H � 1b k lim

r Í 0¼ [ r u r | A̧ v } 1x0
[ è t Bu0\ (6.198)k lim

r Í 0¼ [ B̧ r u r | A̧ v } 1 è t ¸ x0
[
u0\ U kN[ B̧w è t ¸ x0

[
u0\ U t (6.199)

If (i) holds,thentheabove limit exists for all x0
i

H, hencethen(ii) holds
and u)è t Bv ¸ k B̧L © sè t ¸ .

Conversely, if (ii) holds,then(6.198)is boundedw.r.t.
Ä
x0
Ä
H for all u0

i
H,

i.e., è t Bu0
i

H for all u0
i

H (seeDefinitionA.3.23).
2¹ Therest: BecauseDomu B̧L © sv x Domu B̧w v , we have (iii) � (ii). Obvi-

ously, (ii) � (iv). Finally, assume(iv), i.e., thatB̧ è t ¸ i�² u H1̧
[
U v hasanexten-

sionR
i%² u H [ U v . Then

B̧
1
r Û r

0
è s ¸ è t ¸ x0ds k Rè t ¸ 1

r Û r

0
è s ¸ x0ds � Rè t ¸ x0

[
(6.200)

by continuity, henceB̧L © sè t x0 k Rè t exists,for any x0
i

H, i.e., (iii) holds.
(b2) “Only if ” follows from (b1). Assumethen that è t Bu0

i
H for a.e.

t
i µ 0 [ T v , for all u0

i
U . Let u0

i
U bearbitrary. Thenè t Bu0

i
H for arbitrarily

small t Þ 0, andfor sucht we have è t ¼ ] Bu0 kÃè ] è t Bu0
i *ÿu R ¼ ;H v . Thus,è sBu0

i
H for all s Þ 0.

Becauseu0
i

U wasarbitrary, we have è sB µU ¶ x H for all s Þ 0, hence
B̧ è s ¸ extendsto

² u H [ Y v for all s Þ 0, by (b1)(i)&(iv).
(c) Let u0

i
U . For arbitrarily small t Þ 0, we have è t Bu0

i
H, henceè t ¼ ] Bu0 kÉè ] è t Bu0

i *ÿu R ¼ ;H v , i.e., π D t ©∞ � è Bu0
i *ÿu µ t [ r ∞ v ;H v , è t ¼ r Bu0

i
Domu CL © sv for a.e. r Þ 0, andCL © sè t ¼ ] Bu0 k Ð u)è t Bu0 v uY� v i L2

ω u R ¼ ;Y v , by
Lemma6.2.12(a).

In particular, è t B µU ¶ x H for any t Þ 0, henceè B
i *ÿu¦u 0 [ r ∞ v ; ² u U [ H vãv ,

and è ¸ i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu B̧L © svãv¦v , by (b1).
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Now we have established(c) for q k 2. If q Ý 2, replaceω by some
α
i u ωA

[
ω v andrecallthatL2

α u µ T [ ∞ v ;Y v x Lq
ω u µ T [ ∞ v ;Y v .

(d1)1¹ Thefirst claim follows from (c).
2¹ We have zÆÈ| D

i
H2

strongu C ¼ω ;
² u U [ Y v¦v if f zÆ�k zF for some F

i² u U [ L2
ω u R ¼ ;Y v¦v , by LemmaF.3.4(d). Thus,“only if ” follows from (e1)and

1¹ , and“if ” from (e2).
(d2)Theproof of (d1)appliesmutatismutandis.
(e1) We have F

i�² u U [ Lq
α u R ¼ ;Y v¦v for any α Þ ωA, by (d1). Thus,zªÆ : k zF definesan operator ªÆ i TICω u U [ Y v with the propertiesclaimed in

(e1),by Proposition6.3.4(a3)(&(a1)).By (f), densityandcontinuity, we have
π ¼ Æ π } k π ¼ ªÆ π } , henceÆ¤k ªÆ r D, by Corollary2.1.8.

(e2) 1¹ By Proposition6.3.4(a3),we have u Æ?| D v u k F Ù u for finite-
dimensionalu

i
L2

ω u R;U v . Let u0
i

U . Substitutef : k 1
r χ D } r © 0� to (6.204)

to observe that
1
r
u Æ�| D v χ D } r © 0� u0 � CL © sè t Bu0 (6.201)

for each t s.t. è t Bu0
i

Domu CL © sv , hence a.e. By combining this with
Proposition6.3.4(a3),we obtain that Fu0 k CL © sè t Bu0 a.e. Becauseu0

i
U

wasarbitrary, wehaveF k CL © sè t B aselementsof
² u U [ Lq

α v .
2¹ Assume that, in addition, F

i
L u R¼ ;

² u U [ Y v¦v . Then the limit
CL © sè t Bu0 k F u t v u0 existsfor all u0

i
U at eachLebesguepoint t of F, by the

computationsin 1¹ . Therefore,è t Bu0
i

Domu CL © sv (henceCL © sè t B
iâ² u U [ Y v )

andCL © sè t B k F u t v for sucht, hencefor a.e.t
i

R ¼ .
(e3)Theproofsof (e1)–(e2)applymutatismutandis:addΛ

i
YB to theleft

of suitableterms(i.e.,usewÚ insteadof Ú etc.).
By (b1) (applied to Σd), we may useCL © s insteadof CL ©w everywhere

except possiblyin the “in addition” claim of (e2) (we only know that è B
i² u U [ Domu CL ©w v¦v a.e.,henceCL ©w è B

i�² u U [ Y v a.e.;wedonotknow whether
CL © sè t B is definedfor all u0

i
U at any t

i
R ¼ ).

(f) Let u k f u0, f
i

L2
ω u R } v , u0

i
U (thegeneralcasefollowsby linearity).

For a.e. t Þ 0, we have (use2.&4. of Definition 6.1.1, (6.24) and Lemma
6.2.12(c1)&(c4),andnotethatx0 : k¾è t Bu0

i
H))u Æ π } uv u t v k¨u Ð ê uv u t v k CL © s u)è t ê uv k CL © s u ê τt uv k CL © s u)è B Ù uv (6.202)k CL © s Û 0} ∞

è t } sBuu sv ds k CL © s Û ∞

0
è s è t Bu0 f uY| sv ds (6.203)k Û ∞

0
CL © sè s è t Bu0 f u | sv ds k�u CL © sè B Ù uv u t v t (6.204)

(We did not have to write limT Í ¼ ∞ Ú 0} T in (6.203),sincewe had è } ] x0 f uY� v i
L1 u R } ;H v , becauseè } ] x0

i
RL2

ω k L2} ω.)
Since è t Bu0

i *ÿu¦u 0 [ ∞ v ;H v , by (c), CL © sè ] k Ð i ² u H [ L2
ω v and

f uY|ë� v i L2} ω, we have CL © sè ] è t Bu0 f uY|ë� v i *ÿu¦u 0 [ ∞ v ;L1 u R ¼ ;Y vãv , hence
(6.204)

i *ÿu¦u 0 [ ∞ v ;Y v . í
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Next we present“uniform” counterpartsof the “strong” claimspresentedin
theabove lemma:

Lemma 6.8.3(è B
i

Lpè B
i

Lpè B
i

Lp) Let Σ k � � �� � � i WPLSu U [ H [ Y v , ω Þ ωA, T Þ 0 and
p
i µ 1 [ ∞ ¶ .
(a) Thefollowingareequivalent:

(i) è B
i

Lp
ω u R ¼ ;

² u U [ H v¦v ;
(ii) è B

i
Lp u µ 0 [ T v ; ² u U [ H v¦v ;

(iii) è Bu0 k Fu0 a.e. on µ 0 [ T v for all u0
i

U and some F
i

Lp u µ 0 [ T v ; ² u U [ H v¦v ;
(iv) ê τT φu0 k¨u Fu0 Ù φ v u T v for all u0

i
U andφ

i * ∞
c u¦u 0 [ T v¦v , andsome

F
i

Lp u µ 0 [ T v ; ² u U [ H v¦v r L1
∞ u R ¼ ;

² u U [ H } 1 v¦v .
(v) B̧w è ¸ i Lp

ω u R ¼ ;
² u H [ U v¦v ;

(vi) B̧w è ¸ i Lp u µ 0 [ T v ; ² u H [ U vãv ;
(vii) B̧ è ¸ x0 k Fx0 a.e. on µ 0 [ T v for all x0

i
H1̧ and some F

i
Lp u µ 0 [ T v ; ² u H [ U vãv ;

If (i) holds,then è ¸ i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu B̧L © sv¦v , hencethenwemayabove
replaceB̧w by B̧L © s, B̧L ©w or B̧s.

(b) If
Ð

x0 k Fx0 a.e. on µ 0 [ T v for all x0
i

H1 andsomeF
i

Lp u µ 0 [ T v ; ² u U [ H vãv ,
then è i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu CL © sv¦v andCL © sè i Lp

ω u R ¼ ;
² u U [ H v¦v .

(c) If Cw è i¨² u H [ Y v and è B
i¨² u U [ H v a.e. on µ 0 [ T v , and Cw è B

i
Lp u µ 0 [ T v ; ² u U [ Y vãv , thenCL © sè B

i
Lp

ω u R ¼ ;
² u U [ Y v¦v ¬c*ÿu¦u 0 [ ∞ v ; ² u U [ Y v¦v

and Æ i MTICL1

ω u U [ Y v .
Naturally, if weapply(a) to Σd, then(v)–(vii) turnto resultsonC and è . Thus,

wemayuseCL ©w, Cs orCw insteadof CL © s in (d) and(e). Sometimesonemayalso
wish to usethefactthatB̧L © s is thedualof B (seeProposition6.2.8(e)).

Note that theassumptionsin (a)–(c)aresatisfiedby parabolicsystemsof the
typedescribedin Hypothesis9.5.1.

Proof: (a) 1¹ (i) � (iv): This follows from (6.23).
2¹ (ii) £ (i): Fix t Þ 0 s.t. è t B

i�² u U [ H v andwork asin theproofof Lemma
6.8.1(a).

3¹ (iii) � (ii): For any t Þ 0, we have è t B µU ¶ i H, by Lemma6.8.1(b),
hence è B

i *ÿuãu 0 [ ∞ v ; ² u U [ H v¦v , by (b). But F u t v u0 k­è t Bu0 for all u0 at
every Lebesguepoint t of F , henceè B k F a.e.on µ 0 [ T v , henceπ D 0 © T � è B

i
Lp u µ 0 [ T v ; ² v .

4¹ (iv) � (iii): By (6.23),wehave Ú T
0 u è Bu0 | Fu0 v φdm k 0 (theintegral is

taken in H } 1) for all φ, henceè Bu0 k Fu0 aselementsof L1 u µ 0 [ T v ;H } 1 v , by
TheoremB.4.12(d),hencea.e.on µ 0 [ T v , i.e., (iii) holds.

5¹ Therest: By Lemma6.8.1(b)&(c),any of (i)–(ii) and(v)–(vii) implies
that B̧ è t ¸ extendsto

² u H [ U v a.e., è ¸ i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu BL © sv¦v¦v , andu B̧L © sè ¸ v ¸ k¾è B
i *ÿu¦u 0 [ ∞ v ; ² u U [ H v¦v .

Therefore,B̧w andB̧L © s areinterchangeableeverywherein (a),andwehave
theequivalencies“(i) £ (v)”, “(ii) £ (vi)”, and“(vi) £ (vii)” (becausetheunique
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extensionF u t v of B̧ è t ¸ mustbe B̧w è t ¸ wherever the equalityholds in (vii),
hencea.e.).

(b) BecauseCè i *ÿu R ¼ ;
² u H1

[
Y v¦v , wehaveCè t x0 k F u t v x0 for all x0

i
H1

at eachLebesguepoint t of F. Thus, Cè t extends to F u t v i ² u H [ Y v at
thosepoints,sothat è i *ÿu¦u 0 [ ∞ v ; ² u H [ Domu CL © sv¦vãv , by Lemma6.8.1(b),and
Cè t k F u t v at thosepoints;in particular, CL © sè i Lp u µ 0 [ T v ; ² u U [ H v¦v .

Let α
i u ωA

[
ω v . Set M : k Ä

e} ω ]CL © sè Ä Lp � D 0 © T � ; Ü � , Mα : k Ä
e} α ] è Ä ∞ . If

p k ∞, then Ä
e} ωtCL © sè t Ä Ü ß Ä e} ωTCL © sè T Ä3Ä e} ω � t } T � è t } T Ä [ (6.205)

which is boundedfor t Þ T. Thus,
Ä
e} ω ]CL © sè Ä Ü is thenbounded.Assume

thenthat p Ý ∞. ThenÛ ∞

0

Ä
e} ωtCL © sè t Ä pÜ dt k ∑

n d N Û T

0

Ä
e} ωtCL © sè t Ä pÜ dt

Ä
e} ωTn è T n Ä pÜ (6.206)ß Mp ∑

n d N
Mp

αe} p � ω } α � Tn Ý ∞ t (6.207)

(c) By Lemma 6.8.1(b1) (applied to Σ and Σd), we have è B
i*ÿuãu 0 [ ∞ v ; ² u U [ H v¦v andCL © sè i *ÿuãu 0 [ ∞ v ; ² u H [ Y vãv . In particular, CL © sè B
i*ÿuãu 0 [ ∞ v ; ² u U [ Y v¦v , CL © sè T e 2 ij² u H [ Y v and è T e 2B

ij² u U [ H v . Therefore,Ä
e} αtCL © sè T e 2 è t è T e 2B

Ä Ü � U ©Y � is boundedfor eachα Þ ωA. Consequently,

CL © sè T e 2 è ] è T e 2B
i

Lp
ω u R ¼ ;

² u U [ Y v¦v [ (6.208)

hence CL © sè ] B i
Lp u µ 0 [ T v ; ² u U [ Y vãv ¬ τ } TLp

ω u R ¼ ;
² u U [ Y v¦v k

Lp
ω u R ¼ ;

² u U [ Y v¦v . Consequently, Æ i MTICL1

ω u U [ Y v , by Lemma 6.8.1(e1)
anddensity(seeTheoremB.3.11). í
TheL2

strongpropertiesandall Lp propertiesdescribedaboveareunaffectedby
boundedstatefeedbackoperators:

Lemma 6.8.4(BoundedKKK) Assumethat Σ k �y� �� � � i WPLSu U [ H [ Y v andK
i² u H [ U v , andlet Σ l bethecorrespondingclosed-loopsystem,sothat � è�l ê l �

is generatedby � A r BK B
�
. Let p

i µ 1 [ ∞ ¶ .
(a1) If è B

i
Lp u µ 0 [ 1¶ ; ² u U [ H v¦v , then è�l B i

Lp
ω u R ¼ ;

² u U [ H v¦v for all ω Þ ωA� .
(a2) If è B

i
L1

ω u R ¼ ;
² u U [ H v¦v and

� i
TICω u U v for someω

i
R, thenè\l B i L1

ω u R ¼ ;
² u U [ H vãv and

� i±°
MTICL1

ω u U v .
(b) If è Bu0

i
L2 u µ 0 [ 1¶ ;H v for all u0

i
U, then è�l Bu0

i
L2

ω u R ¼ ;H v for all
ω Þ ωA� andu0

i
U.

(c1) If è B
i

L1 u µ 0 [ 1v ; ² u U [ H vãv [ CL © sè i L1 u µ 0 [ 1v ; ² u H [ Y v¦v and CL © sè B
i

L1 u µ 0 [ 1v ; ² u U [ Y v¦v , then Æ�l i MTICL1

ω u U [ Y v for anyω Þ ω � � .
(c2) If è B

i
L1 u µ 0 [ 1v ; ² u U [ H v¦v andCL © sè Bu0

i
L1 u µ 0 [ 1v ;Y v for all u0

i
U,

then Æ�l"| D
iÒ² u U [ L1

ω u R ¼ ;Y v¦v Ù (i.e., u Cl v L © sè\l Bu0
i

L1
ω u R ¼ ;Y v for all

u0
i

U) for all ω Þ ωA� .
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(c3) If è Bu0
[
CL © sè Bu0

i
L2 u µ 0 [ 1¶ ; Ù v for all u0

i
U, then fÆ�l9| D

i
H2

strongu C ¼ω ;
² u U [ Y v¦v for all ω Þ ωA� .

(d) AssumethatωA� Ý 0. Thenê l τ [ � i
ULR ¬ SHPRin (a1)–(c3);in (c1)–(c3)

wealsohaveÆ l i SHPR(and Æ l i ULR in (c1) and(c3)).

Note that the assumptionin (c2) holds if f ê τ
i

MTICL1

∞ and ÆØ| D
i² u U [ L1

α u R ¼ ;Y v¦v Ù for someα
i

R. As usual,
�

: kÖu I | h v~} 1, where ��� h �
is generatedby K.

Proof: (As in Definition 6.6.10,we have set
�

: k I | h , where � � h��
is the statefeedbackpair correspondingto K. SeeProposition6.6.18(d3)for
thegeneratorsof Σ l .)

(a2) By Lemma 6.1.16(b),we have ê τu kTè B Ù u; by (6.46), we haveh k K ê τ k K è B Ù . But K è B
i

L1
ω u R ¼ ;

² u U [ H v¦v , hence
hÊi

MTICL1

ω u U v x
TICω u U v .

Thus,
{

: k I | h iÂ°
TICω u U v ¬ MTICL1

ω u U v , hence
� } 1 k { i°

MTICL1

ω u U v , by Theorem4.1.1(b)(i)&(ii) andRemark6.1.9.

But then ê l τ k�ê τ
� i

MTICL1

ω u U [ H v (by LemmaD.1.7), i.e., è\l Bl kè l B i L1
ω u R ¼ ;

² u U [ H v¦v (seeLemma6.8.3(a)(iv)&(i)).
(a1)Obviously, we mayreplaceL1 by L1 ¬ Lp in (a2)andits proof.
Choosesome α Þ maxº ω [ ωA » . By Lemma 6.8.3(a), we have è B

i
L1

α ¬ Lp
α u R ¼ ;

² u U [ H vãv . But Σ l is ω-stable,hence
� i

TICω. Consequently,è l B i L1
α ¬ Lp

α u R ¼ ;
² u U [ H vãv , by (a2)(modified,asnotedabove). By Lemma

6.8.3(a),è l B i L1
α ¬ Lp

ω u R ¼ ;
² u U [ H v¦v .

(b) By Lemma6.3.3(b1),we have z� i�² r H2
strong©∞, hence fê l τ k fê τ z� i² r H2

strong©∞, by Lemma6.3.3(b1).But fê l τ uyr ∞ v k 0, hence fê l τ i H2
strong©∞.

By Lemma6.8.1(a),wehave è l Bu0
i

L2
ω u R ¼ ;H v for all ω Þ ωA� andu0

i
U .

(c1) (As one observes from the proof, we have CL © sè l B i
Lp

ω ifè B
[
CL © s è B

i
Lp andCL © sè i L1 on µ 0 [ 1v .)

Wehave Ð l k Ð r¡Æ K è l i L1 r Lp Ù L∞ x L1 (6.209)

on µ 0 [ 1v (becauseπ D 0 © 1� L1 Ù π D 0 © 1� L1 x π D 0 © 1� L1, by LemmaD.1.7, andK è�l i* x L∞
loc). Therefore,CL © sè i L1

∞, by Lemma6.8.3(b). But è�l B i L1
∞ and� i

MTICL1

∞ u U [ Y v , by (a1),henceÆ�l k¾Æ � i
MTICL1

∞ u U [ Y v . Consequently,Æ�l i MTICL1

ω u U [ Y v , by Lemma6.8.3(c).

(c2) By (a1),we have K è�l B i L1 u µ 0 [ 1¶ ; ² u U vãv , hence
� i

MTICL1
∞ u U v .

Since Æ i SMTICL1
∞, by theassumption,henceÆ�l : k?Æ � i

SMTICL1
∞ and

D lNk D, by Theorem2.6.4(a1)&(h1)&(d).Thus,we obtain(c2) from this and
Lemma6.8.1(e2)&(d1)

(c3)This follows from (b) andLemma6.8.1(d1).
(d) Choosesomeω

i u ωA� [ 0v . In (a1)and(a2),we have è l B [ K è l B i L1
ω,

henceê l τ [ � i
MTICL1 x ULR ¬ UHPR. In (b), we have è�l B [ K è\l B i L2

ω,
henceê l τ [ � i

ULR ¬ SHPR, by Proposition6.3.4(a3).



272 CHAPTER6. WELL-POSEDLINEAR SYSTEMS(WPLS)

The claim on Æ�l follows analogouslyfrom (c1)–(c3): use Proposition
6.3.4(a1)&(a3)for (c1)&(c2), respectively, andProposition6.3.3(a)for (c3).í
The systemsdescribedin the following lemmaarein certainsensethe most

generalclassof systemsto which we can extend the full connectionbetween
optimalcontrolandexponentiallystabilizingsolutionsRiccatiequationswithout
any apriori factorizationor stabilityassumptions(see,e.g.,Theorem9.2.18):

Lemma 6.8.5(è B
[
Cw è [ Cw è B

i
L1

locè B
[
Cw è [ Cw è B

i
L1

locè B
[
Cw è [ Cw è B

i
L1

loc) Assume that Σ : k ��� �� � � i
WPLSu U [ H [ Y v , p

[
q
i µ 1 [ ∞ ¶ , è B

i
Lp u µ 0 [ t v ; ² u U [ H v¦v [ Cw è i

Lq u µ 0 [ t v ; ² u H [ Y v¦v , andCw è B
i

Lp u µ 0 [ t v ; ² u U [ Y vãv for somet Þ 0.

(a) Thenè B
i

Lp
ω, CL © sè i Lq

ω andCL © sè B
i

Lp
ω on R ¼

(in particular, ê τ
[ Æ i MTICL1

ω u U [ Ù v x ULR ¬ UVR) for anyω Þ ωA.

(b) If L
i?² u Y[ U v is an admissibleoutput feedback operator for Σ, thenè LBL
i

Lp
ω, u CL v L © sè L

i
Lq

ω and u CL v L © sè LBL
i

Lp
ω onR ¼ for anyω Þ ωAL.

(c) Let K k SC r T, S
i¡² u Y[ U v , T

i¡² u H [ U v . ThenK is a ULR admissible
statefeedback operator for Σ, andalso thecorrespondingextendedsystem
Σext and hencethe closed-loopsystemΣ l satisfy the assumptionsof this
lemma.

(d) If p k q, thenalsoΣd satisfiestheassumptionsof this lemma.

(Naturally, we canreplacethe exponentsp andq in the conclusionpartsby
smallerones.)

We concludethat the above type of systemsare closedw.r.t. static output
feedbackandw.r.t. statefeedbackof kind describedin (c) (whichoftenappearsin
connectionwith Riccatiequationsandoptimalcontrol).Weobservefrom Lemma
9.5.4andProposition6.6.18(b3)thatananalogousclaimholdsfor systemsof the
(parabolic)typeof Hypothesis9.5.1aswell asfor thoseof thetypeof Hypothesis
9.5.7(3.).

Proof: (We shall use the facts that Lp u µ 0 [ t v ; Ù v x L1 u µ 0 [ t v ; Ù v and thatè i *À¬ Ls
ω u R ¼ ;

² u H v¦v for any s
i µ 1 [ ∞ ¶ andω Þ ωA. SeeLemmaD.1.7 for

convolutions. We observe from the proof that we could usea third exponent
r
i µ 1 [ ∞ ¶ (insteadof p) for Cw è B andCL © sè B, but then(b) and(c) would no

longerhold.)
(a) Let ω Þ ωA. By Lemma6.8.3(a)(appliedto Σd andΣ), we canreplace

Cw byCL © s andwehave è B
i

Lp
ω u R ¼ ;

² u U [ H v¦v andCL © sè i Lq
ω u R ¼ ;

² u H [ Y v¦v .
By Lemma6.8.3(c),it follows thatCL © sè B

i
Lp

ω u R ¼ ;
² u U [ Y v¦v (in particular,è*u t v B i%² u U [ Domu CL © sv¦v for a.e.t

i
R ¼ ). Weconcludethat ê τ

[ Æ i MTICL1

ω ,

by Corollary 6.8.2. Recall from Proposition6.3.4(a1)that MTICL1

∞ x ULR ¬
UVR.

(b) Let α Þ maxº ωA
[
ωA� » . Set

{
: k I | L Æ iØ° TIC∞ u U v . Then Æ i² u U [ Y v r¤u L1

α ¬ Lp
α v Ù , by (a),hence

{ i�² u U v r¤u L1
α ¬ Lp

α v Ù .
We have Æ [ { [ Æ L

i
TICα. Since

�
: k { } 1 k I r L Æ L

i
TICα, we obtain

from Proposition6.3.4(a1)that
� ij² u U v rÃu L1

α ¬ Lp
α v Ù . Analogously, we
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concludethat u I |pÆ L v$g 1 iâ² u Y v rÊu L1
α ¬ Lp

α v Ù . Consequently, (seeProposition
6.6.18)ê Lτ kjê L

�
τ k¤ê τ

� i
Lp

α Ù�u I r Lp
α Ù v k Lp

α
[

(6.210)Æ L k¤Æ � i u D r¤u L1
α ¬ Lp

α v Ù v u M r Lp
α Ù v x DM r Lp

α Ù [ and (6.211)Ð
L kÈu I |�Æ L v } 1 Ð?i u ² r L1

α Ù v Lp
α k Lp

α t (6.212)

Weconcludefrom Corollary6.8.2that è LBL
[ u CL v L © sè LBL

i
Lp

α u R ¼ ;
² u U [ Ù vãv .

Apply (a) to ΣL to obtaintherestof (b).
(c) By Lemma6.3.17,K is admissibleandULR for Σ. Obviously, SCL © s r

T x KL © s (in particular, Domu CL © sv x Domu KL © s v ), henceKL © sè­k u SCL © s r
T v è i

Lp u µ 0 [ t v ; ² u H [ U vãv (where the equality holds a.e.). Analogously,
KL © sè B kTu SCL © s r T v è B

i
Ls u µ 0 [ t v ; ² u U v¦v (sinceSCL © sè B

i
Lr u µ 0 [ t v ; ² u U v¦v

andT è B
i

Lp u µ 0 [ t v ; ² u U v¦v ), wheres : k min º p [ r » . Thus,Σext (see(6.132))
satisfiestheassumptionsof this lemmawith s in placeof r, hencesodoesΣ l ,
by (b).

(d) By Lemma 6.8.3(a)(ii)&(vi), we have B̧w è ¸ i Lp u µ 0 [ t v ; ² u H [ U v¦v
and è ¸ C ¸ i Lp u µ 0 [ t v ; ² u Y[ H v¦v . By Lemma 6.8.3(c), F : k Cw è B

i
Lp

ω u R ¼ ;
² u U [ Y vãv , henceF ¸ i Lp

ω u R ¼ ;
² u Y[ U v¦v , by LemmaB.3.6.

By Corollary 6.8.2, ÆÕ| D k F Ù , hence Æ d | D ¸ k6u)Æ�| D v d k F ¸ Ù ,
by Proposition6.3.4(a1),henceF ¸ k B̧w è ¸ C ¸ , by Corollary 6.8.2. Thus,
B̧w è\¸ C ¸ i Lp u µ 0 [ t v ; ² u Y[ U v . í
Notes
Pritchard–Salamon(PS) systemsoften satisfy the assumptionsof Lemma

6.8.5for p k 2 k q (cf. Lemma9.5.2),andin asensethelemmaallows for twice
asmuchunboundednessastheaxiomsof PS-systems,but in generalaPS-system
might violate the assumptionsof the lemma(but not thoseof Hypothesis9.2.2,
henceour complete“smoothRiccatiequationtheory”, which usestheproperties
establishedin this section,coversalsoPS-systems).

In the control theoryof optimal control of partial differentialequations,one
oftenmakessimilar assumptionson Cè B with C bounded.E.g., in Section8 of
[LT00b], I. LasieckaandR. Triggiany donotposetheassumptionon è Bu0

i
Lp

locu u0
i

U ) andcompensatedthis by a strongerassumptiononC. They requirethe
original systemto beaWPLSbut donotstudythewell-posednessof closed-loop
systems.

The well-posednessof a closed-loopsystemmeansthat under any error,
disturbanceor otherexternalinput to thefeedbackloop (thesignaluL of (6.124),
thestate,effectivecontrolandoutputof thesystemremainwell definedandtheir
dependenceon this external input is continuous(from L2

loc to H, L2
loc andL2

loc,
respectively). In particular, finite inputenergy cannotleadto infinite outputenergy
(or to undefinedstateandoutput)underafinite periodof time. If, in addition,the
closed-loopsystemis strongly stable,then the effect of any external L2 signal
vanishesasymptoticallywith time.
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6.9 BoundedB, boundedC, PS-systems

’And death’,saidThingol,’thoushouldsttaste,
hadI not swornan oathin haste
thatbladenor chain thyfleshshouldmar.
Yet captiveboundbynevera bar
unchained,unfetteredshaltthoube
in lightlesslabyrinths,endlessly.

— J.R.R.Tolkien (1892–1973),"TheLay of Leithian"

In this sectionwe shallshow thata transferfunction zÆ hasa realizationwith
a boundedinput operatorB if f zÆB|ÊzÆ$uyr ∞ v i H2

strong over someright half-plane.
We also establishanalogousresultsfor realizationswith a boundedC and for
Pritchard–Salamonrealizations.In additiontoU , H andY, also h and i denote
(arbitrary)Hilbert spacesin this section.

By Proposition6.3.3(a),any zÆ i H2
weaku C ¼ω ;

² u U [ Y v¦v is thetransferfunction
of someÆ i TICω ¼ ε u U [ Y v ¬ ULR with D k 0 (for any ε Þ 0). By strengthening
the assumptionslightly, we get a necessaryandsufficient conditionfor zÆ being
thetransferfunctionof aWPLSwith aboundedB or C:

Theorem 6.9.1( zÆ i H2
strong £ BzÆ i H2
strong £ BzÆ i H2
strong £ B bounded) Letω

i
R and zÆ i H u C ¼ω ;

² u U [ Y v¦v .
(a) zÆ is thetransferfunctionof theI/O mapof someΣ

i
WPLSω with abounded

B iff zÆÒ| D
i

H∞ u C ¼ω ;
² u U [ Y v¦v ¬ H2

strongu C ¼ω ;
² u U [ Y v¦v .

(b) zÆ is thetransferfunctionof theI/O mapof someΣ
i

WPLSω with abounded
C iff zÆ$u �̄ v ¸:| D ¸ i H∞ u C ¼ω ;

² u Y[ U v¦v ¬ H2
strongu C ¼ω ;

² u Y[ U v¦v .
(c) Thecorrespondingrealizationscanbechosensothat they are minimaland

they satisfy
Ä
B
ÄÌÜ � U ©H � ß Ä zÆ Ä H2

strong
in (a), (or

Ä
C
ÄÌÜ � H ©Y � ß Ä zÆ$u �̄ v Ä H2

strong
in

(b)), whereH is thestatespaceof thecorrespondingrealization.

(d1) If wedrop theassumptionzÆÊ| D
i

H∞
ω, then(a)–(c)still hold exceptthatê and Æ in (a) (or

Ð
and Æ in (b)) are only knownto be ω Å -stablefor any

ω Å Þ ω.

(d2) We canreplace“ Σ
i

WPLSω” by “ Σ k �w� �� � � i WPLSs.t.
Ð

and Æ are
ω-stable” in (a).

Analogously, in (b) it sufficesto require Σ k �w� �� � � i WPLSbes.t. ê andÆ are ω-stable. Wemayrequire Σ to bestronglyω-stablein (b).

Thus, Æ hasa realizationwith a boundedB andD k 0 if f zÆÓuY�4| ω v i H2
strong

for someω
i

R (seeLemmaF.3.2(a));adualclaimholdsfor C.
Proof: (a) 1¹ “Only if ”: Let Σ k � � �� � � i WPLSω u U [ H [ Y v and

B
iØ² u U [ H v (in fact, Σ

i
SOSω is enough). W.l.o.g., we assumethat

D k 0 (see also Lemma 6.3.16(b)). We have zÆ i
H∞ u C ¼ω ;

² u U [ Y v¦v ,
by Theorem 6.2.1. Moreover, zÐ i

H2
strongu C ¼ω ;

² u H [ Y v¦v , by The-

orem 6.2.11(c2), hence zÆçk C u �Q| Av~} 1B
i

H2
strongu C ¼ω ;

² u U [ Y v¦v (andÄ zÆ Ä H2
strong� C �ω ;

Ü � U ©Y �>� ß _ 2π
Ä�ÐÿÄ3Ä

B
Ä Ý ∞).
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2¹ “If ”: Apply “2 ¹ ” of (b) to Æ d. In fact,by applyingLemma6.7.17with
E k Rfor the resultingrealizationof Æ , we seethat the input operatorof the
stronglyω-stableWPLS

Σ : k �
π ¼ τ π ¼ Æ π }

I Æ � i WPLSω u U [ L2
ω u R ¼ ;Y v [ Y v (6.213)

is bounded.
(b) 1¹ “Only if ”: Apply “1 ¹ ” of (a) to Æ d.
2¹ “If ”: W.l.o.g.we assumethatω k 0. It sufficesto show thestable(and

exactly reachable)realization� è êÐ Æ � : k �
τπ } π }

π ¼ Æ π } Æ � i WPLS0 u U [ H [ Y v (6.214)

onH : k L2 u R } ;U v hasaboundedoutputoperatorC. By LemmaF.3.7(b2),the
map

C̄x0 : k�u Ð x0 v u 0v k¨u π ¼ Æ π } x0 v u 0v k�u)Æ x0 v u 0v (6.215)

satisfiesC̄
i ² u H [ Y v , Ä C̄ Ä ß Ä zÆÓu �̄ v Ä H2

strong
(recall from (6.26) that C̄ is an

extensionof theoutputoperatorC
iË² u H1

[
Y v of (6.214),andthatC is called

“bounded”if f it hasanextensionto
² u H [ Y v (which is necessarilyunique,by

density),and thatC is identifiedwith this extension(i.e., we write C k C̄
i² u H [ Y v )).

(c) We prove this for (a); use duality for (b): Let H� be the closure
of π ¼ Æ π } µ L2

c ¶ in L2
ω u R ¼ ;Y v (i.e., the reachability subspace). Let P be

the orthogonalprojection L2
ω u R ¼ ;Y vÿ� H� . By Lemma 6.3.26(e), Σ Å : k�

π ¼ τ π ¼ Æ π }
I Æ � i WPLSu U [ H� [ Y v (notethat π ¼ τ µH� ¶ x H� ) is reachable

andalsoΣ Å hasboundedinput operator. BecauseΣ Å is (exactly ω-)observable,
it is minimal.

(d1)Weprove this for (b); useduality for (a):
Observefrom theproofthatC is boundedwhenever zÆ�u �̄ v i H2

strong, but if we

do not assumethat zÆ i H∞, thenwe only know that
Ð

(by LemmaF.3.7(b2))
and Æ (by LemmaF.3.2(a))areω-boundedfor any ω Þ 0.

(d2) One observes from part 1¹ of the proof of (a) that Σ neednot be
ω-stable,it sufficesthat

Ð
and Æ areω-stable.Part2¹ of theproofof (a)shows

thatΣ canberequiredto bestronglyω-stablein (a) (andstrongly̧ ω-stablein
(b)). í
We shallsoonshow thata transferfunctioncanberealizedasa PS-systemiff

it hasa (WPLS)realizationwith boundedB andonewith boundedC. Beforethis
wemustdefinePS-systems:

Definition 6.9.2(PS-systems)A systemΣ k �y� �� � � i WPLSu U [ h [ Y v is a
Pritchard–Salamonsystem(PS-system)iff B

i±² u U [ h v and there is a Hilbert
space i x h s.t. 1. theembeddingi � h is denseandcontinuous,2. è �kj
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is an ω-stableC0-semigroupon i , 3. ê t i�² u L2 u µ 0 [ t v ;U v [ i v for some(hence
all) t Þ 0, and4. someCÅ iÀ² uli [

Y v satisfiesCÅ�è¾k Ð on i .
If, in addition, ω

i
R is s.t. Σ

i
WPLSω u U [ h [ Y v ¬ WPLSω u U [ i [

Y v , then
Σ is called an ω-stablePS-system. If Domu Av x i , thenΣ is called a smooth
PS-system.

(WealsosaythatΣ is aPS-systemw.r.t. U, i , h andY.)

Remark 6.9.3 Definition 6.9.2 is equivalentto the standard definition of PS-
systems(see, e.g., [KMR] or Definition2.3of [Keu]).

(Notethatit is nota limitation that[Keu]assumestheHilbert spacesto bereal
— any complex Hilbert spaceis alsoa realHilbert space.)

The above definition of ω-stability makes also “exponentialstability” (i.e.,
beingω-stablefor someω Ý 0) equivalentto thestandardone,by Lemma6.9.4.

Proof: Sufficiency is rather obvious. Conversely, if Σ is a PS-system,
thenthe axiomsof the above definition aresatisfiedasfollows: The mapsin
(2.4) and (2.5) of [Keu] definemaps ê and

Ð
. By (2.6) of [Keu], we have�y� � � i WPLS; let � A

C� � � be its generators. Then � A B
C � � D

�
generatea WPLS

Σ
i

WPLSu U [ h [ Y v , by Lemma 6.3.13. Obviously, Σ is the original (PS-
)system. í
Thus,givenaPS-systemandaminimizationproblem,we“haveaboundedB”

(w.r.t. h , i.e.,B
i ² u U [ h v ). However, wedonotnecessarily“haveaboundedC”:

if, for example,we aregiven a function suchas m�u x0
[
uv : k Ä x Ä 2L2 � R � ; n � r Ä u Ä 22

to be minimized, we would more be interestedin C
iB² uoh [ Y v rather than in

C
iÎ² uoi [

Y v in order to usethe tools correspondingto a “boundedC”, andC
neednot belongto

² ulh [ Y v . (To minimize, instead,
Ä
x
Ä 2
L2 � R � ; j � r Ä u Ä 22, one

couldusethesystemΣ
i

WPLSu U [ i [
Y v which doeshavea “boundedC”.)

Sometimesthefollowing characterizationof PS-systemsis moreuseful:

Lemma 6.9.4(PS-systems)A systemΣ k �y� �� � � i WPLSu U [ h [ Y v is an ω-
stablePS-systemiff 1. Σ

i
WPLSω u U [ h [ Y v ¬ WPLSω u U [ i [

Y v , where i x h
denselyandcontinuously, 2. Σ

i
WPLSω u U [ h [ Y v hasa boundedinputoperator,

and3. Σ
i

WPLSω u U [ i [
Y v hasa boundedoutputoperator.

Any PS-systemis ULR and ω-stable for someω
i

R; in particular, it is
exponentiallystable(i.e., ω-stablefor someω Ý 0) iff è is exponentiallystableoni andon h .

Thesystemin 3. is obtainedfrom thatin 2. by just replacing h by i (asthe
domainand/orrangespaceof è , ê and

Ð
).

Proof: Thefirst claim is obviously true(theoperatorCÅ i¡² uli [
Y v is the

outputoperatorof Σ
i

WPLSω u U [ i [
Y v ). By Lemma6.3.16(b)(or (c)), the

I/O mapof aPS-systemULR.
Assumethat Σ is a PS-system.Chooseω

i
R s.t. è is ω Å -stableon i

and h for someω Å Ý ω. Oneeasilyverifies(cf. the reasoningon p. 158) thatê i¡² u L2
ω
[ i v ; it follows thatΣ

i
WPLSu U [ i [

Y v . By Lemma6.1.10,both
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systemsareω-stableWPLSs,henceΣ is an ω-stablePS-systemw.r.t. U , i ,h andY. í
PS-systemsarea strict subsetof WPLSs;e.g.,any H∞

∞ transferfunctionhasa
realizationasa WPLS(seeDefinition 6.1.6),but thesamedoesnot hold for PS-
systems,by Theorem6.9.6. For a PS-system,the unboundednessof C severely
limits thepossibleunboundednessof B, andviceversa:

Remark 6.9.5(BBB andCCC of PS-systemsmay be asunboundedasthoseof WPLSs)

If � è ê � i WPLSu U [ H [ º 0 » v , then ½ A B
0 0

¿ (or ½ A B
C D

¿ for any �C D
� i² u H } 1 s U

[
Y v ) is a PS-systemw.r.t. h : k H } 1 and i : k H, by Lemmas6.9.4

and6.3.16.An analogousclaimholdsfor any ��� � � i WPLSu U [ H [ º 0 » v .
Thus, the input and output operators in a PS-systemmay be exactly as

unboundedasin a WPLS,but not simultaneously, sinceB mustbe“compatible”
with i andC with h . í

For example,any parabolicsystemof Hypothesis9.5.1with “unboundedness
distanceof C andB” γ | β Ý 1 is a WPLS,but we mustrequirethatγ | β Ý 1p 2
in order to make surethat it is a PS-system.Note also the while B can be as
unboundedw.r.t. i asthe input operatorof any WPLS,theoperatorB mustbe
boundedw.r.t. h .

FromTheorem6.9.1weobservethat zÆ and zÆ d mustbeH2
strongoversomeright

half-planefor Æ to haveaPS-realization.Thisconditionis alsosufficient:

Theorem 6.9.6( zÆ [ zÆ d i H2
strong £zÆ [ zÆ d i H2
strong £zÆ [ zÆ d i H2
strong £ PS-realization) Let ω

i
R and zÆ : C ¼ω �² u U [ Y v . Then zÆ is the transferfunctionof the I/O mapof someω-stablePS-

systemwith D k 0 iff zÆ i H∞ u C ¼ω ;
² u U [ Y v¦v ¬ H2

strongu C ¼ω ;
² u U [ Y v¦v and zÆÓu �̄ v ¸ i

H2
strongu C ¼ω ;

² u Y[ U v¦v .
Wenotetwo sufficientconditions:
1. if zÆ$uY�~| ω v i H2 u C ¼ ;

² u U [ Y v¦v for someω
i

R, then zÆ hasa(ω r ε-stable)
PS-realization(with D k 0).

2. By LemmaF.3.3(c2),q r L2
strong x H2

strong, henceÆ hasaPS-realization(with
D k 0) whenever Æ u k F Ù u (for all u), wheree} ω ] F [ e} ω ] F ¸ i L2

strong for some
ω
i

R (thishasalreadybeenshown in [KMR]).
Most PS theory (e.g., [Keu]) cover only smoothPS-systems,for which the

above theoremgivesonly necessaryconditions.In this monograph,a PS-system
satisfiesthe regularity assumptionsof almostany result(seeTheorem8.4.9(γ)),
hencetheaboveconditionsaremorethansufficient for our results.

TherequirementD k 0 simplifiesthetheorembut doesnot restrictgenerality:
given an arbitrary zÆ , setD : kTzÆ$uyr ∞ v (regularity is a necessarycondition)and
applyTheorem6.9.6to zÆÎ| D.

Proof of Theorem 6.9.6:
Part I —“only if ”: This follows from Lemma6.9.4andTheorem6.9.1.

Part II — “if ”: We shall show that conditions1.–3. of Lemma 6.9.4
aresatisfied. SetH : k L2

ω u R ¼ ;Y v , and let �y� �� � � i WPLSω u U [ H [ Y v be the
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strongly ω-stable realization (6.11). Let i be the space“H”: k´ê µ s ¶ of
Definition6.1.6.

1¹ Σ
i

WPLSω u U [ i [
Y v : This is shown in Lemma6.1.7.

2¹ There is CÅ i ² uli [
Y v s.t.CÅ�è�k Ð : As notedin theproof of Lemma

6.1.7, T : k�ê � t : s � i satisfiesT
iÕ°+² u s [ i v , where s : k Ranu ê v$u .

Consequently, CÅ i Homuoi [
Y v becomeswell-defined by setting CÅ ê u : ku Æ uv u 0v u u i s v , becausethenÄ

CÅ ê u
Ä
Y ß Ä zÆ$u �̄ v ¸ Ä H2

strong� C �ω ;
Ü � U ©Y �>� Ä u Ä L2

ω
u u i s v [ (6.216)

by Lemma F.3.7(b2), so that actually CÅ i´² uli [
Y v (note that CÅ+ku Æ T } 1 � v u 0v ). Now, for u

i s , wehave

Cè t ê u k Cê τt u k�u)Æ τt uv u 0v k�u)Æ uv u t v k�u π ¼ Æ π } uv u t v k�u Ð ê uv u t v (6.217)

for t Z 0, i.e.,CÅ è x0 k Ð x0 ( k x0
i i ) for all x0

i ê µ s ¶Nkvi ,
(Now wehaveestablishedall claimsof Lemma6.9.4thatdonot include h ,

andwecancompletetheproof by establishingalsothepartconcerningh .)
3¹ Σ

i
WPLSω u U [ h [ Y v (with a boundedinput operator): Let h be the

closure of i in H (note also that i x H continuously, hence i x V
continuously).By 1¹ , è t x0

i i for all x0
i i ; since è t i ² u H v , it follows

that è t µ ¯iÖ¶ x ¯i , i.e., that è t x0
i h for all x0

i h , for any t Z 0. Therefore,è is a (strongly)ω-stableC0-semigroupon h (since è is a (strongly)ω-stable
C0-semigroupon H, asnotedin Definition6.1.6).

Moreover, Ranu ê v kwi x h . Therefore, Σ
i

WPLSω u U [ h [ Y v (the
properties1.–4.of Definition6.1.1areinheritedfrom Σ

i
WPLSω u U [ H [ Y v ).

By (the proof of) Theorem 6.9.1(a), the input operator B of Σ
i

WPLSω u U [ H [ Y v is bounded(B
iØ² u U [ H v ); by uniqueness(see Lemma

6.1.16(b))the input operatorof Σ
i

WPLSω u U [ h [ Y v is againB (
i ² u U [ h v ,

i.e.,we restrictits rangespaceto h ). í
Thus,if dimY Ý ∞, thena systemwith a boundedC hasa realizationwith a

boundedB:

Corollary 6.9.7 Let �y� �� � � i WPLSω u U [ H [ Y v . If C is boundedanddimY Ý ∞,
or B is boundedanddimU Ý ∞, then Æ hasan ω-stablePS-realization.

In fact, it sufficesthatC is bounded,ê and Æ are ω-stableanddimY Ý ∞.

Proof: As theproof of Theorem6.9.1shows,we only needtheω-stability
of
Ð

and Æ for boundedB, andtheω-stabilityof ê and Æ for boundedC.
By Theorem6.9.1, we have zÆ$u �®| ω v | D

i
H∞ ¬ H2, hence Æ has an

ω-stablePS-realization,by Theorem6.9.6. í
Finally, we presentthesimplestcase:

Corollary 6.9.8 Let dimU
[
dimY Ý ∞, ω

i
R and Æ i TICω u U [ Y v . Thenthe

following areequivalent:

(i) There is f
i

L2
ω u R ¼ ;

² u U [ Y v¦v s.t. Æ u k f Ù u r Du for all u
i

L2
ω u R ¼ ;U v ;
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(ii) Æ hasan ω-stablerealizationwith boundedB;

(iii) Æ hasan ω-stablerealizationwith boundedC;

(iv) Æ hasan ω-stablePS-realization;

(v) zÆÒ| D
i

H2 u C ¼ω ;
² u U [ Y v¦v .

(Without the assumptionÆ i TICω we would lose an ε of stability in (i)
and(iv). E.g., for an arbitrary f

i
L2

ω u R ¼ ;
² u U [ Y v¦v we would only know that

u �� f Ù u hasanω Å -stablePS-realizationfor any ω Å Þ ω.)
By analogousargumentsone observes that if m : k dimU Ý ∞ (so that² u U [ Y vyxk Ym), thenwehave(i) £ (iii) £ (iv); if dimY Ý ∞, then(i) £ (ii) £ (iv).
Thecondition“ Æ u k f Ù u r Du for somef : R ¼ � ² u U [ Y v s.t. f u0

[
f ¸ y0

i
L2

ω
for all u0

i
U andy0

i
Y” is not necessaryfor generalU andY (seethe notes

below).
Proof of Corollary 6.9.8: (Naturally, in (i) it would suffice to assumeÆ u k f Ù u for all u

i * c u µ 0 [ T ¶ ;U v for someT Þ 0.) We takeD k 0 w.l.o.g.
By Corollary6.9.7andits proof, (ii)–(iv) areequivalent. Setm : k dimU ,

n : k dimY. By Theorem6.9.1, condition (ii) holds if f (v) holds, i.e., if fzÆ i H2 u C ¼ω ;Cn z mv . But thelatterholdsif f zÆjk zf for somef
i

L2
ω u R ¼ ;Cn z m v ,

by Theorem3.3.1(b).On theotherhand, zf zu k¨zÆ zu on C ¼ω ¼ 1 (henceon C ¼ω ) if fÆ u k f Ù u, by LemmaD.1.11(c’)(becausef
i

L1
ω ¼ 1). í

Notes
The equivalenceof (i)–(iii) of Corollary 6.9.8 is essentiallycontainedin

Theorem5.2 of [Sal89], andhis proof coveredthe caseswhereB wasbounded
anddimY Ý ∞ or C wasboundedanddimU Ý ∞, asnotedin [WW].

In [KMR] it wasstatedand“proved” that Æ hasaPS-realizationif f Æ u k f Ù u
(u
i

L2), where f
[
f ¸ i L2

strong, the convolution existing asa weak(i.e., Pettis)
integral. However, thatconditionis only sufficientbut notnecessary.

Thefault wasin theclaim thattheterm f : k Ð B would bewell defined(a.e.)
asa function R ¼ � ² u U [ Y v (we do have f

i±² u U [ L2
loc v sinceB is bounded).

Indeed,let U k|{ 2 u N v and zÆ i H2
strongu C ¼ ;

² u U v¦v beasin ExampleF.3.6,sothatzÆ$u �̄ v ¸ i H2
strongu C ¼ ;

² u U v¦v . By Theorem6.9.6,thereis anω-stablePS-realization��� �� � � of Æ for any ω Þ 0. Moreover, f : k Ð B
i¡² u U [ L2

ω v satisfies zf k´zÆ , by
(e1)(or (e2))of Lemma6.8.1,hencef equalstheoperatorF of ExampleF.1.10,
hencef doesnot have a representationof form R ¼ � ² u U [ Y v (asshown in the
example,this would leadto thecontradiction

Ä
f u t v ÄÌÜ � U ©Y � k ∞ for a.e.t Z 0).

Nevertheless,thepaper[KMR] is anelegantintroductionto PS-systems,and
it inspiredusto write Theorem6.9.6.Moreover, thedefinitionof i in theproof
Theorem6.9.6is from [KMR] (the restof our techniquesaredifferentandkeep
anexacttrackonstability).

The existencepartsof the resultsof [Sal89], [KMR] andoursarebasedon
theshift semigroupsystem(seeDefinition6.1.6).Wedonotknow corresponding
conditionsfor smoothPS-realizations(this refersto theadditionalconditionthat
Domu A n v x i ).
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