
Chapter 4

Corona Theoremsand Inverses

If I havenotseensofar it is becauseI stoodin giant’s footsteps.

In Theorem4.1.1, we show that MTI, CTI (resp.MTIC, CTIC) and most
of their subclassesare inverseclosedin TI (resp.in TIC), and provide several
equivalent conditionsfor the invertibility of such maps. We also give some
extensionsandrelatedresults.Thenweshow thattheseclassesareadjointclosed
(Lemma4.1.3).

Thereafter, we study the Corona Theoremand its consequences,giving
equivalent conditionsfor left-invertibility (useduality for right-invertibility) in���

U � Y � , where dimU � ∞ and
�

equalsTIC, MTICL1
, CTIC or some of

certainotherclasses.We alsolist someconsequencesof theseresultsto coprime
factorization,following M. Vidyasagar[Vid].

TheCoronaTheoremdoesnot extendto infinite-dimensionalU (seeLemma
4.1.10),but we give several partial resultsfor the infinite-dimensionalcase. A
casualreaderprobablywantsto just read(main) Theorems4.1.1and4.1.6and
thengoon to thenext section.

RecallthatU , H andY denoteHilbert spacesof arbitrarydimensionsunless
somethingelseis indicated.

Westartby showing thatseveralusefulsubclassesof TIC (andthoseof TI) are
inverseclosed(thismeanstheequivalence(ii) � (i) in (b) and(a) below):

Theorem 4.1.1(Inverse-closedclasses)Let p �	� 1 � ∞ 
 . � beoneof theclasses

TI � CTI � CTI �
��� (4.1)

MTI � MTI ����� MTId � MTI ���d � MTIL1 � MTIL1 � ��������� � L1 � Lp ����� (4.2)

Then
�

is inverse-closedin TI; in particular, �� : � � � TIC is inverse-closedin
TIC. In fact,wecansaymore:

(a) For ��� ��� U � Y � the conditions (i)–(iv) are equivalent (and they are
equivalentto (iv’), unless

� � TI):

(i) � �"! � ;
(ii) � �#! TI;
(iii) �$�#!%� � L2 � ;
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(iv) &� �"! L∞
strong

�
iR; � � U � Y �'� ;

(iv’) &�$�#!%( b
�
iR; � � U � Y �'� , i.e., &�*) 1 existsandis boundedon iR.

If dimU � dimY � ∞, thenalso the left-invertibility conditionsin Lemma
4.1.9areequivalentto (i) aswell asto (v) (andto (v’), unless

� � TI):

(v) essinfiR + det
� &�,� +.- 0.

(v’) inf iR + det
� &�,� +/- 0;

(b) Let �� : � � � TIC. For 01� ���� U � Y � theconditions(i)–(iv) are equivalent,
where

(i) 02�"! �� ;
(ii) 03�#! TIC;
(iii) π 450 π 4$�6!%� � π 4 L2 � ;
(iv) &07�6! H∞, i.e., &0 ) 1 existsandis boundedon C 4 .

SeeLemma2.2.3for further equivalentconditions.If dimU � dimY � ∞,
thenalsotheleft-invertibility conditionsin Theorem4.1.6(a)areequivalent
to (i) aswell asto (v):

(v) infC 8 + det
� &09� +/- 0.

(c) If �1�:! MTI , then the discretepart of �*) 1 is the inverseof the discrete
part of � . Moreover, if suppd

� ���<; S ; R and S � S = S ; R, then
suppd

� �*) 1 �*; S.

In particular, classesMTIS and MTId � S (resp. MTICS and MTId �S) are
inverseclosedin TI (resp.TIC).

(d) Let > � U � Y � be either ? 1 : �@? 1 � Z; � � U � Y �'� or ? 1��� : �BA a �:? 1 CC a j ��D( � U � Y � for all j E� 0 F , with norm G � a j � j H Z G'I 1 : � ∑ j H Z G a j G �KJ U �Y L and

convolutionasthegroupoperation. Set &> � U � Y � : �2A &a : � ∑ j H Z a jzj CC � a j ���>�F and M > 4 � U � Y � : �7A &a � &> CC a j � 0 for j � 0 F (theseare theZ-transforms
of > and > 4 : �3> � tic, cf. Theorem5.1.3).

Let a �N> � U � Y � and � : � ∑ j H Z a jτ j . Thenthefollowingareequivalent:

(i) a �#!%> � U � Y � ;
(iii)
�
a �O���"!P� � ? 2 � Z;L2 � � 0 � 1� ;U �'�'� ;

(iv) &a �"!%( � ∂D; � � U � Y �Q� ;
(v) �R�"! MTId � Z ;
(v’) �R�6! MTI .

If, in addition,a �N> 4 � U � Y � , thenthefollowingareequivalent:

(i) a �#!%> 4 � U � Y � ;
(iii) πN

�
a �O� πN �#!%� � ? 2 � N;L2 � � 0 � 1� ;U �Q�'� ;

(iv) &a �"! H∞ � D; � � U � Y �Q� ;
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(iv’) &a �6!%( � D; � � U � Y �'� ;
(v) � �"! MTICd � Z ;
(v’) �$�#! MTIC.

(e) (Banach spaces)Assume, in addition, that
� E� TI,

� E� CTI and
� E�

CTI ��� . If U and Y are arbitrary Banach spaces,then (a)–(d) still hold
(with TI andits subspacesdefinedexactlyasin theHilbert spacecase).

(f) (Banach algebras)Assume, in addition, that
� E� TI,

� E� CTI and
� E�

CTI ��� . If wereplaceeverywhere � � U � Y � by an arbitrary Banach algebra
A, thenparts(a)–(d)hold to thefollowing extent:

(a) (i) � (iv’);
(b) (i) � (iv);
(c) Completelyasstated;
(d) (i) � (iv) � (v)� (v’) for > ;

(i) � (iv) � (iv’) � (v)� (v’) for > 4 .

Theabovereplacementmeans,e.g., that

MTI : �1AS�"� ∑
j

a jδt j ��� f � CC G'�TG MTI : � ∑
j
G a j G A �3G f G L1 J R;AL � ∞ FU�

(4.3)

MTIC : �1AS�"� ∑
j

a jδt j ��� f �9� MTI CC f � L1 � R 4 ;A� & t j V 0 for all j FU�
(4.4)

andtheir subclassesaredefinedanalogously, �� : � � � MTIC in (b), etc.

(g1) (Exponential stability) Let ω � R. By Remark2.1.6 (seealso Lemma
D.1.12(d)), the (stability-shifted) class

�
ω : � eω W � e) ω W (resp. �� ω : �

eω W �� e) ω W ) is inverse-closedin TIω (resp.TICω), and claimsanalogousto
(a)–(f), (i) and(j) apply(with iR replacedby ω � iR etc.).

(g2) We can replace �� in (b) by �� exp : �YX ω Z 0 �� ω. Thus, 0Y�[! TIC � 0\�!]�� exp for 07�"�� exp.

(h) Everywhere in (a)–(d), we have
^ &�*_`� &� _ , � a �O� _ � � Ra_ �a� , M Ra_b� &a_ ,�

π 4c� π 4,� _ � π 4c� _ π 4 and
�
πN
�
a �O� πN � _ � πN

�
Ra_ � πN, and the adjoint in

TI is thesameastheadjoint in � � L2 � ).
Consequently, if �2�Y� _ , then � is invertible iff any of its forms is left-
invertible(or right-invertible).

(i) (dimU � ∞dimU � ∞dimU � ∞) Assumethat dimU � dimY � ∞ or that the operator under
studyis self-adjoint.

Then,in (a)–(e),we mayreplace ! by ! left or by ! right where ! left d : �A x � d CC yx � I for somey � d F , ! rightd : �7A x � d CC xy � I for somey � d F ,
exceptthat in (b)(iii) andlatter (d)(iii) only ! right canbeallowed.

In particular, Theorem4.1.6andLemma4.1.9provideadditionalequivalent
conditions.
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(j) (��� � Hpe
strongf � H∞ ���� � Hpe
strongf � H∞ ���� � Hpe
strongf � H∞ � ) Theclasses�N� � Hp � H∞ � � C 4 ; �g� and �N� � Hp

strong
�

H∞ � � C 4 ; �g� are inverse-closedin H∞.

Analogously, one can prove the inverse-closednessof several other similar
classes.Notefrom (g2) thatTICexp, MTICexp etc.areinverse-closedin TIC.

For maps� form MTIL1
or CTI (resp.MTICL1

or CTIC), a pointwiseinverse
of &� on iR X�A ∞ F (resp.on C 4 X�A ∞ F ) is necessarilybounded(becauseit is
continuouson a compactset); hencein that casepointwiseinvertibility is one
moreequivalentconditionin (a) (resp.in (b)).

Parts (e) and(f) arenot neededin this monograph,they arestatedonly for
futurereference.

Proof: Westartby somepreparations(1h –3h ):
1h Any of the conditions in (a)–(d) implies that dimU � dimY: For

(a)(ii), this follows from Lemma2.2.1(c4). By Lemma2.1.5 and Theorem
3.1.3(a1),conditions(a)(ii)–(a)(iv) areequivalent.Theotherconditionsin (a)–
(c) obviously imply someof (a)(ii)–(a)(iv). For (d), thesituationis analogous.

2h In (a)–(d),wecanw.l.o.g. assumethatU � Y ( � Cn if dimU � ∞): The
set !%� � Y� U � is nonempty, by 1h . Eachof theconditionsin (a)–(d),is invariant
underthe(left) multiplicationby anoperatorin !%� � Y� U � . For thesamereason,
wecantakeU � Cn if dimU � ∞ (by LemmaA.3.4(Q1)).

3h We shallalsousethefact that if dimU � ∞, thentheleft invertibility of� or 0 is equivalentto its invertibility, by Lemma2.2.1(b).
CaseTI: For

� � TI, claims(i) and(ii) coincide. In 1h we observed that
(ii)–(iv) areequivalent.

“(i) � (v)”: If (i) holds and dimU � ∞, then essinf + det
� &�,� + �

esssup +1i det
� &�*) 1 � + � ∞; the conversefollows from the determinantformula

of aninversematrix.
Other cases: If &�Y�R( b and &� exists, then it is continuous,by Lemma

A.3.4(A2),sotheequivalence(“i.e.”) statedin (iv’) holds.
For �j� MTI X CTI, we have &���2( bu, by Theorem2.6.4(e1), hence

(i) k (iv’) and(v) � (v’). Therefore,for
� E� TI, it is enoughto assumeall the

other(equivalent)conditions(ii)–(iv’) andprove(i). Thatshallbedonebelow.
CaseCTI: For

� � CTI we have(iv’) k (i), by LemmaA.3.4(A2).
CaseMTId: For

� � MTId, (iv) implies(i) by [Gri, Theorem4] (tobeexact,
thetheoremsaysthat(iv) impliesthat � ) 1 is ameasure.Oneeasilyverifiesthat
thediscretepartof � ) 1 is alsoaninverseof � , henceequalto � ) 1).

CaseMTI: Let �:� MTI � ! TI, so that &�3�R!%( bu. Let &� d be thediscrete
partof &� andset &f : � &�l= &� d �]m n L1.

Because &f vanishesat infinity, by Lemma D.1.11(b), G.&� ) 1 &� d = I Go�G &�*) 1 &f G,� 1i 2 outsidei �p= T � T 
 for someT - 0, in particular, &� d is boundedly
invertibleoutsidei �p= T � T 
 . Wefix sucha T - 0 andlet M : � supq t q r T G &� � it �sG

By the almost-periodicityof &� d [Lemma C.1.2(h2)], there is R - T s.t.G &� d
�
it �t= &� d

�
i
�
t = R�'�sG*� 1i 2M for all t � R, hencefor t �u�p= T � T 
 theoperator&� ) 1

d
�
i
�
t = R�'�a&� d

�
it �v��� hasan inverseof normw 2, so the operator&� d

�
it � is

boundedlyinvertible; � ) 1
d � MTId by caseMTId above.
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Now &� ) 1
d &�[� I �x&� ) 1

d &f is boundedlyinvertible, hence��) 1 is a bounded
Borel measure,by [Gri, Theorem5]. BecauseL1 is anidealof boundedBorel
measures(see,e.g.,[Gri, p. 159]),wehave &g �2&� ) 1

d &f for someg � L1.
By [Gri, Theorem5], µ : � � I � g �O�y) 1 is a boundedBorel measure,so

I � µ � g � µ impliesthatµ = I �z= g � µ � L1, henceµ � MTIL1
.

CaseWTI: By caseMTI, theinverseof E � g �g� MTIL1 � ! TI is E ) 1 � f �
for somef � L1. (Alternatively, useLemma4.1.2(a1)&(b).)

Case��� � L1 � Lp �a� : BecauseL1 � � L1 � Lp ��; L1 � Lp, by LemmaD.1.7,�
is a subclassof MTIL1

. By Lemma4.1.2(a1)&(b),class
�

is inverse-closed
in MTIL1

, hencein TI.�D( cases:UseagainLemma4.1.2(a1)&(b)(with dj{| AS�}= Π ~ 0� � CC �3�
MTI ��� F , � {| AS�<= Π ~ 0� � CC �[� MTI F in case

� � MTI ��� , andanalogously

for MTI ���d andMTIL1 � ��� ).
(b) CaseTI: Conditions(i) and(ii) againcoincide,“(ii) � (iii)” is contained

in Lemma2.2.3 and “(ii) � (iv)” follows from Theorem6.2.1. Equivalence
“(i v) � (v)” followsagainfrom thedeterminantformulaof aninversematrix.

Other cases:As the rest is proved above, it is enoughto assume(ii)–(iv)
andprove (i), because(i) k (ii) follows from �� ; TIC. But if 0z� � � ! TIC,
then 0T) 1 � � , by (a),hence0�) 1 � � � TIC.

(c) The first claim was proved in caseMTI of the proof of (a). For the
secondclaim, let S � S = S ; R. DefinetheprojectionΠS ��� � MTI � MTId � by

ΠS
�'�∑

k

Tkδtk � f �a�O� : � � ∑
tk H STkδtk ����� (4.5)

Oneeasilyverifiesthat �"� ΠSMTI implies � � ΠS � �*� ΠS
� � � � for any � �

MTI. Thus,if �#� ΠSMTI � ! MTI and � �$� ) 1, then � � � ΠS
� � � �*� � ΠS � ,

henceΠS� �6�*) 1 � � , sothelastclaimof thetheoremholdsfor �	��! MTId; in
thegeneralcasefollowsbyapplyingthisfor the(invertible,byLemma5.2.3(a))
discretepartof � .

(d) (Note that > � U � is a Banachalgebrawith respectto convolution; see
Section13.1 for details. In the definition of � we refer to τt � TI

�
U � Y � (not

ti
�
U � Y � ), hence�R� TI

�
U � Y � .) As above,weassumethatY � U .

We prove theclaimson > ; thosefor >b4 canbeprovedanalogously(recall
that �R� MTIC � suppd

� ����; R 4 ).

Clearly &> � U � Y ��;j( � ∂D; � � U � Y �'� . The equivalence(i) � (v), follows
from Theorem13.4.5(m), (v) � (v’) from (c) (with S � Z), and the other
equivalencesby applying(a) to � andthenusingTheorem13.4.5(m)to convert
theconditionson � to thoseon a.

(e) (Example3.3.4 shows an H∞ � C 4 ; � � C ��? ∞ �'� (even “ �CTIC”) function
thatdoesnotcorrespondto aTI operator;it doesnotevenmapm n χ e 0 � 1f into m n L2.
Moreover, wedonotknow whether( b is inverse-closedin L∞

strongwhenU is not
a Hilbert spacenor separable(cf. LemmaF.1.3(f1)&(f2)). Thereforewe have
concentratedonMTI only (MTI mapsL2 into L2, by LemmaD.1.12(c2)).)

The proof goesas in the Hilbert spacecaseabove, but it is most easily
obtainedasfollows:
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(e) on (a): The implication (i) � (iv’) is given in (f). The implication
(i) k (ii) holdsbecause

� ; TI, andequivalences(ii) � (iii) and(iv’) � (v’) � (v)
canbeprovedasabove. Implication(ii) k (iv’) follows from Lemma3.2.5,and
implication(iv) � (iv’) follows from TheoremF.1.9(s4).

(e) on (b): The implication (i) � (iv) is given in (f). The implication
(ii) k (iv) followsfrom Theorem2.3of [W91a]. Theproofof Lemma2.2.2(a2)
againestablishes(ii) � (iii), andequivalence(iv) � (v) follows againfrom the
determinantformulaof aninversematrix.

(f) (f) on (a): We have (i) k (iv’), by LemmaD.1.12(a1)&(c)&(a3). The
proof of themajor partof theproof of (a) (startingfrom “caseMTId”) shows
that(iv’) implies(i).

(f) on (b): We have (i) k (iv), by LemmaD.1.12(a1’)&(c’)&(a3’). The
conversecanbe deducedfrom part (a) as in part “Other cases”of the proof
of (b).

(f) on (c) and(d): Theproof of part(c) applieswithout changes.Theproof
(d) alsoapplies,becausethelastparagraphof Theorem13.4.5(m)is valid in the
Banachalgebracasetoo,with thesameproof (mutatismutandis).

(g1)This is obvious,becausethestabilityshift is anisometricisomorphism
and commuteswith compositions(and shifts the Laplaceand Fourier trans-
formsby theformula �eω W � e) ω W ��� ��� &� � ω � � � ).

(g2)Combine(b) with Lemma2.2.7.
(h) For (a)(iv), this follows from Theorem3.1.3(a).TheTI and

�
adjoints

meanL2 adjoints,by definition. Part (c) follows from (a). SeeLemmas3.3.8
and13.1.8for &� _ and &a_ andp. 782for

�
a �O� _ .

(i) 1h If � �7� _ , thenit follows from (h) that �v�1� I implies that �c� _ �� �c��� _ � I ; consequently, � _ �[�v�*� _ �x� is the inverseof � (by (h) �$�:� _
if f &�6� &� _ ).

2h Let dimU � dimY � ∞. We have ! leftTI
�
U �v��! TI

�
U � , by Lemma

2.2.1(b),hence! leftTIC
�
U �K��! TIC

�
U � . Obviously, (i)–(iv’) of (a) imply (ii)

(for (iii) this follows from Lemma2.2.1(a)); the conversesfollows from the
original (a). The noncausalpart of (d) is obtainedanalogously(alternatively,
applyTheorem13.4.5(m)).

Theclaimson ! right follow analogously(alternatively, by takingadjoints).
Part (b) is analogousto (a) except for (iii), which follows from Lemma

2.2.3.Parts(c) and(d) candeducedfrom (a)and(b).
(j) For p � ∞ this is trivial, so assumethat p � ∞. Set

�
: ��A.0@�

H∞ � ULR CC D � 0 F . Then ��� � � H∞ � ULR is inverse-closedin H∞, by (c);
Hp

strong ; � , by Proposition6.3.3(a),andH∞ �.� H∞ � Hp
strong��; � H∞ � Hp

strong� ,
by LemmaF.3.5(c).Consequently, �N� Hp

strong
� H∞ is inverse-closedin �N� � ,

hencein H∞, by (a1)&(a2)&(b)of Lemma4.1.2.For Hp, theproof is analogous
andhenceomitted. �
We list herea few basicresultson inverse-closedness,someof which were

alreadyused:
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Lemma 4.1.2(Inverse-closedness)Let ω � R.

(a1) Assumethat ��� d ; a �6� � ; a TIω (recall that this requiresclosedness
undercomposition),andthat � � � �zA 0 F��2� � d .

If ax � d for all a � � , x � d , then �u� d is inverse-closedin ��� � .

(a2)Part (a1)alsoholdswith TICω, H∞
ω, L∞

ω or L∞
strong�ω in placeof TIω and/or

with xa in placeof ax.

(b) If � is inverse-closedin � and � is inverse-closedin � , then � is inverse-
closedin � .

(c) If � is inverse-closedin TIω, thensois � _ . If � is inverse-closedin TICω,
thensois � d.

Proof: (Recallthat � is inverse-closedin � if f � is a subgroupof � and� � !o�z��!%� , i.e.,x �N� &x ) 1 �6�1k x) 1 ��� for all x �l� .)
(a1) Let X � x �3�R� d have the inverseA � a �:�[� � . Then I ��

A � a� � X � x��� AX � aX � Ax � ax, hence�1� I = AX � aX � Ax � ax � � ,
henceAX � I . Analogously, XA � I , hencea ��= � A � a� xX ) 1 � d .

(N.B. usually this formula alsoprovidesa norm estimatefor the inverse,
e.g., G � X � x�a) 1 = X ) 1 G H2 w�G � X � x�a) 1 G H∞ G x G H2 G X ) 1 G � for any X �[� ,
x � H∞ � H2.)

(a2)Sameproofappliesto TI, H∞
ω etc.too.

(b) This is obvious(if p ��� � !�� , thenp ) 1 �"� , hencethenp ) 1 �l� ).
(c) If � � ! TIω �\!%� andy ��� _ � ! TIω, theny_ ��� � ! TI �\!%� , hence

y ) 1 � �'� y_ � ) 1 � _ �N� _ . Thecasefor � d is analogous. �
Now we will show the rather obvious fact that most (noncausal)classes

mentionedin Theorem4.1.1arealsoadjoint-closed(seeDefinition 2.1.4for the
definitionof theadjoint):

Lemma 4.1.3(Adjoint-closed classes)Let
�

be one of the classesTI, CTI,
CTI �
� , MTI , MTI ��� , MTId, MTI �
�d , MTIL1

, MTIL1 � ��� and �$� � L1 � Lp �a� ,
and let U andY be Hilbert spacesof arbitrary dimensions.Thenwe havethe
following:

(a) Theclass
�

is adjoint-closedin TI: if �R� ��� U � Y � , then � _ ��� d � ��� Y� U � .
(b) If ω � R and �:� � ω

�
U � Y � : � eω W ��� U � Y � e) ω W , then � _ � � ) ω

�
Y� U � and� d � � ω

�
Y� U � .

(c) If �R�$! MTI , thenthediscretepart of � _ is theadjoint of thediscretepart
of � . Furthermore, suppd

� � _ �v��= suppd
� ��� and suppd

� � d �v� suppd
� ��� ,

and classessuch as MTIS and MTId � S are adjoint closed in TI when
S � S = S ; R.

(d) Set �� : � � � TIC, �� ω : � eω W �� e) ω W , where ω � R. Then 01�$�� ω
�
U � Y �5�0 d � �� ω

�
Y� U � .

Set �� : � � S
� TIC, �� ω � S : � eω W �� Se) ω W , where S � S = S ; R. Then07�"�� ω � S � U � Y �c��0 d �"�� ω � S � Y� U � .
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Onecould,of course,extendthis resultfor Banachspaceswith ease;although
theBanachadjointof aTI

�
U � Y � operatoris anelementof TI

�
Y _ � U _ � .

Proof: (a) 1h We have � _ � ��� Y� U � : Becauseτ
�
t � _ � τ

� = t � , the claim
holdsfor

� � TI. For CTI this is givenin Lemma2.6.2;thecase
� � CTI ���

follows. For MTI and its subclassesthe claim follows from the fact that�
µ�O� _ � � Rµ_ �a� , by LemmaD.1.12(d).

2h Wehave� d � ��� Y� U � : By LemmaD.1.12(d),
�
µ�O� d � � µ_ �a� , hencethis

holdsfor MTI andits subclasses;for TI this is obvious.
(b) Because

�
eω W � _ � eω W , it follows from (a) that�

eω W ��� U � Y � e) ω W � _ � e) ω W ��� Y� U � eω W � :
� ) ω

�
Y� U ��� (4.6)

(c) This follows from LemmaD.1.12(d).
(d) This follows from (b) andLemmaD.1.12(d). �

TheCarlesonCoronaTheoremstatesthatfor &0[� H∞ � C 4 ;Cn � 1 � to havealeft
inverse&�2� H∞ � C 4 ;C1 � n � , the(clearlynecessary)condition &0 � s� _ &0 � s� V εI (for
all s � C 4 andsomeε - 0) is alsosufficient.

For general0:� TIC
�
U � Y � , theleft-inverse

� &0 _ &0g� ) 1 &0 _ ��( b
�
C 4 ; � � Y� U �'� of&0 is not holomorphic,the left-inverse

� 0 _ 0�� ) 1 0 _ � TI
�
Y� U � of 0 is not causal,

and,surprisingly, thereneednotbeany (H∞, i.e.,TIC) inversein general,asSerge
Treil hasshown (seeLemma4.1.10). However, assumingdimU � ∞, suchan
inverseis guaranteed,asshown in (Corona)Theorem4.1.6.

We will usethe CoronaTheoremto find certain left inversesand coprime
factorizations.Westartby showing thatthetheorem(part(ii) below) is equivalent
to two otherproblems(see,e.g.,Chapters10& 11of [Rud73]for basicresultson
Banachalgebrasandmaximalidealspaces).

Lemma 4.1.4 Assumethat
�

is a commutative(complex) Banach algebra, 1� be
its identity, � beits maximalideal space, and � 0 ; � . Thenthefollowing are
equivalent:

(i) � 0 is densein � .

(ii) (CoronaTheorem) Let f1 �'�'�Q��� fn � � . Therearevectorsg1 �'�'�Q��� gn � � s.t.

f1g1 � �'�'� � fngn � 1� (4.7)

iff there is ε - 0 s.t. + &f1 � M � + � �'�Q� � + &fn � M � +SV ε for all M ��� 0.

(iii) Let 02� � n � m. Thenthere is �1� � m � n s.t. ��0z� I iff&0 � M � _ &0 � M � V εI for all M �}� 0 � (4.8)

In (ii) and(iii), wemightwrite “if ” insteadof “if f ”, becausetheconverseholds
for any � 0 ; � (take ε : � 1i sup Gs&�}G 2�KJ Cn �CmL ).

The CoronaTheoremmeansin generala proof that the corona �¡  ¢ 0 is
empty. By the lemma,this is thecaseif f (iii) holds,hencewe cancall resultsof
form (iii) coronatheorems.

Proof: By Lemmas8.1.28 and 8.1.34 of [Vid, pp. 339–340],claim (i)
implies (ii) and (iii). Claim (ii) is the casem � 1 of (iii), and (ii) k (i) is
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establishedin, e.g.,pp.201–203of [Duren]. �
Now we list certainBanachalgebrasfor which the set � 0 : � C 4 is dense

in their maximal ideal spaces(with the standardidentificationC 4 � s {| A f �� CC f̂ � s��� 0 F%��� 0):

Lemma 4.1.5(Maximal ideals) Theextendedclosedhalf-planeC 4 X�A ∞ F with

theone-point-compactificationtopologyis themaximalidealspaceof MTICL1 �
C �

and CTIC
�
C � , and C 4 is densealso in the maximal ideal spacesof TIC

�
C � ,

MTIC
�
C � andMTICd

�
C � .

The maximal ideal spaceof CTI
�
C � , ? 1 � N � and MTICd � TZ

�
C � (for T - 0)

is the closedunit disc D; the latter spacethroughidentification∑∞
k£ 0 αkδTk {|

∑∞
k£ 0 αkzk. Similarly, the maximalideal spaceof ? 1 � Z � and MTId � TZ

�
C � is the

unit circle A z � C CC + z + � 1 F .
The extendedimaginary axis iR X�A ∞ F with the one-point-compactification

topology is themaximalidealspaceof MTIL1 �
C � , andiR X¤A ∞ F densealsoin the

maximalideal spacesof MTI
�
C � andMTId

�
C � .

Theorem4.1.6(a)will show that C 4 XlA ∞ F (resp.iR XlA ∞ F ) is densein the
maximalidealspaceof MTICS (resp.MTIS), wheneverS � S = S ; R. Thesame
holds for MTId � S andMTICd � S unlessS � TZ for someT � R (caseT � 0 is
trivial, caseT E� 0 is givenin theabove lemma).

Proof: Themaximalideal spacesof MTIL1 �
C � andMTICL1 �

C � aregiven
on pages107 and 112 of [GRS], respectively, and thoseof CTIC

�
C � and

CTI
�
C � in [Rud73,Example11.13(c)&(a)](to be exact, [Rud73] shows that

the closedunit disc is the maximal ideal spaceof the disc algebra(via the
Z transform);CTIC

�
C � is isomorphicto the disc algebrathroughthe Cayley

transform).
For TIC (i.e.,H∞) this is theCoronatheorem[Duren,Chapter12].
CaseMTIC is shown onp. 145–150(cf. [Vid, p 342]).
Cases? 1 � N � and ? 1 � Z � aregivenon [GRS,p. 118] andin [Rud73,Exam-

ple 11.13(b)],respectively. ThecasesMTId � TZ andMTICd � TZ follow from the
isomorphism∑k αkδTk {| A αk F .

For MTICd this is followsfrom Theorem5.2of [BKRS] asfollows: Clearly� 0 : � C 4 is a subsetof � : �7� � MTICd
�
C �'� . Let now 0Y� MTICd

�
Cn � m�

and &0 _ &0 V εI (thisconditionis necessary, becausealeft MTICd inverseis aleft
TIC inverse).Thenthereis �\� TIC

�
Cn � Cm� s.t. ��0\� I , hence G π ) 0 u G 2 V

ε1 G π ) u G 2, for all u � L2, whereε1 : ��G π ) � π ) G , i.e.,π ) 0 _ π ) 0 π ) V ε2
1π ) . By

the � -isomorphismintroducedin Theorem8 of [Karlovich93],this is equivalent
to the condition (iii) of Theorem5.2 of [BKRS] (for A : � ε ) 1

1 0 _ ), hence
Theorem5.2(viii) provides ��� MTId

�
Cn � m � s.t. A� _ � I , i.e., ε ) 1

1 ��0j� I ,
soweobtainthedensityof C 4 from Lemma4.1.4.

CasesMTI
�
C � andMTId

�
C � follow from Lemma4.1.4,because&0 _ &0 V εI

on iR implies that 0 _ 0 V εI , hencethe left inverse� : � � 0 _ 0��a) 1 0 _ belongs
to
�

, by Theorem4.1.1. �
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Wearenow readyto stateseveralequivalentconditionsfor left-invertibility:

Theorem 4.1.6(CoronaTheorem) Let
�

be one of the classesTIC, CTIC,
MTIC, MTICd, MTICL1

, MTICS and MTICd � S, where S � S = S ; R. Let
dimU � ∞. Then(a) and(b) hold:

(a) For 07� ��� U � Y � thefollowingareequivalent:

(i) ��0z� I for some�1� ��� Y� U � ;
(ii) ��0z� I for some�2� TIC

�
Y� U � ;

(iii) &0 � s� _ &0 � s� V εI for all s � C 4 andsomeε - 0;
(iv) Gy0 u G L2

ω V ε G u G L2
ω

for all u � L2
ω
�
R;U � , ω - 0 andsomeε - 0;

(v) 0 _ π ) 0 V επ ) onL2 for someε - 0;
(vi) 0 t _ 0 t V επ

e
0 � t L for all t - 0 andsomeε - 0.

(SeeProposition4.1.7for additionalequivalentconditions.)

(b) Let ¥[� ��� U � Y � , ¢¦� ��� U � . Then¥ and ¢ arer.c.over
�

iff &¥ � s� _ &¥ � s�U�&¢ � s� _ &¢ � s� V εI for all s � C 4 andsomeε - 0.

Let
�

be TIC, CTIC, MTICL1
, MTICTZ or MTICd � TZ , where T � R. Then

also(c) and(d) hold:

(c) Let 07� ��� U � Y � . Thentheconditions(i)–(vi) areequivalentto

(vii) 0 canbecomplementedto § 0 ��¨ �x! ��� U © Y0 � Y � , where Y0 is a
closedsubspaceof Y.

If Y � U © Z, wherealsoZ is a Hilbert space, wemayrequireY0 � Z in (vii).

(d) Let 02� TIC∞
�
U � Y � havea r.c.f. ¥�¢ ) 1 (or a l.c.f. ¢ ) 1 ¥ ) with ¥T�ª¢ � � .

Then0 hasa d.c.f. over
�

.

(SeeDefinitions6.4.4and6.4.1for *.c.f. and*.c.) By taking(causal)adjoints,
one gets the dual claims, e.g., the equation 0��@� I hasa solution �j� � if f&0]&0 _ V εI on C 4 . If 0��\0 _ or dimU � dimY � ∞, then 0 is left-invertible
if f 0 is invertible.by Theorem4.1.1(h).

Part (a) of the theoremfails (at least for
� � TIC) when dimU � ∞ and

dimY V dimU , by Lemma4.1.10.
Condition(iii) canobviouslyberephrasedas G &0 u0 G V ε1« 2 G u0 G onC 4 for all

u0 � U . Similarly, ¢ _ ¢Y��¥ _ ¥ V εI onC 4 for someε - 0 if f GQ¢ u0 G��xGa¥ u0 G V
ε ¬­G u0 G onC 4 for all u0 � U andsomeε ¬ - 0.

If ¥ and ¢ in (d) areexponentiallyr.c., i.e., ¥ α : � eα W ¥ e) α W and ¢ α arer.c.
over

�
for someα � 0 (equivalently, §¯®° ¨ _ §�®° ¨ V εI onC 4α ), thenwecantakeall

mapsin thed.c.f. to beexponentiallystable(by choosinga d.c.f. for ¥ α ¢#) 1
α and

shifting it backto TICα).
Proof: (Note that dimY V dimU is necessaryfor (ii), hence for all

equivalentconditions.)
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I The casedimY � ∞ of parts (a) and (c): W.l.o.g. (the statementsare
invariantunderisomorphisms(i.e., !%� � Cm � U � and !%� � Cn � Y � mappings)we
setU � Cm andY � Cn.

(a) 1h “(iii) k (i)”: This follows from Lemmas4.1.4and4.1.5,except for
thecase

� � MTICTZ , which is deducedfrom thecase
� � MTIC asfollows:

Let 03� � µ � f �a�D� MTICS. Theequivalencer � s � S � r � S, valid for
s � S, impliesthatfor ν � MTI wehave

ΠSν � 0 ��k ΠS
�
ν ¬ � µ�5� 0 � (4.9)

If
�
ν � g�a��� MTIC is aleft-inverseof µ � f , andwesetν ¬ : � ΠSν, ν ¬±¬ : � ν = ν ¬ ,

then
Iδ0 � � ν ¬ � µ � ν ¬±¬ � µ�²� � ν ¬ � f � ν ¬±¬ � f � g � µ��� (4.10)

henceν ¬³� µ � Iδ0 � ΠSMTIC. Thus,
�
ν ¬´� h�K� � µ � f �9� Iδ0, if we set

h : �z= � ν ¬�� f ��� � ν � g��� L1.
2h The other implications: “(i) k (ii)” is trivial, because

� ; TIC,
“(ii) k (v)” follows from equation G π ) � π ) G´G π ) 0 u G 2 V G π ) u G 2 (i.e., we
cantake ε : �µG π ) � π ) G ) 1« 2), “(v) k (vi) k (iv) k (iii)” is given in Proposition
4.1.7(C)&(A).

(c) Theimplication(vii) k (i) is trivial, sowestudytheconverse.
The case

� � TIC is containedin the Tolokonnikov’s lemma[Nikolsky,
App. 3.10,p. 293].

By [Vid, Theorem8.1.68],a complex Banachalgebrawith a contractible
maximal ideal spaceis Hermite (C 4 X�A ∞ F is homeomorphicto D, hence
contractible); see [Vid, p. 348] or [Lin] for details. Thus, MTICL1 �

C � ,
MTICd � TZ

�
C � andCTIC

�
C � areHermiterings,by Lemma4.1.5.

By [Vid, Theorem8.1.59],thering
���

C � is Hermiteif f every left-invertible01� ��� Cm � Cn � canbecomplemented,socases
� � MTICL1

,
� � MTICd � TZ

and
� � CTIC follow from this (hencealsoTIC

�
C � (andH∞ � C � ) is Hermite).

Finally, let 0¶�¶0 1 � 0 2 � MTICTZ , where 0 1 � ΠR 0 is the discrete
partof 0 , be left-invertibleover MTICTZ . Thenso is 0 1 � MTICd � TZ , hence§·0 1 � 1 ¨ ) 1 �¦¸¯¹ 1º

1 » �R! MTICd � TZ
�
Cn � for some� 1 � � 1 �­¼ 1 � MTICd � TZ , by

(c). Therefore, ½
: �¿¾ � 1¼ 1 À 0x��¾ I � � 1 0 2¼ 1 0 2 À � MTICL1 � (4.11)

is left-invertibleoverMTICTZ , henceoverTIC, henceoverMTICL1
, by (a),so

½
canbecomplemented§ ½ Á ¨ �"! MTICL1

. Thus,¾ 0 ¾ � 1¼ 1 À ) 1

Á À �B¾ � 1¼ 1 À ) 1 § ½ Á ¨ �#! MTICTZ � (4.12)

If Y � U © Z, thendimU © Y0 � dimU © Z, hencedimY0 � dimZ (because
dimU � ∞), equivalently, thereis a map(isomorphism)T �x!%� � Z � Y0 � . Just
replace� by � T (i.e., §Â0 � ¨ by § I 0

0 T ¨ �#!%� ) to theright to replaceY0 by Z.
II Thegeneral caseof parts(a) and(c) for

� � TIC:
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The implication “(iii) k (vii)” (with norm estimatesfor � and §Â0 � ¨ ) 1
)

is Tolokonnikov’s Lemma [Nikolsky, Lemma A.3.10, p. 293] (which uses
the solutionof “(iii) k (ii)”, i.e., the Fuhrmann–VasyuninTheorem[Nikolsky,
TheoremA.3.11,p. 293]). Theaboveproofsof theotherimplicationsapplyto
thegeneralcasetoo (notethat(vii) implies(i)).

In [Nikolsky], Y was assumedto be separable,but that is no loss of
generality:

Because&0 : C 4 © U | Y is continuousand C 4 © U is separable,so is&0]�C 4 
Ã�U 
 . Let Y1 be the (separable)closedspanof &0]�C 4 
Ã�U 
 , so thatwe can

write 0R� : ¸�ÄÅ
0 » � TIC

�
U � Y1 © Y Æ1 � .

Take Y0 ; Y1 and �� s.t. ¸ �0 �� » ��! TIC
�
U © Y0 � Y1 � . Then ¸ ÄÅ ÄÇ 0

0 0 I » �
TIC
�
U © Y0 © Y Æ1 � Y � is an invertible (by LemmaA.1.1(b1))complementation

of 0 .

III Thegeneral caseof parts(a) and(c) for
� E� TIC:

(a) “(iii) k (i)”: Let y1 �Q�'�'�Q� ym spanDU . Let ym4 1 � ym4 2 �'�'�'� bechosenasthe
sequence“y1 � y2 �'�'�'� ” from Lemma2.6.5(appliedto 0u= D; usealsoTheorem
2.6.4(j)). ThenP¬n 0 | 0 in

���
U � Y � (hencein TIC

�
U � Y � too,henceP¬n &0 | &0

in H∞ � C 4 ; � � U � Y �'� ), asn | ∞; hereP¬n is theorthogonalprojectionof Y onto
Yn : � spanA y1 �Q�'�'�È� ym F . Therestdependson thestatement:

Take n large enoughto have
�
P¬n &0g� _ � P¬n &0D� V ε i 2I on C 4 . Let � n ����

Yn � U � s.t. � n
�
P¬n &0D�K� I . Choose� : �R� nP¬n � ��� Y� U � to get (i). Theother

implicationsareobtainedasin 2h of I(a) above.

(c) “(iii) k (vii)”: Take P¬n asabove andwrite 0 as ¾ 0 10 2 À � ��� U � Yn © Y Æn � .
Choosethen � 1 � ��� Yn � U � s.t. §Â0 1 � 1 ¨ �2! ��� Yn � U © Y0 � , whereY0 is a

subspaceof Yn. Now �R� § Ç 1 0
0 I
¨ � ��� Y0 © Y Æn � complements0 to ¸ Å 1

Ç
1 0Å

2 0 I » ,
which is invertible,by LemmaA.1.1(b1).

(b) This follows from (a) by setting0 : ��§�®° ¨ .
(d) Use(c) to complement§ ° ® ¨ to aninvertiblematrix¾ ¢ É¥ Ê À � : Ë �Ê = �É= �¥ �¢ÍÌ ) 1 �#! ��� Cm © Cn ��� (4.13)

Thisgivesa d.c.f.of 0 over
�

. �
TheaboveCoronaTheoremsaysthat,whendimU � ∞, thecondition“ &0 _ &0 V

εIU onC 4 ” is equivalentto theleft-invertibility of any 0:� TIC
�
U ���O� . In thecase

of an infinite-dimensionalU , condition“ &0 _ &0 V εI on C 4 ” is equivalentonly to
thefollowing kind of pseudo–left-invertibility (recallLemma4.1.10):
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Proposition 4.1.7(∞-dimensionalpartial Corona theorem) Let ε - 0.

(A) Assumethat 07� TIC
�
U � Y � . Thenconditions(i)–(v) belowareequivalent.

Furthermore, anyof (i’)–(v) is invariantunderthereplacementω - 0 {| ω V
0. Finally, if (i) holds,then(a1)–(d)hold for anyα V ω V 0 andT � β � R.

(B) Assumethat 0µ� TICω Î � U � Y � for all ω ¬ - 0. Then (i)–(v) below are
equivalent.

Furthermore, (iv’) and(iv”) are invariant underthereplacementω - 0 {|
ω V 0. Finally, if (i) holds, then (a1)–(c2)hold for any α V ω - 0 and
T � β � R.

(C) Assumethat 0\� TICω Î � U � Y � for all ω ¬ - 0. Then(vi) of Theorem4.1.6
implies(i)–(v). If 0[� TIC, thenconditions(v) and(vi) of Theorem4.1.6are
equivalent(andimply (i)–(v) below).

(i) There is &� : C 4 | � � Y� U � s.t. &� &0xÏ I and G &��G�w ε ) 1.

(i’) For each ω - 0 there is �1� TIω
�
Y� U � s.t. GQ�ÐG TI ω w ε ) 1 and ��0z� ITIω.

(iii) &0 � s� _ &0 � s� V ε2I for all s � C 4 .

(iv) Gy0 u G L2
ω V ε G u G L2

ω
(u � L2

ω
�
R;U � ) for all ω - 0.

(iv’) Gy0 u G L2
ω V ε G u G L2

ω
(u � L2

∞
�
R 4 ;U � ) for all ω - 0.

(iv”) Gy0 u G L2
ω V ε G u G L2

ω
(u �l( ∞

c
�
R 4 ;U � ) for all ω - 0.

(v)
� 0 ) ω � _ 0 ) ω V ε2I for all ω - 0.

(a) Condition(i) holdswith some&�\��( b
�
C 4 ; � � Y� U �'� s.t.supsH C 8 G/&� � s�sG,w

ε ) 1.

(b1) 0 u � L2
ω � u � L2

ω for all u � L2
α
�
R;U �t� L2

∞
�
R 4 ;U � .

(b2) 0 u � π
e
T �∞ L L2

ω � u � π
e
T �∞ L L2

ω for all u � L2
α
�
R;U �t� L2

∞
�
R 4 ;U � .

(b3) There is M � ∞ s.t. ε G u G L2
ω
wÑGy0 u G L2

ω
w M G u G L2

ω
for all u � L2

α
�
R;U ���

L2
∞
�
R 4 ;U � .

(c1)Wehave0 � � TICω � � � TICω. when� � TIC∞
�
H � U � .

(c2) We have0�Ò\�l� � X � L2
ω ���ÓÒ3�N� � X � L2

ω � whenX is a normedspaceandÒ:�l� � X � L2
β
�
R 4 ;U �'� .

(c3) Let f � H∞ � C 4 ;U � and φ � H∞ � C 4 ;C �c %A 0 F . Then &0 φ ) 1 f � H∞ �
φ ) 1 f � H∞.

(d) 0 ��! TIC �Ô0R�l! TIC∞ �Ô0�0 _*Õ 0 �Ó&0 � s�Ö�u!%� � U � Y � for somes � C 4
( � DD _ Õ 0 providedthat 03� UR).

Seealsothe commentsfollowing Lemma6.5.2. Recall thatL2
∞ : �1X ω H RL2

ω,
andnotethat 0 ) ω : � e) ω W 0 eω W � TIC for ω V 0.

Proof: (A) Theequivalenceis givenin (B).
Assumethat some,henceall of (i)–(v) holds. By (B), (iv’) and(iv”) hold

alsoafter the replacement;trivially, sodo (i) and(iii) too. Sincetheproofsof
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implications(iv”) k (iv) k (v) k (i’) alsohold for ω � 0, all of (i)–(v) hold after
thereplacement.

(C) This follows from Lemma2.2.4(a)&(b).
(B) “(i) � (iii) k (a)”: This follows from LemmaA.3.1(c1)(1)whenwe set&� : � � &0 _ &0g�y) 1 &0 _ �l( b

�
C 4 ; � � Y� U �'� .

“(i’) k (v)”: This follows from GQ�ÐG´Gy0 u G V GQ��0 u G with ε � 1i×GQ��G .
“(v) k (i’)”: Set ��¬ : � �'� 0 ) ω � _ 0 ) ω � ) 1 0 _ ) ω . Then GQ�v¬aG TI w ε ) 1, by (c1)(1)

of LemmaA.3.1,and � ¬ 0 ) ω � I . Set � : � e) ω W � ¬ eω W to obtain(i’).
“(iii) � (v)”: Let ω - 0. Because&0 ) ω

�
s��� � s � ω � (s � C 4 ) ω), condition(iii)

holdsif f
� &0 ) ω � _ &0 ) ω = ε2I V 0 on iR for all ω - 0. Because&0 ) ω is continuous

on iR, thelatteris equivalentto (v), by Theorem3.1.3(d).
“(i v’) k (iv”) � (iv)”: Assume(iv”). By time-invarianceand (2.2), the

inequalityholdsfor any u �l( ∞
c . By density(recall that 02� TICω), (iv) holds.

Theothertwo implicationsaretrivial.
“(i v) k (iv’)”: Assume(iv). If u � L2

∞
�
R 4 ;U ��  L2

ω, then, for eachn � N,
∞ - G u G L2

αn
- n for someαn - ω, by the monotoneconvergencetheorem.

Consequently, Gy0 u G L2
ω V Gy0 u G L2

αn
V nε. Becausen was arbitrary, we have0 u E� L2

ω. Thus,we have proved(b1) for u � L2
∞
�
R 4 ;U � . Obviously, this and

(iv) imply (iv’).
“(i v) � (v)”: Now

� 0 ) ω � _ 0 ) ω V ε2I if f Gy0 ) ωu G 2 V ε G u G 2 for all u � L2,
whichholdsif f Gy0 v G L2

ω V ε G v G L2
ω

for all v � L2
ω � eω W L2.

ω V 0: By (2.5),wecanallow ω � 0 in (iv’) andin (iv”).
(b1) By (iv’) this holds for π 4 u in place of u. But π ) u � L2

ω, hence0 π ) u � L2
ω too.

(b2) This follows from (b1)andcausality, exceptthatwe have to show that
u � π

e
T �∞ L L2

ω assumingthatu � L2
ω and 0 u � π

e
T �∞ L L2

ω.

For T � 0 we have G u G L2
r
w ε ) 1 Gy0 u G L2

r | 0, asr | � ∞, henceπ ) u � 0.
Usetime-invariancefor T E� 0.

(b3)SetM : �YGy0DG TIC . Assumethatat leastoneof thenormsis finite. Then,
by (b1),u � L2

ω, hence(b3) follows from (iv).
(c1) If 0 � � TICω (i.e., Gy0 � u G L2

ω
w M G u G L2

ω
for all u �u( ∞

c
�
R 4 ;U � ), thenG � G TICω w ε ) 1 Gy0 � G TICω, by (c2) and(2.13) (with X : � π 4�( ∞

c underthe L2
ω

norm).Conversely, Gy0 � G TICω wYGy0DG TIC G � G TICω.
(c2) “ Ø ”: This is trivial. “ k ”: If β - ω, thenGÙÒ x G L2

ω
w ε ) 1 Gy0�Ò x G L2

ω
w ε ) 1 Gy0�ÒÚG �5J X � L2

ω L G x G X �
x � X �Ù� (4.14)

by (b3). Therefore,GÙÒDG9w ε ) 1 Gy0�ÒÚG .
(c3) Trivially, φ ) 1 f � H∞ k &0 φ ) 1 f � H∞. Conversely, If &0 φ ) 1 f � H∞,

then φ ) 1 f �Û&�Ú&0 φ ) 1 f is bounded,by (i), hencein H∞, becauseφ ) 1 f is
holomorphic,by Lemma D.1.2(h) (the zerosof φ are isolated, by Lemma
D.1.2(e)). (In fact, the sameequivalenceholdswhenever φ � H∞ � C 4 ; � � U �'�
is s.t. it is invertibleoutsideasethaving no limit pointsin C 4 .)

(d) This follows from Proposition2.2.5. �
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We also needa “left invertibility over TIC” conceptthat is invariantunder
(inverse)discretization(seeTheorem13.4.5(g))but still hasat leasttheproperties
of Lemma4.1.8(b1)–(d).Therefore,wedefinequasi–leftinvertibility asfollows:

Lemma 4.1.8(Quasi–left invertibility) Assumethat 07� TIC
�
U � Y � is s.t.0 u E� L2 for all u � L2

∞
�
R 4 ;U �t  L2 � (4.15)

Then 0 is called quasi-left-invertible (over TIC), and there is ε - 0 s.t. (a)–(e)
hold for anyω V 0 andanynormedspaceX.

(a) 0 _ 0 V εI .

(b1) 0 u � L2 � u � L2 for all u � L2
ω
�
R;U �t� L2

∞
�
R 4 ;U � .

(b3) We have ε G u G L2 wÍGy0 u G L2 wÜGy0bG TIC G u G L2 for all u � L2
ω
�
R;U ���

L2
∞
�
R 4 ;U � .

(c1) We have 0 � � TIC � � � TIC (and G � G TIC w ε ) 1 Gy0 � G TIC) when � �
TIC∞

�
H � U � .

(c2) We have 0�ÒÑ�N� � X � L2 �5�ÓÒ3�l� � X � L2 � (and GÙÒ9GDw ε ) 1 Gy0�ÒÚG ) whenX
is a normedspaceand Ò:�N� � X � L2

ω
�
R 4 ;U �'� .

(d) If also � � TIC
� �³� U � is quasi-left-invertible, thensois 0 � .

(e) For each u0 � U  �A 0 F , wehave &0 u0 E� 0 on C 4 and G/&0 � ir � u0 G Y V ε G u0 G U
for a.e. r � R.

(f) If ��� � � TIC and 0x�R� � , then � is quasi-left-invertible.

(g) Pseudo–leftinvertibility implies quasi–left invertibility, but the converse
doesnotholdevenfor U � C � Y.

(h) Quasi–leftinvertibility (over TIC) impliesleft invertibility over TI (though
notoverTIC), but theconversedoesnotholdevenfor U � C � Y.

From (e) we observe that a quasi-left-invertible &0 must have no zeroson
C 4 , but unlike for pseudo-left-invertibletransferfunctions, + &0 + maybearbitrarily
small (on C 4 , not on iR) and even zero at � ∞ (take &0 � s��� e) s). We do not
know whether(e) is equivalentto quasi–leftinvertibility. A sufficient condition
is obviously that for eachω V 0, there is εω - 0 s.t. &0 � s� _ &0 � s� V εω when
0 � Res � ω.

Proof: We first show the existenceof a numberε - 0 s.t. (a) is satisfied.
Thenwe show thatalso(b1)–(g)aresatisfiedwith thesameε.

(a)Weassumethat 0 _ 02EV ε for any ε - 0,andconstructanu � L2
∞
�
R 4 ;U �O 

L2 s.t. 0 u � L2.
By assumption,0 _ 07= 2 ) n EV 0 (n � N). By Theorem3.1.3(e1), for

any n � N, there are un � U and En ; iR s.t. G un G U � 1, m
�
En � - 0 andÝ � �p&0T
 _ �p&0T
O= 2 ) nI � un � unÞ � 0, i.e., Gs&0 � s� un G�� 2 ) n, for s � En.

Choosedistinct points ir k � Ek (k � N) as in LemmaD.1.24. Let ir ∞ �
iR X�A ∞ F be a limit point of A ir k F . We assumethat r∞ � R (caser∞ � ∞
is analogousbut easier(require,e.g., that r0 - 1, + rk 4 1 +U- 3 + rk + , andwork as
below), henceomitted).
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W.l.o.g., we assumethat r∞ � 0 (replace &0 by &0 �È� = ir ∞ �Ð� H∞) and+ rk +/- 3 + rk 4 1 + for all k � N (chooseasubsequenceif necessary).
For eachk � N, weset

εk : � min A + rk + i 2 � 2 ) k F (4.16)

and find fk : � ftk � rk � L2 for ε � εk and E � Ek as in LemmaD.1.24 (with
p � 2). Setvn : � ∑n

k £ 1 fkuk � L2 (n � N).
Givenω - 0, thereis N � N � 1 s.t.2 ) N � ω, andhenceG fk G L2

ω
� εk w 2 ) k

for all k - N; in particular, vn | u in L2
ω for someu � L2

ω, asn | ∞, by Lemma
A.3.4(L1) (the limit (equivalenceclass)u is independentof ω, by Lemma
D.1.4(b3)).

Analogously, we seethat &u � s� convergesabsolutelyon A s � C CC + s +²V ε F ,
for any ε - 0; in particular, &u � H

�
C 4 ;U � hasa uniquecontinuousextension&u ��( � C 4  �A 0 F ;U � . If we hadu � L2, thenwe would have &u � L2 � iR;U � , by

Theorem3.3.1(b)&(a1)(1.).
However, intervals In : � i

�
rn = εn � rn � εn �g; i

�
rn i 2 � 3rn i 2� (n � N) are

disjoint,andhenceG &fk G 2L2 J In L w 2εnε2
k, sothatG &u G L2 J iR;U L V ∞

∑
n£ 1
G &u G L2 J In;U L V ∞

∑
n£ 1 ß G &fn G L2 J In L = ∞

∑
n à£ k£ 1

G &fk G L2 J In L�á (4.17)V ∞

∑
n£ 1

�
1 = εn = � 2εn � 1« 2 ∞

∑
k£ 1

εk V ∞

∑
n£ 1

�
1 = εn = � 2εn � 1« 2 �5� ∞ � (4.18)

Therefore,u E� L2. It only remainsto show that 0 u � L2. ButG/&0 &fnun G L2 J iR;U L w�G/&0 &fnun G L2 J En;U L �:Gs&0 &fnun G L2 J iR â En;U L (4.19)�[ã 2πεn � εn Gy0bGgw 2 ) n � ã 2π �:Gy0bG���� M2 ) n � (4.20)

where M : � ã 2π �¶Gy0bG , becauseG/&0 &fnun G Y w + &fn + εn on En, G/&0 &fnun G Y w+ &fn + Gy0bG a.e.on iR, and G &f G 2 � ã 2π, G &f G L2 J iR â En L � εn.

Consequently, 0 vn | y in L2, for somey � L2, by Lemma A.3.4(L1).
Chooseω - 0. Becausevn | u in L2

ω, wehave 0 vn | 0 u in L2
ω, hence0 u � y

a.e.,in particular, 0 u � L2.
(b3) We have + 0 u G 2 V ε G u G 2 for all u � L2 � � T �Ã� ∞ � ;U � and all T �

R, by (a) and time-invariance,hencefor all u � L2 � R;U � , becauseboth
sidesof the inequality are continuouson L2. BecauseL2

ω
�
R ) ;U �,; L2, we

have L2
ω
�
R;U �c� L2

∞
�
R 4 ;U �g; L2 � R ) ;U �c� L2

∞
�
R 4 ;U � , hence Gy0 u G 2 � ∞

whenever u � L2
ω
�
R;U �
� L2

∞
�
R 4 ;U � and G u G 2 � ∞. Take M : ��Gy0bG TIC to

obtain(b3).
(b1)This follows from (b3).
(c1)&(c2) Seetheproof of Proposition4.1.7(c1)&(c2).
(d) This is obvious(notealsothatnow Gy0 � u G 2 V εε ¹ G v G 2 for all v � L2).
(e) Inequality G &0 � ir � u0 G Y V ε G u0 G U follows from Theorem3.1.3(e1)(cf.

thebeginningof theproof).
Assumethenthat &0 � s0 � u0 � 0 for someu0 � U  ,A 0 F ands0 � C 4 . Then
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�
C 4 ;U � , by LemmaD.1.2(j) anda simplecomputation,

althoughu : � ��� = s0 �a) 1u0 � H2 � C 4Res0 4 1;U �²  H2 � C 4 ;U � .
(f) If u � L2, then G � u G 2 V ε G'�,G ) 1 G u G 2. If u E� L2, then 0 u E� L2, hence

then � u E� L2.
(g) Implication follows from Proposition4.1.7(b3);note that 0 : � τ ) 1 �

TIC
�
U � is quasi-left-invertiblebut notp.r.c. (since &0 � s�5� e) s).

(h) By (a), quasi-left-invertible mapsare left invertible over TI (but not
necessarilyoverTIC, by (g)).

Let &0 � s� : � � s = 1�Qi � s � 1��� H∞ � C 4 � . Then 0 _ 0�� I , hence0 _ is the
inverseof 0 in TI

�
C � , but 0 is not quasi-left-invertible, by (e) (alternatively,

because&u : � � s = 1� ) 1 � H2 � C 42 �³  H2 � C 4 � and &0 &u � � s � 1� ) 1 � H2). �
Thenoncausalcaseis simple:

Lemma 4.1.9(Noncausalcorona theorem) If
�

is oneof the classesTI, CTI,
MTI , MTId, MTIL1

, MTIS, MTId � S, then
���

U � Y � is left inverseclosedin TI, and�$� ��� U � Y � is left invertibleiff � _ � V εI onL2 (iff &� _ &� V εI a.e. on iR, provided
thatU is separableor

� E� TI).
If
�

is one of the classesTI, CTI, MTIL1
, MTITZ , MTId � TZ , then any left

invertibleelement� � ��� Cm � Cn � canbecomplementedto an invertibleoperator.

Proof: 1h Left invertibility: By LemmaA.3.1(c1)(ii)&(v), “ � _ � V εI ” is
necessary. (It is equivalent to “ &� _ &� V εI a.e.on iR”, by Theorem3.1.3(d),
providedthatU is separableof &� is continuous.)

Conversely, if � _ � Õ 0, then the formula � : � � � _ ���a) 1 � _ � � (by
Theorem4.1.1andLemma4.1.3(a))providesa left-inversefor � .

2h Complementation:(Clearly left invertibility is necessary.) ClassesCTI,
MTIL1

, MTId � TZ andMTITZ canbehandledby usingthemethodsof theproof
of Theorem4.1.6(c) (basedon the fact that they have contractiblemaximal
ideals);a left-invertible �R� TI

�
Cm � Cn � canbecomplementedasfollows:

By Lemma6.4.7,thereis Êz�R! TIC s.t. Ê _ Ê:�3� _ � . By [CG97,Lemma
2.2] (and Theorem3.1.3(a)&(c)), we can complementthe isometric ¥ : ��5Ê ) 1 � TI to a unitary §ä¥ � ¨ �$! TI, hence §Â� � ¨ � §ä¥ � ¨ §­å 0

0 I ¨ � ! TI.�
Lemma 4.1.10(No ∞∞∞-dim. Corona Theorem) Let U be infinite-dimensional
anddimY V dimU. Thenthere is 0:� TIC

�
U � Y � s.t. &0 _ &0 V I onC 4 , but �v0jE� I

for all �z� TIC.

Consequently, 0 cannotbe complementedto an invertible elementof TIC
(becausethe proof of implication “(vii) k (i)” of Theorem4.1.6 appliesto this
casetoo). Cf. alsoProposition4.1.7.

Proof: A counter-exampleis constructedin [Treil89], below its Theorem
1, assumingU andY to be separable(we may needto multiply the counter-
example by a positive constant). In the generalcase,write U as U1 © U2
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andY asU © Y2 (moduloan isometricisomorphism),whereU1 is separable
(this is possiblebecausedimY V dimU , by Lemma2.2.1(c3)). Let &� be as
in the counter-example, and set 0 : � § ¹ 0

0 I ¨ . Then &0 _ &0 V I on C 4 , but if��0z� I � § I 0
0 I ¨ �N� � U1 © U2 � , then � 11 � � I , hencethen ��E� TIC. �

Notes
Severalsufficientconditionsfor theinvertibility of ameasurewith valuesin a

Banachalgebraaregiven in [Gri]. Much of Theorem4.1.1(f) is basedon those
results. The article [Gri] also provides further resultsand treatsvery general
measures.

The monograph[Vid] is an excellent classicalreferencefor the connection
betweendynamicstabilization,coprimefactorizationandtheCoronaTheorem.It
containsthe principal ideasof Lemmas4.1.4and4.1.5andTheorem4.1.6and
applicationsfor severalclasses.

ThecomplementationresultTheorem4.1.6(c)for TIC is dueto V.A. Tolokon-
nikov [Tolokonnikov]; seepp. 288–298of [Nikolsky] for a presentationin En-
glish, furtherresults,normestimatesandhistoricalremarks.Theseresults,being
morerecentthanthoseof [Vid], donotseemto bewidely known.

The original CoronaTheoremis due to L. Carleson[Carleson]. A matrix-
valuedCoronaTheorem( � � Cn � Cnm� only) wasgivenin [Fuhrmann68].An ex-
tensionof thematrix-valuedCoronaTheoremwith anarbitrary 03� TIC

�
Cn � Cm �

in placeof 1� in (4.7) is givenin [Anderson].


