Chapter 4

Corona Theoremsand Inverses

If I havenotseensofar it is becausé stoodin giant’s footsteps.

In Theorem4.1.1, we shav that MTI, CTI (resp.MTIC, CTIC) and most
of their subclassesare inverseclosedin Tl (resp.in TIC), and provide several
eguialent conditionsfor the invertibility of such maps. We also give some
extensionsandrelatedresults. Thenwe shav thattheseclassesreadjointclosed
(Lemma4.1.3).

Thereafter we study the Corona Theoremand its consequencesgiving
eqguialent conditionsfor left-invertibility (useduality for right-invertibility) in
A4(U,Y), wheredimU < o and 4 equalsTIC, MTICL', CTIC or some of
certainotherclassesWe alsolist someconsequencesf theseresultsto coprime
factorizationfollowing M. VidyasagafVid].

The CoronaTheoremdoesnot extendto infinite-dimensionall (seeLemma
4.1.10),but we give several partial resultsfor the infinite-dimensionakase. A
casualreaderprobablywantsto just read(main) Theorems4.1.1and4.1.6and
thengo onto thenext section.

RecallthatU, H andY denoteHilbert spacesf arbitrarydimensionaunless
somethingelseis indicated.

We startby shaving thatseveralusefulsubclassesf TIC (andthoseof TI) are
inverseclosed(this meanghe equialencg(ii) (i) in (b) and(a) below):

Theorem 4.1.1(Inverse-closedtlasses)Let p € [1,»]. 4 beoneof theclasses
TI, CTI, CTI%C, (4.1)
MTI, MTIZC, MTlg, MTIZC, MTIY, MTIVY2C, B4 (LINLP)«.  (4.2)

Then4 is inverse-closedn TI; in particular, 4 := AN TIC is inverse-closedn
TIC. In fact,wecansaymore:

(@) For E € 4(U,Y) the conditions (i)—(iv) are equivalent(and they are
equivalento (iv’), unlessq = TI):
(VEegAa;
(i) Ee GTI;
(i) E € GB(L?);
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(V) E € GLEond iR B(U,Y));
(iv') E € GG(iR; B(U,Y)), i.e., E~! existsandis boundecniR.

If dimU = dimY < o, thenalso the left-invertibility conditionsin Lemma
4.1.9are equivalento (i) aswell asto (v) (andto (V'), unlessq = TI):

(v) esanfir | del(IE)\ > 0.
(V) infir | de(E)| > 0;

(b) Let 4 := ANTIC. For D € 4(U,Y) the conditions(i)—(iv) are equivalent,
whee

() De GAa;

(i) D e GTIC;

(iiiy T DI € GB(m,L?);

(iv) De GH®,i.e, D! existsandis boundecbn C*.

SeeLemma?2.2.3for further equivalentconditions. If dimU = dimY < oo,
thenalsotheleft-invertibility conditionsin Theoem4.1.6(a)are equivalent
to (i) aswell asto (v):

(v) infc+ | detD)] > O.

(c) If E € GMTI, thenthe discrete part of E~ is the inverse of the discrete
part of E. Moreover, if supp(E) Cc SCR and S=S—-SC R, then
sup(E1) cS.

In particular, classesMTls and MTlgs (resp. MTICs and MTlys) are
inverseclosedin Tl (resp.TIC).

(d) Let D(U,Y) be either A = M(Z;B(U,Y)) or 4. = {ac t|a €
BC(U,Y) for all j # 0}, with norm ||(jlj)jez||£1 = Yjez lajllsw,y) and
corvolutionasthegroupoperation. SetD(U,Y) = {a:=y .z ajZ | (aj) €
D} andDt(U,Y):={ae QA)| aj = 0for j < 0} (thesearetheZ-transforms
of D and D™ := Dntic, cf. Theoem5.1.3).

Letac D(U,Y) andE: =75 7 a;Tl. Thenthefollowing are equivalent:

(i) ae GDU,Y);

(i) (ax) € GB(2(Z;L3([0,1);U)));
(iv) @€ GC(oD; B(U,Y));

WEe GMTlq4z;

(V) E € GMTI.

If, in addition,a € DT (U,Y), thenthefollowing are equivalent:

(i) ae GDT(U,Y);
(i) Tiv(ax)Ty € GB(L2(N;L2([0,1);U)));
(iv) @€ GH*(D; B(U,Y));



(iv) @€ GC(D;B(U,Y));
(V)E € GMTICqyz;
(V) E € GMTIC.

(e) (Banach spaces)Assumein addition, that 4 # Tl, 4 # CTIl and A4 #
CTIZC. If U andY are arbitrary Banad spacesthen (a)—(d) still hold
(with TI andits subspacesdefinedexactlyasin the Hilbert spacecase).

(f) (Banach algebras) Assumein addition, that 4 # Tl, 4 # CTIl and 4 #
CTIZC. If wereplaceeverywhee B(U,Y) by an arbitrary Banad algebra
A, thenparts (a)—(d) hold to thefollowing extent:

(@) ()<=(v);
(b) ()= (iv);
(c) Completelyasstated;
(d) () (iv)e(v)e(v) for D;
()= (iv)e(iv)e(v)e(V) for DT,

Theabovereplacemenmeanseg.g., that
MTl:={E = a;&; -+ [[Ellum = llajlla+ [ fllLiroa <},
] ]

(4.3)
MTIC == {E= aj& «+f+cMTI|f e LYRy;A) & tj >0 forall j},
J

(4.4)

andtheir subclasseare definedanalogously 4 := 4NMTIC in (b), etc.

(91) (Exponential stability) Let w € R. By Remark2.1.6 (seealso Lemma
D.1.12(d)), the (stability-shifted) class 4, = €* e (resp. 4, =
e 4e @) is inverse-closedn Tl, (resp.TICy), and claims analogousto
(a)—(f), (i) and(j) apply (with iR replacedoy w+ iR etc.).

(92) We canreplace in (b) by Aexp := Uw<0de. Thus,D € GTIC & D €
GAexp fOr D € Aexp.

(h) Everywhee in (a)-(d), we have E* = E*, (ax)* = (Sa*)*, Aa* = &,
(LEm, )* = m Ef . and (T (a*)Ty)* = Ty(Ha*) Ty, and the adjoint in
Tl is the sameastheadjointin B(L?)).

Consequentlyif E = E*, thenE is invertible iff any of its formsis left-
invertible (or right-invertible).

() (dimU < ) Assumehat dimU = dimY < « or that the opemtor under
studyis self-adjoint.

Then,in (a)-(e), we mayreplaceG by Giett Or by Gright whee GierX =
{xe X |yx=1 for somey € X}, GrigntX :={x € X |xy=1 for somey € X},
exceptthatin (b)(iii) andlatter (d)(iii) only Gright canbeallowed.

In particular, Theoem4.1.6andLemma4.1.9provideadditionalequivalent
conditions.



(i) (B+ (HfyongNH™)) TheclassesB + (HPNH®)(CT; B) and B+ (Hong"
H*)(C™T; B) areinverse-closedn H®.

Analogously one can prove the inverse-closednessf several other similar
classesNotefrom (g2) that TICep, MTIC e, etc.areinverse-closedh TIC.

For mapsE form MTIL" or CTI (resp.MTICL" or CTIC), a pointwiseinverse
of E oniRU {oo} (resp.on C+ U {w}) is necessarilypounded(becaussit is
continuouson a compactset); hencein that casepointwiseinvertibility is one
moreequialentconditionin (a) (resp.in (b)).

Parts (e) and (f) are not neededn this monographthey are statedonly for
futurereference.

Proof: We startby somepreparation§1°—3°):

1° Any of the conditionsin (a)—(d) implies that dimU = dimY: For
(a)(ii), this follows from Lemma2.2.1(c4). By LemmaZ2.1.5 and Theorem
3.1.3(al)conditions(a)(ii)—(a)(v) areequialent. The otherconditionsin (a)—
(c) obviously imply someof (a)(ii)—(a)(v). For (d), the situationis analogous.

2° In (a)—(d),wecanw.l.o.g assumehatU =Y (= C"if dimU < «): The
setGB(Y,U) isnonemptyby 1°. Eachof theconditionsin (a)—(d),is invariant
underthe (left) multiplicationby anoperatoin GB(Y,U). Forthesamereason,
we cantakeU = C" if dimU < o (by LemmaA.3.4(Q1)).

3° We shallalsousethefactthatif dimU < oo, thentheleft invertibility of
E or D is equialentto its invertibility, by Lemma2.2.1(b).

CaseTl: For 4 =TI, claims(i) and(ii) coincide. In 1° we obsened that
(i)—(iv) areequialent.

“(iY=(() If (i) holds and dimU < o, then essinf\del(]ﬁ)| =
e3$up\1/del(]ﬁ—1)| < oo; the corversefollows from the determinanformula
of aninversematrix. _ R

Other cases: If E € ¢, andE exists, thenit is continuous,by Lemma
A.3.4(A2),sotheequialence(‘i.e.”) statedn (iv’) holds.

For E € MTI UCTI, we have E € Gy, by Theorem2.6.4(el), hence
()=-(iv’) and(v)<(V'). Thereforefor 4 # TI, it is enoughto assumell the
other(equivalent)conditions(ii)—(iv’) andprove (i). Thatshallbedonebelow.

CaseCTl: For 4 = CTl we have (iv’) =(i), by LemmaA.3.4(A2).

CaseMTly: For 4 =MTlyg, (iv) implies(i) by [Gri, Theorem4] (to beexact,
thetheoremsaysthat(iv) impliesthatE~! is ameasureOneeasilyverifiesthat
thediscretepartof E~1 is alsoaninverseof E, henceequalto E-D).

CaseMTI: LetE € MTI N GTI, sothatE € G(Gy. Let Eq be thediscrete
partof E andsetf —E—EgerLl

Becausef vanishesat infinity, by Lemma D.1.11(b), ||1E 1Ry — 1] =
|E-1f]| < 1/2 outsidei[—T, T] for someT > 0, in particular Eq is boundedly
invertibleoutsidei[—T, T]. Wefix suchaT > 0 andlet M := supy s 1 ||E(it)]|

By the almost-periodicityof IE:d [LemmaC.1.2(h2)],thereis R> T s.t.
||]Ed(|t) Ry (i (t—R))|| <1/2Mforallt € R, hencefort € [T, T] theoperator

(|(t —R))Eq(it) € B hasaninverseof norm< 2, sothe operatory(it) is
boundedlynvertlble,]E_ € MTlq4 by caseMTl 4 above.



Now E;'E = I + E;*f is boundedlyinvertible, henceE~? is a bounded
Borel measureby [Gri, Theorem5]. Becausd.! is anideal of boundedBorel
measuregsee e.g.,[Gri, p. 159]),we have § = ]ﬁal f for someg € L1,

By [Gri, Theorem5], u:= (I + g*)~! is a boundedBorel measure,so
| = p+g*pimpliesthatp—1 = —gxpe LY, henceue MTI Lt

CaseWT!: By caseMTI, theinverseof E+ g« € MTIL N GTIiSE~1+ fx
for somef € L. (Alternatively, useLemma4.1.2(al)&(b).)

CaseB+ (L1NLP)«: Becausd.'x (L1NLP) c L'NLP, by LemmaD.1.7,
4 is asubclasof MTIL. By Lemma4.1.2(al)&(b)classA is inverse-closed
in MTIL", hencein TI.

BC cases:UseagainLemma4.1.2(a1)&(b)(with X — {E— M E|E €
MTI%C}, 4 {E— N E|E € MTI} in cased = MTI%C, andanalogously

for MTIZC andMTIL-2C),

(b) CaseTl: Conditions(i) and(ii) againcoincide, (ii) < (iii)” is contained
in Lemma2.2.3and “(ii) <(iv)” follows from Theorem6.2.1. Equivalence
“(iv)<(v)” follows againfrom the determinanformulaof aninversematrix.

Other cases:As the restis proved above, it is enoughto assumgii)—(iv)
andprove (i), becausdi)=(ii) follows from 2 c TIC. Butif D € 4N GTIC,
thenD! € 4, by (a),henceD ! € 2NTIC.

(c) The first claim was proved in caseMTI of the proof of (a). For the
seconctlaim,let S= S— S C R. Definetheprojectionlg € B(MTI,MTly) by

Ms((3 Tt )4) = T+ (4.5)

tkeS

OneeasilyverifiesthatE € MsMTI impliesE(MsF) = MNs(EF) forany F €
MTI. Thus,if E € MsMTIN GMTI andF = E~%, thenEF = Ms(EF) = EMsF,
hencdlsF = E -1 =T, sothelastclaimof thetheoremholdsfor E € GMTlg; in
thegenerakasefollows by applyingthisfor the(invertible,by Lemmab.2.3(a))
discretepartof E.

(d) (Notethat D(U) is a Banachalgebrawith respecto corvolution; see
Section13.1 for details. In the definition of E we referto t € TI(U,Y) (not
ti(U,Y)), henceE € TI(U,Y).) As abore,we assumehatY = U.

We prove the claimson D; thosefor D, canbe provedanalogouslyrecall
thatE € MTIC < supp(E) C Ry).

Clearly @(U,Y) C C(0D;B(U,Y)). The equivalence(i)<(v), follows
from Theorem13.4.5(m), (v)<(v’) from (c) (with S= Z), and the other
equivalencedy applying(a)to E andthenusingTheoreml3.4.5(m)to convert
theconditionson E to thoseon a. /\

(e) (Example3.3.4 shavs an H*(C™;B(C,£*)) (even “CTIC") function
thatdoesnotcorrespondo aTl operatorjt doesnotevenmapry|g 1 into rL2,
Moreover, we donotknow whether¢ is inverse-closeth L gi;ongWhenU is not
a Hilbert spacenor separabldcf. LemmaF.1.3(f1)&(f2)). Thereforewe have
concentratedn MTI only (MTI mapsL? into L2, by LemmaD.1.12(c2)).)

The proof goesasin the Hilbert spacecaseabove, but it is most easily
obtainedasfollows:



(e) on (a): The implication (i)<(iv’) is givenin (f). The implication
()=-(ii) holdsbecaused C Tl, andequivalencegii) < (iii) and(iv’) < (V') < (V)
canbeprovedasabove. Implication (ii) = (iv’) followsfrom Lemma3.2.5,and
implication (iv)<(iv’) follows from TheoremF.1.9(s4).

(e) on (b): The implication (i)<(iv) is givenin (f). The implication
(i) =(iv) follows from Theorem2.3 of [W91a]. Theproofof Lemma2.2.2(a2)
againestablishegii) < (iii), andequvalence(iv)<(v) follows againfrom the
determinanformulaof aninversematrix.

(f (f) on(a): We have (i))=-(iv’), by LemmaD.1.12(al)&(c)&(a3). The
proof of the major part of the proof of (a) (startingfrom “caseMTI4") showvs
that(iv’) implies().

() on (b): We have (i))=-(iv), by LemmaD.1.12(al)&(c)&(a3’). The
cornversecan be deducedrom part (a) asin part “Other cases”of the proof
of (b).

() on(c) and(d): Theproofof part(c) applieswithout changesThe proof
(d) alsoapplies becausé¢helastparagraplof Theoreml3.4.5(m)is valid in the
Banachalgebracasetoo, with the sameproof (mutatismutandig.

(g1) Thisis obvious,becauséhe stability shift is anisometricisomorphism
and commuteswith comp&sitions(and shifts the Laplaceand Fourier trans-
formsby theformulae®Ee=¢ (-) = E(w+-)).

(g2) Combine(b) with Lemma2.2.7.

(h) For (a)(iv), this follows from Theorem3.1.3(a). The Tl and 4 adjoints
meanL? adjoints,by definition. Part (c) follows from (a). SeeLemmas3.3.8
and13.1.8for E* anda* andp. 782for (ax)*.

() 1° If E = E*, thenit follows from (h) that VE = | impliesthatEV* =
(EV)* =1, consequentlyV* = VEV* =V is theinverseof E (by (h) E = E*
iff E = E*).

2° Let dimU = dimY < . We have Gt TI(U) = GTI(U), by Lemma
2.2.1(b),henceGie TIC(U) = GTIC(U). Obviously, (i)—(iv’) of (a)imply (ii)
(for (iii) this follows from Lemmaz2.2.1(a));the corversesfollows from the
original (a). The noncausapart of (d) is obtainedanalogously(alternatvely,
apply Theoreml3.4.5(m)).

Theclaimson Giignt follow analogouslyalternatvely, by takingadjoints).

Part (b) is analogougo (a) exceptfor (iii), which follows from Lemma
2.2.3.Parts(c) and(d) candeducedrom (a) and(b).

(j) For p = o this is trivial, so assumethat p < . Set4 := {D €
H*NULR |D = 0}. ThenB+ 4 = H* NULR is inverse-closeih H*, by (c);
HErong C A, by Proposition6.3.3(a),andH® - (H® NHE;on9) € (H® MHEong),
by LemmaF.3.5(c). ConsequentlyB + Hg’tmngm H” isinverse-closeth B+ 4,
hencein H*, by (al)&(a2)&(b)of Lemma4.1.2.For HP, theproofis analogous
andhenceomitted. O

We list herea few basicresultson inverse-closednesspmeof which were
alreadyused:



Lemma4.1.2(Inverse-closednesshetw € R.

(al) Assumdhat B + X C B+AC Ty (recall that this requiresclosedness
undercomposition)andthat BN 4 = {0} = BN X.

If axe X forall ae 4, xe X, thenB+ X is inverse-closedn B+ 4.

(@2) Part (al)alsoholdswith TIC,, Hg, L¢; Or Lgionge IN placeof Tl and/or
with xain placeof ax.

(b) If P isinverse-closedn Q and Q is inverse-closedn X, then? is inverse-
closedin R.

(c) If Zisinverse-closedn Tl, thensois Z*. If Z isinverse-closedn TIC,,,
thensois z4.

Proof: (Recallthat ? is inverse-closedh Q iff P is a subgroupof Q and
PNGQ =GP, ie,xec P&xlcQ=x1ecPforalxe P.)

(al) Let X +x € B+ X have the inverseA+a € B+ 4. Thenl =
(A+a)(X+x) = AX+aX+ Ax+ax henceB > | — AX =aX+ Ax+axe 4,
henceAX = |. AnalogouslyXA = I, hencea= —(A+a)xX~1 € x.

(N.B. usually this formula also provides a norm estimatefor the inverse,
e.g., [(X+3) =Xz < (X + %) H|nelIXl[ el X |5 for ary X € B,
x e H®NH?2)

(a2) Sameproofappliesto Tl, H) etc.too.

(b) Thisis obvious(if pe PN GR, thenp~! € Q, hencethenp™ € P).

©If ZNnGTly= GZandy e Z*NGTl,, theny* € ZN GTl = GZ, hence
y1=((y*)"1)* € z*. Thecasefor Z9 is analogous. O

Now we will showv the rather obvious fact that most (noncausal)classes
mentionedn Theoremd.1.1arealsoadjoint-closed seeDefinition 2.1.4for the
definitionof theadjoint):

Lemma 4.1.3(Adjoint-closed classes)Let 4 be one of the classesTI, CTI,
CTIZC, MTI, MTIZC, MTlg, MTIZC, MTIL, MTILZ2C and B + (LN LP)x,
andlet U andY be Hilbert spacesof arbitrary dimensions.Thenwe havethe
following:

(a) Theclass4 is adjoint-closedn TI: if E € 4(U,Y), thenE*,EY € 4(Y,U).

(b) If we R andE € 4,(U,Y) =¥ 4(U,Y)e @, thenE* € 4_4(Y,U) and
EY € 4,(Y,U).

(c) If E € GMTI, thenthediscretepart of E* is theadjoint of the discretepart
of E. Furthermoe, supp(E*) = —supgy(E) and supp(E®) = supp(E),
and classessuth as MTlg and MTlys are adjoint closedin Tl when
S=S-ScCR.

(d) Setq := ANTIC, A, :=€” 4e"®, whee w e R. ThenD € 4,(U,Y) &
DY € y(Y,U).

Setf‘i = 45N TIC, JNZL%S = @ 4se @, whee S=S—Sc R. Then
D € 4, sU,Y) & DY € 4, 5(Y,U).



Onecould,of coursegxtendthis resultfor Banachspacesvith easealthough
the Banachadjointof a TI(U,Y) operatoris anelementof TI(Y*,U*).

Proof: (a) 1° We haveE* € A4(Y,U): Becauser(t)* = t(—t), the claim
holdsfor 4 = TI. For CTI thisis givenin Lemma2.6.2;thecaseq = CTIZC
follows. For MTI and its subclasseshe claim follows from the fact that
(u)* = (AY*)*, by LemmaD.1.12(d).

2° We haveE! € 4(Y,U): By LemmaD.1.12(d),(u+)9 = (u*)*, hencethis
holdsfor MTI andits subclassedpr Tl thisis obvious.

(b) Becausde®)* = e“, it follows from (a) that

(e22U,Y)e ) = “A(Y,U)e” =: 2 4(Y,U). (4.6)
(c) Thisfollowsfrom LemmabD.1.12(d).
(d) Thisfollowsfrom (b) andLemmaD.1.12(d). O

TheCarlesorCoronaTheorenstateshatfor De H*(C*; C”Xl) to havealeft
inverseV e H>(Ct;ctxM), the(clearlynecessaryqondltlon]D)( S)* ]D)( s) > ¢l (for
all se C* andsomee > 0) is alsosuficient. R

For generaD) € TIC(U,Y), theleft-inverse(D* D) ~*D* € G,(CT; B(Y,U)) of
D is not holomorphic the left-inverse(D*D) ~*D* € TI(Y,U) of D is not causal,
and,surprisingly thereneednotbeary (H*, i.e., TIC) inversein generalasSege
Treil hasshowvn (seeLemma4.1.10). However, assumingdimU < o, suchan
inverseis guaranteedasshownn in (Corona)Theoreny.1.6.

We will usethe CoronaTheoremto find certainleft inversesand coprime
factorizationsWe startby shaving thatthetheorem(part(ii) below) is equialent
to two otherproblems(seee.g.,Chaptersl0 & 11 of [Rud73]for basicresultson
Banachalgebrasandmaximalideal spaces).

Lemma 4.1.4 Assuméhat 4 is a commutativdcomple) Banad algebra, 14 be
its identity, 97t be its maximalideal space and 2ty C 9. Thenthe following are
equivalent:

(i) Mo is densan N.

(i) (CoronaTheorem)Let f4,..., f, € 4. Thee arevectosgs,...,gn € 4 S.t.

fi01+- -+ fOh =14 4.7)

iff thereis € > 0s.t. | fy(M)| +---+ | Fa(M)| > & for all M € M.
(iii) LetD € A™™M, ThentherisV € 2™"s.t. VD = | iff

D(M)*D(M) > ¢l forall M € 9. (4.8)

In (i) and(iii), wemightwrite “if " insteadf “if f”, becauséhecornverseholds
for any Mo C M (takee =1/ sup||V||§,;(cn’Cm)).

The CoronaTheoremmeansin generala proof that the corona 90t \ My is
empty By thelemma,thisis the caseiff (iii) holds,hencewe cancall resultsof
form (iii) coronatheorems.

Proof: By Lemmas8.1.28and 8.1.34 of [Vid, pp. 339—-340],claim (i)
implies (i) and (iii). Claim (ii) is the casem = 1 of (iii), and (ii)=-(i) is



establishedh, e.g.,pp. 201-203of [Duren]. O

Now we list certainBanachalgebrasfor which the set9iy := C* is dense
in their maximalideal spacegwith the standarddentification Ctas— {fe
ﬂl| f(s) =0} € My):

Lemma 4.1.5(Maximal ideals) The extendedclosedhalf-planeC+ U {e} with

theone-point-compactificatiotu)pologyisthemaximalidealspaceofMTICLl(C)
and CTIC(C), and C* is densealso in the maximalideal spacesof TIC(C),
MTIC(C) andMTICq4(C).

The maximalideal spaceof CTI(C), ¢}(N) and MTIC41z(C) (for T > 0)
is the closedunit disc D; the latter spacethroughidentificationyy_, oStk —
S oQkZ. Similarly, the maximalideal spaceof £1(Z) and MTlq1z(C) is the
unitcircle {ze C||7 = 1}.

The extendedimaginary axis iR U {e} with the one-point-compactification
topolagy is themaximalideal spaceof MTI I-l(C), andiRU {«} densealsoin the
maximalideal spaceof MTI (C) andMTlI 4(C).

Theorem4.1.6(a)will shav that C+ U {0} (resp.iR U {«}) is densein the
maximalidealspaceof MTICg (resp.MTlg), wheneerS= S— S C R. Thesame
holdsfor MTlgs andMTICy s unlessS= TZ for someT € R (caseT =0 is
trivial, caseT # 0is givenin theabove lemma).

Proof: The maximalideal spaceof MTI Ll(C) and MTICLl(C) aregiven
on pagesl107 and 112 of [GRS], respectiely, and thoseof CTIC(C) and
CTI(C) in [Rud73,Example11.13(c)&(a)](to be exact, [Rud73] shows that
the closedunit disc is the maximal ideal spaceof the disc algebra(via the
Z transform);CTIC(C) is isomorphicto the disc algebrathroughthe Cayley
transform).

For TIC (i.e.,H®) thisis the CoronatheoremDuren,Chapterl2].

CaseMTIC is shavn onp. 145-150(cf. [Vid, p 342]).

Case¥!(N) and/(Z) aregivenon [GRS, p. 118] andin [Rud73,Exam-
ple 11.13(b)],respectrely. ThecasedMTIly1z andMTICq 1z follow from the
isomorphismy  agdry — {ak}.

For MTIC4 thisis followsfrom Theoremb.2 of [BKRS] asfollows: Clearly
Mo ;= CT is asubsetof M := M(MTIC4(C)). Let now D € MTIC4(C™*™M)
andD*D > €l (thisconditionis necessarpecausaleft MTIC 4 inverseis aleft
TIC inverse). Thenthereis V € TIC(C",C™) s.t. VD = |, hence||TDu||2 >
e1)|Tul|, for all u € L2, whereg; := ||t Vrt_||,i.e.,mt D*t Dt > €21 . By
thex-isomorphisnintroducedn TheorenS of [Karlovich93],thisis equivalent
to the condition (iii) of Theorem5.2 of [BKRS] (for A := eilD*), hence
Theoremb5.2(viii) providesV € MTIl4(C™™M) s.t. AV* =1, i.e., 8I1V1D) =1,
sowe obtainthedensityof C* from Lemma4.1.4. A

CasedMTI(C) andMTI 4(C) follow from Lemma4.1.4,becaus@®*D > ¢l
oniR impliesthatD*D > ¢l, hencethe left inverseV := (D*D)~1D* belongs
to 4, by Theorend.1.1. O



We arenow readyto stateseveralequivalentconditionsfor left-invertibility:

Theorem4.1.6(CoronaTheorem) Let 4 be one of the classesTIC, CTIC,
MTIC, MTIC4, MTICL', MTICs and MTICy4s, whee S=S—ScC R. Let
dimU < . Then(a) and(b) hold:

(a) ForD € 4(U,Y) thefollowing are equivalent:

(i) VD = | for someV € 4(Y,U);

(i) VD = | for someV € TIC(Y,U);

(iii) D(s)*D(s) > ¢l for all se C* andsomee > O;

(iv) [IDull 2 > €]|ull 2 for all ue LE(R;U), w > 0 andsomee > 0;
(v) D*r_D > et on L2 for somee > O;

(vi) D'"D! > ey for all t > 0 andsomee > 0.

(SeeProposition4.1.7for additionalequivalentconditions.)

(b)LetN e 4(U,Y),M € 4(U). ThenN andM arer.c.over 4 iff N(s)*N(s) +
M(s)*M(s) > ¢l for all se C* andsomee > 0.

Let 4 beTIC, CTIC, MTICL" , MTICtz or MTICq4 1z, whee T € R. Then
also(c) and(d) hold:

(c) LetD € A4(U,Y). Thentheconditions(i)—(vi) are equivalento

(vii) D canbecomplementetb [D E] € GA(U xYo,Y), whee Y is a
closedsubspacefY.

IfY =U x Z, wheralsoZ is a Hilbert spacewemayrequire Yo = Z in (Vii).

(d) LetD € TIC«(U,Y) havear.c. NM~? (or al.c.t. M~1N) with N,M € 4.
ThenD hasad.c.f over 4.

(SeeDefinitions6.4.4and6.4.1for *.c.f. and*.c.) By taking(causaladjoints,
one getsthe dual claims, e.g., the equationDV = | hasa solutionV € 4 iff
DD* > ¢l onCT. If D =D* or dimU = dimY < o, thenD is left-invertible
iff D is invertible.by Theorem4.1.1(h).

Part (a) of the theoremfails (at leastfor 4 = TIC) whendimU = o and
dimY > dimU, by Lemma4.1.10. R

Condition(iii) canobviously berephraseds||Dug|| > £/2||ug|| on C* for all
o € U. Similarly, M*M+N*N > ¢l onC* for somee > 0iff ||Mup|| + ||Nug|| >
€/||up|| onC™ for all ug € U andsomeg’ > 0.

If NandM in (d) areexponentiallyr.c.,i.e., Ny := €*Ne~® andMy arer.c.
over 4 for somea < 0 (equialently, [ N]* [N] > el onC{), thenwe cantake all
mapsin thed.c.f. to be exponentiallystable(by choosingad.c.f.for NyM;* and
shifting it backto TICy).

Proof: (Note that dimY > dimU is necessaryfor (ii), hencefor all
equialentconditions.)



| The casedimY < o of parts (a) and (c): W.l.o.g. (the statementsare
invariantunderisomorphismgi.e., GB(C™ U) and GB(C",Y) mappings)ve
setU = CMandY = C".

(@) 1° “(iii) =(i)": This follows from Lemmas4.1.4and4.1.5, exceptfor
thecaseq = MTIC+z, whichis deducedrom thecaseq = MTIC asfollows:

LetD = (pu+ f)x € MTICs. Theequialencer +s€ S<r € S, valid for
se S, impliesthatfor v € MTI we have

MgV =0 = Mg(V' ) =0. (4.9)

If (v+g)* € MTIC isaleft-inverseof u+ f, andwesetv’ :=MNgv, v’ :=v—V/,
then
180 = (V' x u+V" 5 ) + (V * f +V" % f+gxp), (4.10)

henceV' x u = 18y € MgMTIC. Thus, (V' + h) * (u+ f) = 18, if we set
hi=—(V'x*f)x(v+g) el

2° The other implications: *“(i)=-(ii)” is trivial, becauseA4 C TIC,
“(ii) =(v)” follows from equation ||T_ V1L ||||TDu|]2 > ||Tul|2 (i.e., we
cantake € := ||tV ||=%2), “(v)=(vi)=(iv)=(iii)” is givenin Proposition
4.1.7(C)&(A).

(c) Theimplication (vii) =(i) is trivial, sowe studythe corverse.

The case4 = TIC is containedin the Tolokonnikov’s lemma[Nikolsky,
App. 3.10,p. 293].

By [Vid, Theorem8.1.68],a complex Banachalgebrawith a contractible
maximal ideal spaceis Hermite (C+ U {e} is homeomorphicto D, hence
contractible); see [Vid, p. 348] or [Lin] for details. Thus, MTIC'—l(C),
MTICq4 1z (C) andCTIC(C) areHermiterings,by Lemma4.1.5.

By [Vid, TheorenB.1.59],thering 4(C) is Hermiteiff every left-invertible
D € 4(C™ C") canbe complementedsocasesq = MTICLl, A=MTICqT1z
andA4 = CTIC follow from this (hencealsoTIC(C) (andH™(C)) is Hermite).

Finally, let D = Dy + D> € MTICtz, whereD; = MNRD is the discrete
partof D, be left-invertible over MTICtz. Thensois D; € MTICq4 1z, hence

D E] = [gll] € GMTIC472(C") for somely ,Fy,Gy € MTICy1z, by
(c). Therefore,

| F | (T H+TFIDn L1
H:= [GJ]D)_[ GiDs }EMTIC , (4.11)

is left-invertibleover MTIC 1z, henceover TIC, henceoverMTICLl, by (a), so
H canbecomplementedH K] € GMTICL". Thus,

F ]t 1
1 - H K] € GMTICtz. 4.12
P &) ¥-la] Emeomen @
If Y =U x Z, thendimU x Yo = dimU x Z, hencedimYy = dimZ (because
dimU < ), equivalently, thereis a map (isomorphism)T € GB(Z,Yp). Just
replaceE by ET (i.e.,[D E] by [} ¢] € GB) to theright to replaceY, by Z.
Il Thegenerl caseof parts(a) and(c) for 4 = TIC:



The implication “(iii) =(vii)" (with norm estimatesfor E and [D ]E}_l)

is Tolokonnikov’'s Lemma [Nikolsky, Lemma A.3.10, p. 293] (which uses
the solutionof “(iii) =(ii)”, i.e., the Fuhrmann—-¥syuninTheorem[Nik olsky,

TheoremA.3.11,p. 293]). Theabove proofsof the otherimplicationsapplyto

thegenerakasetoo (notethat(vii) implies(i)).

In [Nikolsky], Y was assumedio be separablebut that is no loss of
generality:

R BecauseD : C* x U — Y is continuousand Ct x U is separableso is
D[CT][U]. LetY; bethe (separabletlosedspanof D[C*][U], sothatwe can
write D =: [ﬂg} eTIC(U, Y1 x YL).

00|
TIC(U x Yo x Y{-,Y) is aninvertible (by LemmaA.1.1(b1)) complementation
of D.

Take Yo < Yy andE st [D E| € GTIC(U x Yo,Y2). Then [BE0] e

[l Thegenerl caseof parts(a) and(c) for 4 # TIC:

(@)“(ii) =()": Letys,...,ymsSpanDU. LetYmi1,Yme2,--- bechosemsthe
sequencéyi,yz,...” from Lemma2.6.5(appliedto D — D; usealsoTheorem
2.6.4(j)). ThenP,D — D in A(U,Y) (hencein TIC(U,Y) too, henceP/D — D
in H*(C*; B(U,Y))), asn — «; hereP}, is the orthogonabprojectionof Y onto
Yn :=spadys,--..,Ym}. Therestdepend®nthe statement:

Take n large enoughto have (P,D)*(P,D) > €/2 on C*. Let V, €
A(Yn,U) s.t. Vo (P.D) = |. ChooseV :=V,P, € 4(Y,U) to get(i). Theother
implicationsareobtainedasin 2° of I(a) above.

(c) “(iii) =(vii)": Take P, asabose andwrite D as [gj € AU, Y x Y5b).

ChoosethenE; € 4(Y,,U) s.t. []]))1 ]El} € GA(Ya,U x Yp), whereYp is a
subspacef Yo. Now E = [B 9] € 4(Yo x Y;) complement® to [glz T ?]
whichis invertible,by LemmaA.1.1(b1).

(b) This follows from (a) by settingD := [f].

(d) Use(c) to complement ¥] to aninvertible matrix

4 3)-

Thisgivesad.c.f.of D over 4. O

~ ~7-1
X =Y

N m| €9Aacmxen). (4.13)

Theabove CoronaTheorensaysthat,whendimU < o, thecondition*D*D >
ely onC*” is equivalentto theleft-invertibility of any D € TIC(U, ). In thecase
of aninfinite-dimensional, condition“D*D > &l onC*” is eguvalentonly to
thefollowing kind of pseudo—left-imertibility (recallLemma4.1.10):



Proposition 4.1.7(co-dimensional partial Coronatheorem) Lete > 0.

(A) AssumehatD € TIC(U,Y). Thenconditions(i)—(v) beloware equivalent.

Furthermoe, anyof (i")—(v) isinvariantunderthereplacementy > 0+ w >
0. Finally, if (i) holds,then(al)—(d)holdfor anya > w>0andT,B € R.

(B) Assumethat D € TICy(U,Y) for all o > 0. Then (i)-(v) below are
equivalent.

Furthermoe, (iv’) and(iv”) are invariantunderthereplacemento > 0 —
w > 0. Finally, if (i) holds, then(al)—(c2)hold for anya > w > 0 and
T,BeR.

(C) Assumehat D € TICyy (U,Y) for all o/ > 0. Then(vi) of Theoem4.1.6
implies(i)—(v). If D € TIC, thenconditions(v) and(vi) of Theoem4.1.6are
equivalentlandimply (i)—(v) below).

(i) Theris V:C* — B(Y,U) s.t. VD=1 and||V| <& 1.

(i Foreath w > Othereis V € Tly(Y,U) s.t.||V|lt1, <€ tandVD = I.
(iii) D(s)*D(s) > €2l forall se C*+.

(iv) [Dul| 2 > gllull 2 (ue LE(R;U)) for all w> 0.

(iv) [IDull 2 > ellull 2 (ueLE(R4;U)) forall w> 0.

(iv") |[Dul[ 2 > g]lul[ 2 (ue (R4;U)) forall > 0.

(V) (D_¢)*D_, > €2l for all w> 0.

(@) C?ndition(i) holdswith someV € G,(CT; B(Y,U)) s.t.supcc+ [[V(9)]| <
e L.

(bl)Duel2 < uel?forallueLi(R;U)+L2(Ry;U).

(b2) DU € Ty ) LE & U € Ty o) LS for all u € L3 (R;U) + L5 (R4;U).

(b3) Ther is M < oo s.t.g[|ul| 2 < [IDul|_z < M]|ul|_z for all ue LF(R;U) +
L2(R;U).

(c1)WehaveDF e TIC, < T € TIC,,. whenF € TIC»(H,U).

(c2) We haveDC € B(X,L2) < C € B(X,L2) whenX is a normedspaceand

C e B(X,L5(R+V)).

(c3) Let f € H*(C*;U) and @ € H®(C*;C)\ {0}. ThenDg1f € H® &
¢ Lf € H™.

(d)D e GTIC D€ GTIC,, < DD* > 0« D(s) € GB(U,Y) for somese C*
(< DD* > 0 providedthatD € UR).

Seealsothe commentgollowing Lemma6.5.2. Recallthat L2 := UgerL2,
andnotethatD_, := e “De” e TIC for w > 0.
Proof: (A) Theequvalences givenin (B).

Assumethat some,henceall of (i)—(v) holds. By (B), (iv’) and(iv”) hold

alsoafterthe replacementtrivially, sodo (i) and(iii) too. Sincethe proofsof



implications(iv”) = (iv)=-(v)=-(I") alsoholdfor w= 0, all of (i)—(v) hold after
thereplacement.

(C) Thisfollows from Lemmaz2.2.4(a)&(b).

(B) “(i) < (iii) =(a)™: This follows from LemmaA.3.1(c1)(1)whenwe set
V:= (D*D)1D* € Go(CT;B(Y,U)).

“(i") =(v)": Thisfollowsfrom ||V||||Du|| > ||VDu|| with € = 1/]|V]|.

“W)=(1)": SetV’ = ((D_w)*D_g) D" . Then||V |11 < e71, by (c1)(1)
of LemmaA.3.1,andV'D_,, =I. SetV := e “V'e* to obtain(i’).

“(iii) (z)(v)" Letw> 0. Becausd_ «(8) = (s+w) (se C* ), condition(iii)
holdsiff( w)* ]D)_w €2l > 0oniR for all w> 0. Becausd_ o IS continuous
oniR, thelatteris equivalentto (v), by Theoren3.1.3(d).

“(Iv)=(iv")<(iv)": Assume(iv’). By time-invarianceand (2.2), the
inequalityholdsfor arny u € (¢°. By density(recallthatD € TIC,,), (iv) holds.
Theothertwo implicationsaretrivial.

“(iv)=(@v’)": Assume(iv). If ue LZ(R;;U)\ L2, then,for eachn € N,
0 > ||U||L§n > n for somean > w, by the monotonecorvergencetheorem.
Consequently|[Duf| 2 > ||DU||L§n > ne. Becausen was arbitrary we have
Du ¢ L2. Thus,we have proved (b1) for u € L2(R,;U). Obviously, this and
(iv) imply (iv").

“(IV)e(v)”: Now (D_¢) D > €2 iff ||D_gull2 > €||ul|2 for all u € L?,
which holdsiff | Dv|| 2 > g||v]| 2 for all ve L, = e L2.

w > 0: By (2.5),we canallow w=0in (iv’) andin (iv").

(b1) By (iv’) this holds for 1, u in placeof u. But T_u € L2, hence
Drt_u € L2 too.

(b2) This follows from (b1) andcausality exceptthatwe have to show that
U € TiT.)L2 assuminghatu € L2 andDu € Ty L3,

For T = 0 we have ||u|| 2 < €7||Dul| 2 — 0, asr — 4, hencert_u = 0.
Usetime-invariancefor T ;éro. r

(b3) SetM := ||D||1ic. Assumethatatleastoneof thenormsis finite. Then,
by (b1),u € L2, hence(b3) follows from (iv).

(c1) If DF € TIC,, (i.e., [[DFul| 2 < M]ul| 2 for allu € °(R4;U)), then
IFT1c,, < € IDF||Tic,,, by (c2) and (2.13) (with X := 11, ¢ underthe L2,
norm). Corversely ||DF||tic,, < ||D||Tic ||F||Tic,,-

(c2)“<": Thisistrivial. “="; If B > w, then

I1CX][ 2 < 371||DCX|||_a < 571||DC||q;(x,Lg))||X||x (x € X), (4.14)

by (b3). Therefore,|C|| < s—1||]D>C||

(c3) Trivially, ¢ *f € H* = De1f € H°. Corversely If De1f € H®,
then @ 1f = VDo f is bounded,by (i), hencein H®, becausep 1f is
holomorphic, by LemmaD.1.2(h) (the zerosof ¢ are isolated, by Lemma
D.1.2(e)). (In fact, the sameequivalenceholdswheneer ¢ € H*(C*; B(U))
is s.t.it is invertible outsidea sethaving no limit pointsin C™.)

(d) Thisfollows from Proposition2.2.5. O



We also needa “left invertibility over TIC” conceptthatis invariantunder
(inverse)discretizationseeTheoreml3.4.5(g))out still hasatleastthe properties
of Lemma4.1.8(b1)—(d).Therefore we definequasi—leftinvertibility asfollows:

Lemma 4.1.8(Quasi-leftinvertibility) AssumehatD € TIC(U,Y) iss.t.
Du¢gL? forall uelZ(R;U)\L> (4.15)

ThenD is called quasi-left-irvertible (over TIC), and there is € > 0 s.t. (a)—(e)
hold for anyw > 0 andanynormedspaceX.

@)D*D > «l.

(b1)Du € L2 = ue L?forallue L2(R;U) +L2(R,;U).

(b3) We have g||u| 2 < ||Dul| 2 < ||D||Tic||ull 2 for all u e L(R;U) +
L2(Ry;U).

(c1) We haveDF € TIC < F € TIC (and ||F||tic < £~ Y||DF||tic) whenF €
TICw(H,U).

(c2) We haveDC € B(X,L?) < C € B(X,L?) (and||C|| < e7Y||DC||) whenX
is anormedspaceandC € B(X,L2(R;U)).

(d) If alsoF € TIC(x,U) is quasi-left-irvertible, thensois DF.

(e) For each ug € U \ {0}, we haveDug # 0 on C* and ||D(ir )uo|ly > €||uo||u
fora.er eRR.

(f) If E,F € TIC andD = EF, thenF is quasi-left-irvertible

(g) Pseudo—leftinvertibility implies quasi—leftinvertibility, but the corverse
doesnotholdevenforU =C =Y.

(h) Quasi—leftinvertibility (over TIC) impliesleft invertibility over Tl (though
notover TIC), but the corversedoesnothold evenforU =C =Y.

From (e) we obsere that a quasi-left-irvertible D must have no zeroson
C+, but unlike for pseudo-left-imertibletransferfunctions,|D| maybearbitrarily
small (on C*, not on iR) and even zeroat + (take D(s) = e5). We do not
know whether(e) is equivalentto quasi-leftinvertibility. A sufficient condition
is obviously that for eachw > 0, thereis g, > 0 s.t. D(s)*D(s) > &, when
0 < Res< w.

Proof: We first shav the existenceof a numbere > 0 s.t. (a) is satisfied.
Thenwe shawv thatalso(b1)—(g)aresatisfiedwith the sames.

(a) WeassumehatD* D # € for arny € > 0, andconstrucanu e L2 (R, ;U) \
L2s.t.Du € L2

By assumption,D*D — 2" % 0 (n € N). By Theorem3.1.3(el), for
ary n € N, thereareu, € U and E, C iR s.t. ||up|]ju = 1, m(E,) > 0 and
(([D]*[D] = 2™ )un, up) < 0,i.e.,|[D(S)un| < 27", for s€ Eq.

Choosedistinct pointsirg € Ex (k € N) asin LemmaD.1.24. Letir, €
iRU {} be a limit point of {irx}. We assumethatr., € R (caser, = o
is analogoushut easier(require,e.g.,thatro > 1, |r.1| > 3|rg|, andwork as
below), henceomitted).



W.L.o.g., we assumethat r,, = 0 (replaceD by D(- —ire) € H®) and
[rk| > 3|rks1| for all k € N (choosea subsequencié necessary).
Foreachk € N, we set

g = min{|r|/2,27K} (4.16)

andfind fy := fi r € L2 for € = & andE = E asin LemmaD.1.24 (with
p=2).Setvn:=5Sh_; fkuk € L2 (n€ N).

Givenw> 0, thereisN € N+ 15.t.27N < w, andhenc| fyl| 2 < &k < 27%
for all k> N; in particularv, — uin Lﬁ) for someu e Lﬁ), asn — o, by Lemma
A.3.4(L1) (the limit (equivalenceclass)u is independenbf w, by Lemma
D.1.4(b3)).

Analogously we seethat Ti(s) corvergesabsolutelyon {s € C||s| > €},
for any € > 0O; in particular € H(C*;U) hasa uniquecontinuousextension
Ge c(Ct\{0};U). If wehadu € L?, thenwe would have G € L(iR;U), by
Theorem3.3.1(b)&(al)(1.).

However, intenals I := i(rn — €n,rn+ €n) C i(rn/2,3rn/2) (n € N) are
disjoint, andhence]| ﬂ(||fz(|n) < 2g,€2, sothat

10ll2gruy = D N0llzgquy = D (||ﬂ1||L2(In)_ Z ||f\k|||_2(|n)) (4.17)
n=1 n=1 n£k=1

> S (10— (2602 Y 6> Y (- 0= (260)Y?) = . (4.18)
— k=1

n=1
Thereforeu ¢ L2. It only remainsto shav thatDu € L2. But
D fnunll 2Ry < D fatnllL2g,0) + 1D fatnll 2R L) (4.19)
< V2mEn+&0||D|| < 27"(V21+|D|)) = M2, (4.20)

where M := 2+ |D||, because||]D>fnun||y < |falen on En, [[Dfaunlly <
| ol IDI| @.e.oniR, and| fll2 = V2T [| ]l 2riE,) < En

ConsequentlyDv, — y in L2, for somey € L?, by LemmaA.3.4(L1).
Chooseaw > 0. Because/,, — uin Lﬁ), we have Dv,, — Du in Lfo, henceDu =y
a.e.,in particularDu € L2.

(b3) We have |Du|| > ¢||ul|2 for all u € L3([T,+o);U) andall T €
R, by (a) and time-irvariance, hencefor all u € L?(R;U), becauseboth
sidesof the inequality are continuouson L2. Becausd 2(R_;U) C L?, we
have L3(R;U) + L2 (R;;U) € L2(R_;U) + LZ(Ry;U), hence|[Dul|z = o
wheneer u € L3(R;U) + L2 (Ry;U) and||ulz = . Take M := ||D||1ic to
obtain(b3).

(b1) Thisfollows from (b3).

(c1)&(c2) Seethe proof of Propositiond.1.7(c1)&(c2).

(d) This is obvious (notealsothatnow ||DFul|, > eeg||v]|2 for all v € L?).

(e) Inequality ||D(ir )uo|ly > €||ug||u follows from Theorem3.1.3(e1)(cf.
thebeginning of the proof).

AssumethenthatD(so)ug = O for someug € U \ {0} andsy € C*. Then



D(-)(s— so)"up € H(C*;U), by LemmaD.1.2(j) and a simple computation,
althoughu := (- — S0) "tup € H*(Ceg 11:U) \ HA(CT;U).

(f) If ue L?, then||Ful|2 > €||E||~Y||ul|2. If ugL?, thenDu ¢ L?, hence
thenFu ¢ L2.

(9) Implication follows from Proposition4.1.7(b3);notethat D := te
TIC(U) is quasi-left-irvertible but notp.r.c. (sinceD(s) = €73).

(h) By (a), quasi-left-irvertible mapsare left invertible over Tl (but not
necessarilpverTIC, by (9)).

Let D(s) := (s—1)/(s+ 1) € H*(CT). ThenD*D = I, henceD* is the
inverseof D in TI(C), but D is not quasi-left-irvertible, by (e) (alternatvely,
becausd := (s—1)~1 € HX(C})\H3(Ct) andDi= (s+1)teH?). [

Thenoncausatases simple:

Lemma 4.1.9(Noncausalcoronatheorem) If 4 is one of the classesTl, CTI,
MTI, MTl g, MTI'—l, MTls, MTlgys, thenA4(U,Y) is left inverseclosedin Tl, and
E € 4(U,Y) isleftinvertibleiff E*E > €l onL2 (iff E*E > €l a.e oniR, provided
thatU is sepambleor 4 # TI).

If 4 is one of the classesTl, CTI, MTILl, MTltz, MTlg1z, thenany left
invertibleelemenit € 4(C™ C") canbecomplementetb aninvertible operator.

Proof: 1° Leftinvertibility: By LemmaA.3.1(c1)(i)&(v), “E*E > €l” is
necessary (It is equivalentto “E*EE > ¢l a.e.oniR”, by Theorem3.1.3(d),
providedthatU is separabl®f E is continuous.)

Corversely if E*E >> 0, then the formula V := (E*E)"'E* € 4 (by
Theoremd.1.1landLemma4.1.3(a))providesa left-inversefor E.

2° Complementation(Clearly left invertibility is necessary Classe<CTI,
MTI Ll, MTl4 1z andMTltz canbehandledby usingthe methodsof the proof
of Theorem4.1.6(c) (basedon the fact that they have contractiblemaximal
ideals);aleft-invertibleE € TI(C™ C") canbe complementedsfollows:

By Lemma6.4.7,thereis X € GTIC s.t. X*X = E*E. By [CG97,Lemma
2.2] (and Theorem3.1.3(a)&(c)), we can complementthe isometric N :=
EX~! € Tl toaunitary [N F] € GTI, hence[E F|] = [N F] [¥?] € GTI.

U

Lemma 4.1.10(No e-dim. Corona Theorem) Let U be infinite-dimensional
anddimY > dimU. ThenthereisD € TIC(U,Y) s.t.D*D > 1 onC™, but VD # |
forall V e TIC.

ConsequentlyD cannotbe complementedo an invertible elementof TIC
(becausehe proof of implication “(vii) =(i)” of Theorem4.1.6 appliesto this
casetoo). Cf. alsoPropositiord.1.7.

Proof: A counterexampleis constructedn [Treil89], below its Theorem
1, assumingJ andY to be separabldwe may needto multiply the counter
example by a positive constant). In the generalcase,write U asU; x U,



andY asU X Yz (moduloan isometricisomorphism)whereU; is separable
(this is possiblebecausedimY > dimU, by LemmaZ2.2.1(c3)). Let F be as
in the counterexample,and setD := [§ ?]. ThenD*D > 1 on C*, but if
VD =1 = [} 9] € B(U1 xUy), thenV11F = |, hencethenV ¢ TIC. O

Notes

Severalsufficientconditionsfor theinvertibility of ameasurevith valuesin a
Banachalgebraaregivenin [Gri]. Much of Theorem4.1.1(f) is basedon those
results. The article [Gri] also provides further resultsand treatsvery general
measures.

The monograph[Vid] is an excellent classicalreferencefor the connection
betweerdynamicstabilization coprimefactorizatiorandthe CoronaTheorem It
containsthe principal ideasof Lemmas4.1.4and4.1.5and Theorem4.1.6and
applicationdor severalclasses.

ThecomplementationesultTheorem4.1.6(c)for TIC is dueto V.A. Tolokon-
nikov [Tolokonnikov]; seepp. 288—298of [Nikolsky] for a presentationn En-
glish, furtherresults,norm estimatesandhistoricalremarks.Theseresults,being
morerecentthanthoseof [Vid], do notseemto bewidely known.

The original CoronaTheoremis dueto L. Carleson[Carleson]. A matrix-
valuedCoronaTheorem(B(C",C"™) only) wasgivenin [Fuhrmann68].An ex-
tensionof the matrix-valuedCoronaTheoremwith anarbitraryD € TIC(C",C™)
in placeof 14 in (4.7)is givenin [Anderson].



