
Chapter 3

Transfer Functions
(
�
TI � L∞

strong,
�
TIC � H∞)

Thoughearthandmanwere gone,
Andsunsanduniversesceasedto be,
AndThouwere left alone,
Everyexistencewouldexist in Thee.

— Emily Brontë(1818–1848)

In this chapter, we shallstudythetransferfunctionsof TI andTIC maps,i.e.,
thefunctions

��
for whichy � � u correspondsto

�
y � �� �u, when

���
TI � U 	 Y 
 , u is

aninput signalandy is thecorrespondingoutputsignal.
For

���
TIC, this wasgiven in Theorem2.1.2(with

�
y � �� �u on C � , i.e., in

H2 � C � ;Y 
 ); for general
�
�

TI, we only know that
�
y � �� �

u a.e.C � , i.e., that�
y � �� �u in L2 � iR;Y 
 ; this mapping

���� ��
will beestablishedin Theorem3.1.3.

Thus, �TIC � H∞ and
�
TI � L∞

strong. In Theorem3.1.6, we shall show that�
TIa � TIb � H∞ ��� a � Re ��� b � ; ��� U 	 Y 
�
 . Wealsoprovidesomefurtherresultson
thesethreeformsof transferfunctionsandweaker formsof thethemfor arbitrary
BanachspacesU andY andLp in placeof L2 (and“TI p” in placeof TI). These
canbeconsideredasextensionsof socalledFourier multiplier theory.

In Section3.3,weestablishseveralresultsontheboundaryfunctionsandpoles
of holomorphicfunctions.

By H, U andY we denotearbitraryHilbert spacesunlesssomethingelseis
indicated.
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3.1 Transfer functions of TI (
�
TI � L∞

strong)

transfer, n.:
A promotionyoureceiveon theconditionthat youleavetown.

To be able to prove that “
�
TI � L∞

strong”, we first recall the definition of
L∞

strong� iR; ��� U 	 Y 
�
 :
Definition 3.1.1(L∞

strongL∞
strongL∞
strong) Let U, Y andW be Hilbert spaces,and let Q be a set

with a completepositivemeasure. A function F : Q
� ��� U 	 Y 
 is said to be

stronglymeasurable, if Fu0 is Bochnermeasurablefor each u0
�

U.
We defineL∞

strong� Q; ��� U 	 Y 
�
 to be the spaceof (equivalenceclassesof)
stronglymeasurablefunctionsQ

� ��� U 	 Y 
 with norm�
F
�
L∞

strong
: � sup 

u
 "!

1

�
Fu
�
L∞ � ∞ # (3.1)

Wedefinethemultiplicationin L∞
strongby theformula $ F %"$G% : �&$ FG% for any

F
�

L∞
strong� Q; ��� U 	 Y 
�
 , G

�
L∞

strong� Q; ��� Y	 W 
�
 .
Moreover, $G% � L∞

strong� Q; ��� Y	 U 
�
 is theadjointof $ F % � L∞
strong (i.e. $ F %(')�$G% ) if * Fu 	 y+,�-* u 	 Gy+ a.e. for all u

�
U andy

�
Y.

All this is well-defined,by SectionF.1. Naturally, functionsF 	 G �
L∞

strongare
equivalent(G

� $ F % ) if f
�
F . G

�
L∞

strong
� 0, i.e., if f Fu � Gua.e.for all u

�
U . (By$ F % wedenotetheequivalenceclassof F.)

As above,wewrite F
�

L∞
stronginsteadof $ F % � L∞

strongwhenthereis nodanger
of confusion.SeeExample3.1.4for adjointsandSectionF.1 for furthertheoryon
L∞

strongandstrongly(andweakly)measurableoperator-valuedfunctions.
Recall that we treat the imaginaryaxis iR as R for measure-theoreticand

differentiability aspectsetc.; in particular, m� iE 
 : � m� E 
 for any measurable
E / R, wherem is the one-dimensionalLebesguemeasure,and f

�10 k � iR;B

if f g

�20 k � R;B
 , whereg ���3
 : � f � i �4
 . Thesameappliesto theappliesto any other
verticalaxisω 5 iR, whereω

�
R. Werecallthefollowing from SectionF.1:

Lemma 3.1.2 The spaceL∞
strong� Ω; ��� U 	 Y 
�
 is a Banach spaceand the space

L∞
strong� Ω; ��� U 
�
 is a Banach algebra for anymeasurableΩ / R. 6

(This followseasilyfrom LemmaF.1.3(b)andTheoremF.1.9(s1).)
Now weareableto statethatL∞

strong � �
TI:

Theorem 3.1.3(
�
TI � L∞

strong

�
TI � L∞

strong

�
TI � L∞

strong) For any Hilbert spacesU and Y, the following
hold:

(a1)
�
TI � L∞

strong:
�
TI � L∞

strong:
�
TI � L∞

strong: For each
�7�

TI � U 	 Y 
 there is a unique function
��7�

L∞
strong� iR; ��� U 	 Y 
�
 called the Fourier transform (or symbol) of

�
, s.t.�� �

f �98� f on iR for all f
�

L2 � R;U 
 . (We also call the mapping
�:�� ��

theFourier transform.)

The Fourier transform is an isometric isomorphismof TI � U 	 Y 
 onto
L∞

strong� iR; ��� U 	 Y 
�
 , and it commuteswith adjoints and compositions;in
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particular, this mappingis an isometricB' -algebra isomorphismof TI � U 

ontoL∞

strong� iR; ��� U 
;
 .
(a2) Each

��-�
L∞

strong� iR; ��� U 	 Y 
�
 hasa representativeF : iR
� ��� U 	 Y 
 s.t.�

F � ir 
 �=<>� �� � L∞
strong

: � supu ? U � Fu
�
L∞ for all r

�
R.

(b) If @ � TIC � U 	 Y 
 , thentheboundaryfunction(seeTheorem3.3.1(c1))of its
Laplacetransformcoincideswith its Fourier transform;weidentifythetwo.

(c) If dimU � ∞, thenL∞
strong� iR; ��� U 	 Y 
�
A� L∞ � iR; ��� U 	 Y 
�
 .

(d) Let $ F %B� ��C�
L∞

strong� iR; ��� U 	 Y 
�
 . Assumethat either F is piecewise
continuousor U is separable. Then

� $ F % � L∞
strong

� esssup
�
F
�EDGF

U HY I and$ F ' %J�K$ F % ' . Moreover,
� ' �ML 0 iff F ' F L

0 a.e.

Furthermore,
���ON

TI iff F � ir 
 �ON � for a.e. r
�

R and $ F P 1 % � L∞
strong. If F

is piecewisecontinuous,thena thirdequivalentconditionis thatF � ir 
 �QN �
for a.e. r

�
R andF P 1 is essentiallybounded;anda fourth thatF � ir 
 �RN �

for all r
�

R andF P 1 is bounded.

(e1)Let
���

TI � U 
 . Then
�ML

0 iff * �� u 	 u+ L 0 a.e. for all u
�

U (iff
���L

0 a.e.,
providedthateither

��
is piecewisecontinuousor U is separable).

(e2) Let
�

k
�

TI � U 	TSU
 (k � 1 	 2 	 3 	 4). Then
� '1 � 2

L
� '3 � 4 iff * �� 1u 	 �� 2u+ L* �� 3u 	 �� 4u+ a.e. for all u
�

U (iff
�� '1 �� 2

L �� '3 �� 4 a.e., providedthat either
��

k

is piecewisecontinuousfor k � 1 	 2 	 3 	 4, or U is separable).

Of course,we have �TIω � U 	 Y 
V� L∞
strong� ω 5 iR; ��� U 	 Y 
�
 in a similar way

(becauseL2
ω � eω W L2 andhence8L2

ω � τ ��. ω 
X� 8L2 
 ); seealsoRemark2.1.6.
All above resultsalsohold for ∂D mutatismutandis,by Theorem13.2.3.See

Theorem3.2.4 for a result weaker than (a1) in the caseof separableBanach
spacesU and Y. Note also that

0
b � iR; ��� U 	 Y 
;
 is a closed subspaceof

L∞
strong� iR; ��� U 	 Y 
�
 .

Given
���

TI � U 	 Y 
 andu0
�

U , wehave
��

u0 � �φ P 1Y Z � φu0 a.e.on iR, where,
e.g.,φ � t 
[� eP t2 \ 2 (seeLemmaD.1.25),becausetheFourier transformis one-to-
oneon L2. Thefollowing proof of (a1)is basedon this.

Proof of Theorem 3.1.3: (a1) Let
��]�

L∞
strong� iR; ��� U 	 Y 
�
 . By

Theorem F.1.7(b) and The Plancherel Theorem, L∞
strong� iR; ��� U 	 Y 
�
R/��� L2 � R;U 
^	 L2 � R;Y 
�
 , isometrically, through f

��_�
f : � Y Z P 1

�� �
f . Moreover,�

τt f � Y Z P 1
��

et W �f Y Z P 1et W �� �f � τt � f for all f
�

L2. Thus,Y Z P 1L∞
strong / TI � U 	 Y 
 ,

isometrically.
Therefore,weonly have to show theconverse.Thus,below weassumethat���
TI � U 	 Y 
 , find a candidate

��
andthenshow that Y Z � f � �� �f for all f

�
L2.

(WenotethattheproofdoesrequirethatU andY areHilbert spaces,because
wewantall L2 � R;Y 
 functionsto haveaFourier(–Plancherel)transformandwe
wantto beableto extend ��� U0 	 Y 
 operatorsto ��� U 	 Y 
 operatorswheneverU0

is asubspaceof Y.)
1̀ Defineφ � t 
 : � eP t2 \ 2. Then

�
φ � ir 
a�cb 2πeP r2 \ 2 d 0 for r

�
R, by Lemma

D.1.25;in particular
�
φ � ir 
eP 1 is everywheredefinedandcontinuous.
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2̀ By L weshalldenotetheoperatordefinedin LemmaB.5.3.
3̀ SetAt : �
� u ff it � Leb� LY Z � φu
e�g/ U . Then,for a fixedu

�
U , we have

u
�

At for a.e.t. By (B.56),At is asubspaceof U .
If u

�
U and Λ

�
Y ' , then g

��
Λ
�

gu is in TI � C 
 and of norm
<� � �[�

Λ
�G�

u
�
, hence,by the correspondingscalarresult [BL, Theorem6.1.2,

p. 132], thereis TΛ H u � L∞ � iR 
 s.t.
�
TΛ H u �V<>� � �G� Λ �[� u � and

TΛ H u �g � Y Z Λ
�

gu � ΛY Z � gu for g
�

L2 � R 
^# (3.2)

If follows thatfor all Λ
�

Y ' s.t.
�
Λ
�V<

1 wehaveh
Λ
�
φ � ir 
 P 1L � Y Z � φu
X� ir 
 hi<>h �φ � ir 
 P 1LTΛ H u � ir 
 �φ � ir 
 hj<&� � �k� u � 	 (3.3)

hence � �
φ � ir 
 P 1 � LY Z � φu
X� ir 
 � Y <
� � �k� u � # (3.4)

Let F � it 
 � ��� U 	 Y 
 bealinearextensionof At l u
�� �

φ � it 
eP 1 � LY Z � φu
X� it 
 �
Y (thatmappingis linear, by (B.56))satisfying

�
F � it 
 �m<&� � � (by (3.4),this is

possible,e.g.,extendto theclosureof At by continuity, andextendby zeroon
Ant ).

Becausefor u
�

U we have F � it 
 u � �φ � it 
eP 1 � LY Z � φu
o� it 
 for t
�

At , hence
for a.e. t

�
R, the function F is in L∞

strong� iR; ��� U 	 Y 
�
 , in particular, F
�

��� L2 � iR;U 
^	 L2 � iR;Y 
;
 , by TheoremF.1.7(b).
For

�
f
�

L2 � iR 
 andu
�

U wehave

ΛF � it 
 �f � it 
 u � �
f � it 
 �φ � it 
 P 1 � LY Z � φu
X� it 
)� �

f � it 
 TΛ H u � it 
p� Λ � Y Z � f u
X� it 
 a# e#
(3.5)

for all Λ
�

Y ' (thefirst inequalityfollowsfrom thedefinitionof F � it 
 andfrom
thefactthatu

�
At for a.e.t, thesecondandthird inequalityfollow from (3.2)).

BecauseF f and Y Z � f u areL2 � iR;Y 
 functions,hencemeasurable,it follows
from (3.5)that � F f 
X� it 
 u �K� Y Z � f u
X� it 
 for (a.e.)t

�
R, by LemmaB.2.6.

We canextendF f u � T f u to Fg � Tg for arbitrarysimplefunctionsg by
linearity, then for arbitrary g

�
L2 � iR;U 
 , by density(TheoremB.3.11) and

continuity.
The secondparagraphof (a1) is easyto prove, e.g.,by an applicationto

functionsof theform χEuandχEy, oneeasilynotesthat 8� ' � �� ' for anarbitrary���
L∞

strong(in particular, L∞
strong is aB' -algebra).

(a2)TherepresentativeF constructedin theproofof (a1)obviouslysatisfies
theconditionsof (a2).

(b) This will beprovedin Theorem3.3.1(c1).
(c) SeeLemmaF.1.3(d).
(d) The claim on

� ' �qL 0 follows from (e1) and the claim $ F ' %A�r$ F % ' ,
because

�� ' �� �>$ F 'E%"$ F %s�>$ F ' F % .
The rest follows from LemmaF.1.3(f1)&(f2). In the proof of the

N
TI-

equivalence,we alsoneedthe fact
�c�MN

TI t $ F % �MN L∞
strong, from (a1) (the

extra conditionimposedon “G” in (f2) follows from (a2)above).
For thelastremarkwenotethatif F is piecewisecontinuousandF P 1 exists

a.e.andF P 1 is bounded,thenF P 1 exists everywhere,by LemmaA.3.3(A3),
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and $ F P 1 % � L∞
strong.

(Insteadof piecewise continuity, it suffices to assumethat iR is divided
into an at most countablenumberof intervals of positive measure,andF is
continuouson eachof them.)

(e)For clarity, weonly prove(e1)(whichis aspecialcaseof (e2));thesame
proof of appliesfor (e2)with slight changes.

1̀ If * �� u 	 u+ U L
0 a.e.for all u

�
U , then * �� f 	 f + L2

F
iR;U I L 0 for all simple

functions f
�

L2, hencefor all f
�

L2.
Conversely, if u

�
U and * �� uχE 	 uχE + L2

F
iR;U I L 0 for all finite-measurable

setsE, then * �� u 	 u+ L 0 a.e.
2̀ If

��
is piecewise continuous,then the

��
L
0 claim is obvious. If U

is separableand * �� u 	 u+ L 0 a.e.for all u
�

U , then thereis a null setN s.t.* �� u 	 u+ L 0 on Nc for all u in a countable,densesubsetof U , hencefor all
u
�

U . Theconverseis trivial. 6
In the caseof unseparableY (anddiscontinuousL∞

strong functions),thereare
somepeculiarities,e.g.,even the element0

�
L∞

strong may have a representative
F : R

� ��� U 	 Y 
 with esssup
�
F
� D[F

U HY I � ∞ andF ' nonmeasurable:

Example 3.1.4 [
� $ F % � L∞

strong
� 0 &

�
F
�
L∞ � ∞

� $ F % � L∞
strong

� 0 &
�
F
�
L∞ � ∞

� $ F % � L∞
strong

� 0 &
�
F
�
L∞ � ∞] Let � er � r ? R bethenaturalbaseof

U : �vu 2 � R 
 , andlet d0
�

Y bes.t.
�
d0
� � 1; hereY canbeany unseparableHilbert

space.
For all f : R

�
R, we defineFf : iR

� ��� U 
 by Ff � ir 
 u : � f � r 
 urd0 (where
u �&� ur 
 r ? R), sothat

�
Ff � ir 
 � D[F U HY I � h f � r 
 h for all r

�
R. Consequently, Ff u � 0

a.e.for all u
�

U , becauseur � 0 for a.e.r; in particular, $ Ff %w�C$ 0% � L∞
strong, i.e.,� $ Ff % � L∞

strong
� 0, eventhough

�
F
�
L∞ : � �k� F �EDGF U HY I � L∞

F
R I � � f

�
∞ maybeinfinite

(andF maybenonmeasurable).Moreover,* Ff � ir 
 u 	 y+,�x* f � r 
 urd0 	 y+y�-* f � r 
 ur 	 y0+y�x* u 	 f � r 
 y0er + for all u
�

U 	 y
�

Y	
(3.6)

wherey0 : ��* d0 	 y+y� : Λy, hence,F 'f � f � r 
 erΛ, in particular, Ff � ir 
 ' d0 � f � r 
 er

and
�
Ff � ir 
 ' �ED[F U HY I � h f � r 
 h � � Ff � ir 
 � (r

�
R). Thefollowing holds:

(a) If f � r 
[� r, thenFf � ir 
 ' d0 � rer , hence
�
F 'f d0

�
∞ � ∞. Consequently,

“
� $ F 'f % �Ez{zL∞

strong
: � sup

y0 ? Y esssup
r ? R

�
Ff � ir 
 ' y0

�
U � ∞ # (3.7)

(b) If g � r 
)| 1, then“
� $ F 'g % � L∞

strong
” � 1. However, even in this case,we have$ Ff %m}� L∞

strong, becauseF 'g is not even stronglymeasurable:obviously, the
function r

��
Fg � ir 
 ' d0 � er

�
U is not almost separably-valued, hence

neithermeasurable(nor is thefunctionFf of (a)or any otherFf exceptthose
with f � 0 a.e.). ~

Thus,in general,theadjointof a representative of some
��x�

L∞
strong neednot

be in the classof
�� ' , not even in the classof any L∞

strong function, even if this
representativewerebounded(see(b) above).
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However, thereis a unique
��1�

L∞
strong s.t. * u 	 E ' y+a��* Eu 	 y+a��* u 	 Fy+ a.e.for

all u 	 y wheneverE andF arerepresentativesof
��

and
��

, respectively, by Theorem
3.1.3(a1).Notethat, if Fu is stronglymeasurable,thenF ' is weaklymeasurable
in thesensethat * F ' y	 u+ is measurablefor all u

�
U andy

�
Y.

SometimesTI operators(and WPLSs)are studiedover Banachspacesand
generalLp (see,e.g., [Sbook] and several articlesof G. Weiss). Many of our
resultsgeneralizeto thatsettingwith easebut somedonotatall. Theemphasisof
thisbookis in L2 signalsoverHilbert spaces,becausethisallowsoneto formulate
the standardcontrol problems.However, we give herecertainresultsin a wider
settingfor futurereference.

Theorem 3.1.5(TI p
ωTIp
ωTIp
ω) Let X andY be Banach spaces,p 	 q � $ 1 	 ∞ % and ω

�
R.

Define

TIp H q
ω � X 	 Y 
 : �q� �M� ��� Lp

ω � R;X 
�	 Lq
ω � R;Y 
�
 ff � τ � t 
)� τ � t 
 � for all t

�
R ��	
(3.8)

TI p
ω : � TI p H p

ω and TI : � TI2 H 2
ω . ThenTIp H q

ω is a closedsubspaceof ��� Lp
ω 	 Lq

ω 
 .
Moreover,

� �
f
�
Wn � q

ω

<�� � �
TI p � q � f

�
Wn � p

ω
and

�
∂n f � ∂n � f for all f

�
Wn H p

ω � R;U 
 ,���
TIp H q

ω .
Finally,

� $ ��� R;X 
�%�/ W∞ H q
ω / 0 ∞ � R;Y 
 for all

���
TIp H q � X 	 Y 
 , and� $ 0 0 � R;X 
�%B/ 0 b � R;Y 
 (even

� $ 0 0 � R;X 
�%G/ 0 0 � R;Y 
 if Y is a Hilbert space)
for all

���
TI∞ � X 	 Y 
 .

(We have set W∞ H p
ω : � � k ? NWk H p

ω . Note also that the definition of TI∞ in
[Sbook]differsfrom thatof ours:it requirestheL∞ functionsto vanishat infinity.)

The TIp operatorscorrespondto Fourier multipliers (seeSection3.2; note
that the multiplier doesnot determinethe operatoruniquely in casep � ∞).
Analogously, TIp H∞ � U 	 Y 
a�:��� Lp � R;B
^	 B2 
eS , in particular, TIp H∞ � C 
�� Lp� � R 
ES ,
wherep P 1 5 p

z P 1 � 1, for p � ∞. but sincethecaseq }� p is only rarelytreated,
we shallnot considerit further(andweomit theproofs).

Proof: 1̀ Obviously, TIp H q
ω is a closedsubspaceof ��� Lp

ω 	 Lq
ω 
 . By Lemma

B.7.8,a function f
�

Lp
ω � R;X 
 is in W1 H p

ω if f � τ � h
 f . f 
;� h convergesin Lp
ω as

h
�

0. Thus,for f
�

W1 H p
ω we have(here

X
lim meansa limit in thespaceX)�

∂ f � � Lp
ω

lim
h� 0

� τ � h
 f . f 
�� h � Lq
ω

lim
h� 0

� � τ � h
 f . f 
�� h
� Lq

ω
lim
h� 0

� τ � h
 � f . � f 
�� h � ∂ � � f 
^	
hence∂ � � f 
 existsandis equalto

�
∂ f . Thus,

� $W1 H p
ω %�/ W1 H q

ω .
By induction,

�
∂n / ∂n � and

�
Wn H p

ω / Wn H q
ω for any n

�
N. Consequently,� �

f
�
Wn � q

ω

<&� � �
TI p � q � f

�
Wn � p

ω
2̀
� $ ��� R;X 
�%[/ 0 ∞ � R;Y 
 : Let

�-�
TIp � X 	 Y 
 . Obviously, �M/ W∞ H p. By

1̀ ,
� $ ��� R;X 
�%p/ W∞ H q. By CorollaryB.7.7,wehaveW∞ H q / 0 ∞.
3̀
� $ 0 0 � R;X 
�%�/ 0 b � R;Y 
 : Let

�x�
TI∞ � X 	 Y 
 . Then

� $ ��� R;X 
�%B/ 0 ∞ �
L∞ / 0 b � R;Y 
 , hence

� $ 0 0 � R;X 
�%)/ 0 b � R;Y 
 , by continuity (by Theorem
B.3.11(c),

0
0 is theclosureof � in L∞).
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4̀
� $ 0 0 � R;X 
�%�/ 0

0 � R;Y 
 : Assume that Y is a Hilbert space. Set
Tφ : ��� � Rφ 
X� 0
 for all φ

�:0
0 � R;X 
 . One easily verifies that T

�
M : ���� 0 0 � R;X 
^	 Y 
 and

� � T S , where � T S φ 
X� t 
 : � Tτ P t Rφ (t
�

R 	 φ
��0

0 � R;X 
 ).
By LemmaD.1.14(d),we have T S φ

��0
0 for all φ

��0
0, hence

� $ 0 0 � R;X 
�%�/0
0 � R;Y 
 .

Remark— This is not true for general Y: Let X be any Banachspace
(e.g., X � C). Let Y : ��u ∞ � N;L∞ 
 , where L∞ : � L∞ � R;X 
 . One easily
verifies that

���
TI∞ � X 	 Y 
 , where � � f 
 n : � τ P n f ( f

�
L∞). Obviously,

f }� 0 �A� �
f }��0 0 � R;L∞ 
 . (Notealsothatπ P � π � � 0.) 6

If
�7�

TIa � TIb � U 	 Y 
 , a � b, then
��r�

L∞
strong� r 5 iR; ��� U 	 Y 
;
 for all

r
� � a 	 b
 . Actually,

��
can be redefinedso that it becomesholomorphicon

Ca H b : �&� a 	 b
w5 iR �q� s � C ff a � Res � b � :
Theorem 3.1.6(

�
TIa � TIb � H∞ ��� a � Re �k� b ��	���
�
TIa � TIb � H∞ ��� a � Re �i� b ��	���
�
TIa � TIb � H∞ ��� a � Re �k� b ��	���
 ) Let U and Y be Hilbert

spacesand . ∞ � a
<

b � ∞.

(a) Let
���

TIa � U 	 Y 
 � TIb � U 	 Y 
 . Then there is a unique
�� �

H∞ � Ca H b; ��� U 	 Y 
;
 , s.t. Y Z � u � �� �u onCa H b 	 (3.9)

for all u
�

L2
a � R;U 
 � L2

b � R;U 
 . Moreover,
� �� �

H∞
F
Ca � b;

D[F
U HY I�I �

max� � � � TI a 	 � � � TI b � , �� has “strong” nontangential boundaryfunctions
(again denotedby

��
) on a 5 iR and b 5 iR, and Y Z � u � �� �u a.e. in r 5 iR

for each r
� $ a 	 b% andu

�
L2

r � R;U 
 .
(b) Conversely, if

����
H∞ � Ca H b; ��� U 	 Y 
�
 , thenthereis aunique

�O�
TIa � U 	 Y 
 �

TIb � U 	 Y 
 s.t.
�� h

r � iR is its transformfor some(henceall) r
� � a 	 b
 . If this is

thecase, then
�

and
��

areasin (a).

The above boundaryfunctions exist in the sensethat
��

u0
�

H∞ has the
boundaryfunction

��
u0 ona 5 iR in thesenseof (1.) and(2.) of Theorem3.3.1(a),

for eachu0
�

U . It follows that
�� �

u
�

H2 � Ca H b;Y 
 has the boundaryfunction�� �
u
�

L2 on a 5 iR in the senseof (1.), (2.) and(4.)–(6.) of Theorem3.3.1(a),
for eachu

�
L2

a � L2
b � R;U 
 , by PropositionD.1.21(a). The “mirror images”of

thesetwo claimsholdat b 5 iR.
Note also that both sidesof (3.9) are holomorphicon Ca H b, by Proposition

D.1.21(a).By thelastclaim in (a),
�� h

r � iR is theFouriertransformof
�:�

TIr for
all r

� $ a 	 b% ; this justifiesour notation(andthatof Theorem2.1.2).
Proof: (The proofs of Theorems3.1.6 and 3.1.7 useimplicitly Theorem

3.3.1(a);naturally, theconverseis not true. Part of (a) couldalsobeobtained
from Theorem3.1.7asacorollary, but wepreferto thesimplerproof below.)

(a) 1̀ We have
��c�

H � Ca H b; ��� U 	 Y 
�
 : Let φ be asin LemmaD.1.25. We
define the function

��
u0 : � �φ P 1Y Z � φu0

�
H � Ca H b;Y 
 for eachu0

�
U (sinceY Z � φu0

�
H � Ca H b;Y 
 , by PropositionD.1.21(a),we have

�� � s
 u0
�

H � Ca H b;Y 
 ).
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For any fixeds
�

Ca H b, theoperator
�� � s
 : U

�
Y is obviously linear;by the

norm inequalityin LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmaD.1.1(b),it follows that

����
H � Ca H b; ��� U 	 Y 
;
 .

2̀
� �� �

∞
<

M: Let F � r 5 i �3
 be a representative of the Fourier transform
(seeTheorem3.1.3(a))of

�
, for eachr

� $ a 	 b% , sothat

max
r ?J� a H b� � F � L∞

strong

F
r � iR;

DGF
U HY I�I � max� � � � TI a 	 � � � TI b ��� : M (3.10)

by (2.11). Then,given r
� � a 	 b
 , we have F

�
φu0 � �� �φu0 a.e.on r 5 iR, hence

Fu0 � �� u0 a.e.on r 5 iR, i.e.,F � �� asanelementof L∞
strong� r 5 iR; ��� U 	 Y 
�
 ;

in particular, sup
� �� � r 5 iR 
 � DGF U HY I � � � �

TI r

<
M (since

��
is continuousin

Ca H b, by 1̀ ). Becauser wasarbitrary, wehave
� �� � D[F

U HY I < M on Ca H b.

3̀ Identity (3.9) holds: Set
��

: � F on a 5 iR and on b 5 iR, so thatY Z � u � �� �u a.e.in r 5 iR for eachr
� $ a 	 b% andu

�
L2

r � R;U 
 (recall from 2̀
that

�� � F on r 5 iR aselementsof L∞
strong). If u

�
L2

a � R;U 
 � L2
b � R;U 
 , then

both sidesof (3.9) areholomorphic,by PropositionD.1.21(a),hencethenthe
equalityholdson thewholeCa H b.

4̀ Boundaryfunctions: By PropositionD.1.21(c),the function
�� �

u is the
nontangentialboundaryfunctionof itself ata 5 iR andatb 5 iR, in thesenseof
(1.), (2.) and(4.)–(6.)of Theorem3.3.1(a1).Setu � φu0 for anarbitraryu0

�
U

anddivide by
�
φ P 1 to obtainthat

��
u0 is thenontangentialboundaryfunctionof

itself ata 5 iR andatb 5 iR, in thesenseof (2.) (and(1.)) of Theorem3.3.1(a1).
(b) Thefunction

�� h
r � iR definesaunique

�
r
�

TIr � U 	 Y 
 , and� �
r
�
TIr
<>� �� �

H∞
F
Ca � b;

DGF
U HY I�I � : M 	 (3.11)

for eachr
� � a 	 b
 , by Theorem3.1.3.

Let u
�c�

: � L2
a � R;U 
 � L2

b � R;U 
 and r
� � a 	 b
 be arbitrary. Then��

r
�
u � �� �u a.e.on r 5 iR. But

�� �
u
�

H2 � Ca H b;Y 
 , hence
�� �

u � �
f for someunique

f
�

L2
a � L2

b, by PropositionD.1.21(c). By uniqueness,
�

r u � f a.e.,hence
(3.9) holdswith

�
r in placeof

�
. Becauser

� � a 	 b
 wasarbitrary, we have�
r u � � r � u a.e.for any r 	 r z � � a 	 b
 . Becauseu

�O�
wasarbitrary, it follows

from Lemma2.1.10(c)that
�

r � � r � � TIr � TIr � , for any r 	 r z � � a 	 b
 .
Fix somer

� � a 	 b
 andset
�

: � � r . By theabove,(3.9)holdsfor all u
���

,
and

���
TIr � � U 	 Y 
 and

� � �
TI r � < M for all r

z � � a 	 b
 . By Lemma2.1.10(g),it

follows that
�x�

TIa � TIb. Thus,
�

and
��

areasin (a), so thatwe obtainthe
restof (b) from (a) (if

��
is theFouriertransformof  �¡� TIr for somer

� � a 	 b
 ,
then  � � � , by uniqueness). 6
Weobserve thatwehaveachievedanalternativeproof of Theorem2.1.2:it is

a corollary of Theorem3.1.6 andLemma2.1.11. A similar weaker claim (the
transformbeing a contractive linear isometry into; also this claim is given in
[W91a]) is truealsowhenU andY aregeneralBanachspacesandL2 is replaced
by Lp, 1

<
p � ∞, asoneobtainsfrom the following (weaker) generalizationof

theabove theorem:
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Theorem 3.1.7(
�

TIa � TIb / H∞ ��� a � Re �k� b ��	���
�
TIa � TIb / H∞ ��� a � Re �i� b ��	���
�
TIa � TIb / H∞ ��� a � Re �k� b ��	���
 ) Assume, for this theorem,

that X and Y are Banach spaces,1
<

p � ∞, and . ∞ � a
<

b � ∞. Let�M�
TIp

a � X 	 Y 
 � TIp
b � X 	 Y 
 . Thenthere is a unique

��M�
H∞ � C F a H bI ; ��� X 	 Y 
�
 s.t.

8� u � �� �u on Ca H b (3.12)

for all simple u
�

L2 � R;X 
 . Moreover, (3.12) holds for all u
�

Lp
a � R;X 
 �

Lp
b � R;X 
 . Finally,

� �� �
H∞
F
Ca � b;

D[F
U HY I�I < max� � � � TI a 	 � � � TI b � .

Theconverseis not true; indeed,for Y : �xu ∞ � N 
 , thereis
��:�

H∞ � C � ; ��� Y 
�

(continuousto the boundary)s.t.

�� �
u }� Y Z $ L2 � R;Y 
�% for someu

�
L2 � R;Y 
 , by

Example3.3.4.Moreover,
� �� �

H∞
F
Ca � b;

D[F
U HY I�I canbearbitrarilysmallcomparedto

max� � � � TI a 	 � � � TI b � , by thethird remarkof Example3.3.4.

Recall from Proposition D.1.21(a) that
�
u 	�8� u

�
H � Ca H b; SU
 for all u

�
Lp

a � R;X 
 � Lp
b � R;X 
 . Notealsothat if u

�
L2 � R;X 
 is simple,thenu

�
Lq

r � R;X 

for all q

� $ 1 	 ∞ % , r
�

R.
We observe from Definition E.1.3 andPropositionE.1.8 that Remark2.1.9

alsoappliesin this generalcase,in particular, TIp
a � TI p

b is well defined.
If Y is separable,thenonecanobtainan analogoustheoremin casep � ∞

for u
�10

0 H a � R;X 
 � 0 0 H b � R;X 
 by slightly modifying the proof below and that
of Theorem3.2.4. However, suchfunctionsare not densein L∞

a � L∞
b and the

counter-exampleof Section3 of [W91a] shows thatevenTheorem2.1.2(which
is a corollaryTheorem3.1.7,asexplainedbeforethetheorem)is falsefor p � ∞
(alsowhenY � C � U ), hencesois Theorem3.1.7.

Proof of Theorem 3.1.7: Part I —Preparations:
I # 1̀ Defining

��
�
H � Ca H b; ��� X 	 Y 
;
 : This goesas in the proof of Theo-

rem 3.1.6: Let φ be as in LemmaD.1.25. We define the function
��

u0 : ��
φ P 1Y Z � φu0

�
H � Ca H b;Y 
 for eachu0

�
X (sinceY Z � φu0

�
H � Ca H b;Y 
 , by Propo-

sitionD.1.21(a),wehave
�� � s
 u0

�
H � Ca H b;Y 
 ).

For any fixeds
�

Ca H b, theoperator
�� � s
 : X

�
Y is obviously linear;by the

norm inequalityin LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmaD.1.1(b),it follows that

����
H � Ca H b; ��� X 	 Y 
�
 .

I # 2̀ DefiningM: By PropositionE.1.8,wehave

M : � sup
r ?J� a H b� � � � TI p

r
� max� � � � TI p

a
	 � � � TI p

b
��# (3.13)

Part II — SeparableX andY:
I I # 1̀ � �� �

∞
<

M, and (3.14) holds with
��

in place of F: ChooseS as
in Theorem3.2.4. By Theorem3.2.4, for each r

� $ a 	 b% we can choose
F � r 5¡�3
 : iR

� ��� X 	 S' 
 s.t.
�
F � r 5 it 
 � D[F X HS¢£I < M for all t

�
R and� F �u
 Λ � Y Z Λ

�
u a# e# on r 5 iR for all Λ

�
Sandall finite-dimensional

u
�

L2
r � R;X 
 � Lp

r � R;X 
^# (3.14)

Thisdefinesa functionF : Ca H b � ��� X 	 S' 
 .
By I # 1̀ , wehave

�� �
φu0 � Y Z � φu0

�
H � Ca H b;Y 
 for all u0

�
X. By Proposition

D.1.21(a), we have
�

φu0
�

L1
r � R;Y 
 for all r

� � a 	 b
 , hence Y Z Λ
�

φu0 �
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ΛY Z � φu0, henceY Z Λ
�

φu0 � Λ
�� �

φu0, for eachu0
�

X. Combinethis with (3.14)
to observe that(for anarbitraryfixedr

� � a 	 b
 )� �� �φu0 
 Λ �>� Y Z � φu0 
 Λ �K� F �φu0 
 Λ a.e.on r 5 iR 	 (3.15)

hence � �� u0 
 Λ �¤� Fu0 
 Λ a.e. on r 5 iR, for all Λ
�

Sandu0
�

X, hence� �� u0 
 Λ �¥� Fu0 
 Λ a.e.on r 5 iR. Choosea null setNk for Λk for eachk
�

N
to observe that � �� u0 
 Λ �¦� Fu0 
 Λ on � r 5 iR 
,§ N, whereN : ��¨ k ? NNk, for all
Λ
� � Λk � , hencefor all Λ

�
S, by linearity.

Thus,F � r 5 it 
 u0 � �� � r 5 it 
 u0 aselementsof S, i.e., F � r 5 it 
 u0 � �� � r 5
it 
 u0

�
Y, for all t s.t. r 5 it }� N, henceFu0 � ��

u0 a.e.on r 5 iR. Since
r
� � a 	 b
 wasarbitrary, we concludethat (3.14) holdswith

��
in placeof F,

for all r
� � a 	 b
 . Wealsoconcludethat� �� � r 5 it 
 � D[F X HY I � � �� � r 5 it 
 � D[F X H S¢ I � � F � r 5 it 
 � D[F X H S¢ I < M (3.16)

for a.e.t
�

R, hence
� �� � r 5 it 
 �EDGF X HY I < M for all t

�
R, for eachr

� � a 	 b
 .
Thus,

� �� �
H∞
F
Ca � b;

D[F
X HY I�I < M.

I I # 2̀ (3.12) and the “moreover” claim hold: By Theorem3.2.4(b2),
condition(3.14)actuallyholdsfor all finite-dimensionalu

�
L1

r � Lp
r (sincethen

u
�

L2
r or p

<
2), whenr

� � a 	 b
 .
But Lp

a � Lp
b / L1

r � Lp
r , by PropositionD.1.21(a1),hence(3.14)holdsfor

all finite-dimensionalu
�

Lp
a � Lp

b. But Y Z Λ
�

u � ΛY Z � u, andSseparatespoints

(sinceit isnorming),henceY Z � u � �� �ua.e.onr 5 iR, for suchuandall r
� � a 	 b
 .

By continuity, wehave Y Z � u � �� �u everywhereon Ca H b for suchu
Given a generalu

�
Lp

a � Lp
b � R;X 
 , thereare finite-dimensional� un ��/0 ∞

c � R;X 
 s.t.un
�

u in Lp
a andin Lp

b, by TheoremB.3.11(b2).Then
�

un
�¤�

u
in Lp

a andin Lp
b. By PropositionD.1.21(a2),it follows that Y Z Λ

�
un
� Y Z Λ

�
u

and
�� �

un
� �� �

u pointwiseon Ca H b. Therefore,Y Z � u � �� �u.
Part III —thegeneral case:
I I I # 1̀ � �� �

∞
<

M: Let X0 beany closedseparablesubspaceof X. Choose
Y0 asin Lemma3.2.6,sothat

�
X0 HY0 : � � h Lp

F
R;X0 I � TIp � X0 	 Y0 
 .

By Part II,
�� �

u
�

H � Ca H b;Y 
 for all u
�

Lp
a � Lp

b � R;X0 
 . Take
�
u � φx0

for arbitrary x0
�

X0 to observe that
�� � s0 
 x0

�
Y0. Thus,

��
X0 : � �� h

X0

�
H∞ � Ca H b; ��� X0 	 Y0 
�
 .

We deduce from this and Part II that
� ��

x0
�
H∞
F
Ca � b;Y I < M for all

x0
�

X0. Since X0 was arbitrary, we have
��©�

H∞ � Ca H b; ��� X 	 Y 
�
 and� �� �
H∞
F
Ca � b;

D[F
X HY I�I < M.

I I I # 2̀ (3.12) and the “moreover” claim hold: Given u
�

Lp
a � Lp

b � R;X 
 ,
choosea closedseparablesubspaceX0 of X s.t. u � t 
 � X0 for a.e.t

�
R, so

that u
�

Lp � R;X0 
 (after redefinitionon a null set). ChooseY0 as in I I I # 1̀ ,
so that

��
X0 HY0

�
TIp � X0 	 Y0 
 . Now we observe from Part II that (3.12)andthe

“moreover” claim hold.
I I I # 3̀ Uniqueness:Assumethat also some

��c�
H∞ � Ca H b; ��� X 	 Y 
�
 is as

in the theorem(in placeof
��

). Then � �� . �� 
 �f u0 � 0 on Ca H b for all simple
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f
�

L2 � R 
 andall u0
�

U . Givens0
�

Ca H b, take f : � χ � 0 H r � (so that f
�

H � C 
 ,�
f � s
V�r� 1 . eP rs
�� s), wherer d 0 is s.t. r Res0 }� 2πN, so that

�
f � s0 
ª}� 0 to

observe that � �� . �� 
X� s0 
G� 0. 6
Notes
The

�
TI � L∞

strong result of Theorem3.1.3(a1)is well known in the caseof
separableHilbert spaces,see,e.g.,Theorem1 of [FS], which alsoprovidesan
analogousresult on unboundedclosedoperators. Lemma13.1.5provides the
discrete-timecounterpartof our result andAppendixF provides further results
on L∞

strong.

By Example3.3.4, not all L∞
strong functions (not even all «CTIC functions)

correspondto TI operatorswhenU andY areallowedto beBanachspaces.
We conjecturethat all TIp � U 	 Y 
 maps have L∞

strong� iR; ��� U 	 Y 
�
 transfer
functionsalsowhenU andY aregeneralBanachspacesand1

<
p � ∞. However,

wecannotprove this; seeSection3.2for weakeranalogies.
The claims on Wn H p

ω in Theorem3.1.5 are from [Sbook]. The specialcase�-�
TIC of Theorems3.1.6and3.1.7is essentiallycontainedin Theorem2.3 of

[W91a].
SeeAppendixF andthenoteson p. 1023for L∞

strong.



92 CHAPTER3. TRANSFERFUNCTIONS(TI L∞
strong, TIC H∞)

3.2
�
TI � L∞

strongfor Banachspaces(Fourier Multipli-
ers)

I had a feeling onceabout mathematics– that I saw it all. Depth
beyonddepthwasrevealedto me– theByssand theAbyss.I saw–
asonemightseethetransitof Venusor eventheLord Mayor’s Show
– a quantitypassingthroughinfinity andchangingits signfromplus
to minus.I sawexactlywhyit happenedandwhytergiversationwas
inevitable– but it wasafterdinnerandI let it go.

— WinstonChurchill, (1874–1965)

In this section,we study BanachspaceFourier multiplier theory; we shall
mainlygiveBanachandTIp equivalentsof Theorem3.1.3,1

<
p � ∞, with some

partial resultsandguidelinesfor thecasep � ∞, to which a completeextension
wouldbefalse.Someof theseresultswereusedin theproofof Theorem3.1.7.

Westartby recallingthescalarcasefrom [BL]:

Lemma 3.2.1(TI p � C 
¬/ TI2 � C 
TIp � C 
¬/ TI2 � C 
TIp � C 
­/ TI2 � C 
 ) Let
�-�

TIp
ω � C 
 , where p

� $ 1 	 ∞ 
 andω
�

R.
Then

� h¯®
∞
c

hasa uniqueextensionto TI2
ω � C 
 , andthis extensioncoincideswith

�
on Lp

ω � L2
ω.

In particular, there is a unique
��K�

L∞ � ω 5 iR 
 s.t. 8� u � �� �
u for all u

�
L2

ω � R 
 � Lp
ω � R 
 . In fact, wehave 8� u � �� �u for all u

�
L2

ω � R 
 ; if p
� $ 1 	 2% , then8� u � �� �u for all u

�
Lp

ω � R 
 too. Moreover,
� �� �

L∞
F
ω � iR I <>� � � TI p

ω
.

Theabovealso holdswith TI
®

0
ω in placeof TIp

ω and
0

0 H ω in placeof Lp
ω (for

p � ∞).

We concludethat TIp � Cn 	 Cm
�/ TI2 � Cn 	 Cm
 for all n 	 m �
N (apply the

lemmato eachcomponentof
�

). Naturally, thespaceTI
®

0
ω mentionedaboverefers

to

TI
®

0
ω � U 	 Y 
 : �
� �¡� ��� 0 0 Hω � R;U 
�	 0 0 Hω � R;Y 
;
 ff � τ � t 
)� τ � t 
 � for all t

�
R ��	

(3.17)
where

0
0 H ω � R 	 U 
 : � eω W 0

0 � R;U 
 (with norm
�
f
� ®

0 �ω : � � eP ω W f � ® 0 : � � eP ω W f � ∞
for all f

�x0
0 Hω). Since

0 ∞
c is densein

0
0 Hω (by TheoremB.3.11(c), since

eP ω W 0 ∞
c � 0 ∞

c ), this is in accordancewith standardFouriermultiplier theory(and
this allows a densityargumentunlike L∞

ω would do). We observe from Theorem
3.1.5that

� h ®
0 �ω � TI

®
0

ω � U 	 Y 
 for all
���

TI∞
ω � U 	 Y 
 .

As shown in Example3.2.3, we may have
�� � 0 (equivalently,

� h¯®
∞
c
� 0,

hence
� h ®

0
� 0) for

�M�
TI∞ §=� 0 � .

Proof of Lemma 3.2.1: (W.l.o.g.weassumethatω � 0.)
1̀ This follows easily from Theorem6.1.2of [BL] (andTheoremB.3.11

andLemmaA.3.10) if we requirethatu
� ��� R 
 . In particular, if u

�
Lp � L2,

thenthereare � un �ª/ 0 ∞
c � R 
 s.t. un

�
u in Lp

ω andin L2
ω, thus, then

�
2u °�

2un � � un
�±�

u, asn
�

∞, where
�

2 is the extensionof
� h ®

∞
c

to TI2 � C 
 .
Therefore

� � � 2 onLp � L2.



3.2. TI L∞
strongFORBANACH SPACES(FOURIERMULTIPLIERS) 93

2̀ Assumethat p
� $ 1 	 2% andthat u

�
Lp � R 
 . Choose� un �ª/ 0 ∞

c � R 
 s.t.
un
�

u in Lp � R 
 . Since
�

un
�²�

u in Lp � R 
 , we have �� un
� 8� u in Lq � iR 
 ,

wherep andq areasin TheoremE.1.7.But �� un � �� �un
� �� �

u a.e.on iR, hence8� u � �� �u a.e.on iR.
3̀ For generalp, we have

�C�
TI2, hence 8� u � �� �

u a.e. on iR for all
u
�

L2 � R 
 , by 2̀ .
4̀ Parts 1̀ and 3̀ apply to TI

®
0

0 too, sincefor any f
�10

0 � L2, thereis� fn �³/ 0 ∞
c s.t. fn

�
f in L2 andin

0
0 (multiply theconvolution from Lemma

2.18of [Adams]with suitableφ from LemmaB.3.10). 6
Corollary 3.2.2 Let

�:�
TIp

ω � X 	 Y 
 , where X andY are arbitrary Banach spaces
and 1

<
p � ∞. ThenΛ

�
f
�

L2
ω � R 
 � Lp

ω � R 
 for each Λ
�

Y ' and each finite-
dimensional f

�
L2

ω � R;X 
 � Lp
ω � R;X 
 (for f

�
L2

ω � R;X 
 � 0 0 Hω � R;X 
 we can
allow for p � ∞).

Proof: (We assumethat p � ∞; the casep � ∞ is analogous.)Let f
�

L2
ω � R;X0 
 � Lp

ω � R;X0 
 , whereX0 is a finite-dimensionalsubspaceof X.
If X0 � span� x0 � for somex0

�
X, thenΛ

�
P'x0

�
TIp

ω � C 
 , wherePx0α : � αx0� α � C 
 , hencethentheclaim follows from Lemma3.2.1.
For a generaln-dimensionalX0, we can apply the above to the n one-

dimensionalelementsof Λ
�

P'X0
, wherePX0 is anisomorphismX0

�
Cn. 6

In casep � ∞, theoperator
��

doesno longerdefine
�

uniquely:

Example 3.2.3 [0 }� ��� TIC∞ � C 
0 }� �¡� TIC∞ � C 
0 }� �M� TIC∞ � C 
 but
�� � 0
�� � 0
�� � 0] Let Λ

�
L∞ � R 
 ' bea“Banachlimit

at . ∞”. Define
���

TIC∞ � C 
 by � � f 
X� t 
 : � Λ f � t � R 
 , so that
� � �

TIC∞ � 1.
(Notethat

�
f is aconstantfunctionfor eachf

�
L∞ � R 
 .)

Then
�

f � 0 for all f
�20

0 andfor all f
�

Lp � L∞ � 1 < p � ∞ 
 ; in particular,�� | 0 in thesenseof Lemma3.2.1,and0 is theuniquecontinuousextensionof� h ´ to ��� Lp � R 
�
 (or equivalently, to TIp � C 
 ), for any p
� $ 1 	 ∞ 
 . ~

For
�M�

TIp, p � ∞ this cannothappensince
� h ´ determines

�
uniquely.

In theabove example,
�

f coincideswith theuniqueextension(namely0) of� h ´ to TI p � C 
 for all f
�

Lp � L∞, but wedo not know whetherthis is thecasein
general.At leastthesamecannothappenfor

���
TIp, p � ∞: whenp 	 q � $ 1 	 ∞ 
 ,�M�

TI p � X 	 Y 
 and f
�

Lp � Lq � R;X 
 , thereis � fn ��/ 0 ∞
c /O� s.t. fn

�
f in both

Lp andLq, by TheoremB.3.11,hencethentheuniqueextension(if any) of
� h ´ ,

to TIq necessarilycoincideswith
�

on Lp � Lq.
(Also whenextendingan elementof TIp

ω to TIp
α for someω 	 α � R, we may

havesimilarproblemsonly in thecasethatp � ∞, dueto samedensityarguments
asabove. SeealsoPropositionE.1.8.)

Proof of Example3.2.3: DefineΛn
�

L∞ � R 
 ' by Λn f : � n P 1 µ 0P n f dm, for
n
�

N 5 1, andsetΛ f : � limn� � ∞ Λn f for f
�

X, whereX / L∞ � R 
 is thesetof
those f

�
L∞ � R 
 for which the limit exists. UsetheHahn–Banachtheoremto

extendΛ to L∞ � R 
 ' with
�
Λ
� D[F

L∞ I � 1 (sinceΛ1 � 1). Obviously, τt f . f
�

X
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andΛ � τt f . f 
)� 0 for all f , henceΛ is time-invariant,henceso is
�

. (Note
that

�
f � Λ S Rf if weusethestandarddefinitionΛ S g : � Λ � τ P t Rg
 .)

Since
�

f | 0 whenever π
F P ∞ H T I f � 0 for someT

�
R, we have

� h ®
0
� 0,

by continuity, andπ P � π � � 0, hence
�M�

TIC∞. By theHölderInequality, we
have f

�
X andΛ f � 0 for any f

�
Lp � L∞, p

� $ 1 	 ∞ 
 .
Remark: Onecould alsoobtainan analogousoperatorin TIC∞ � X 	 Y 
 for

generalBanachspacesX and Y by startingwith Λn f : � n P 1 µ 0P nL f dm for
someL

�
X ' . 6

Now wepresentaweak“generalization”of “
�
TI � L∞

strong” (Theorem3.1.3)for
Banachspaces;recallthatTheorem3.1.7is anapplicationof this theorem:

Theorem 3.2.4(
�M�

TIp � X 	 Y 
:�A� ����
L∞

weak¢ � iR; ��� X 	 S' 
�
�¡�
TIp � X 	 Y 
:�A� ����

L∞
weak¢ � iR; ��� X 	 S' 
;
�M�

TIp � X 	 Y 
:�A� ��M�
L∞

weak¢ � iR; ��� X 	 S' 
�
 ) Let X and Y }�� 0 � beseparableBanach spacesand1
<

p � ∞.
By LemmaA.3.9,wecanchoosea sequence� Λk �³/ Y ' s.t.

�
Λk
� � 1 for all

k
�

N and
�
y
�
Y � supk ? N

h
Λky

h
.

Set S : � span��� Λk �¶
³/ Y ' . Then � Iy
 Λ : � Λy definesa (natural) linear
isometryI : Y

�
S' , hencewe can considerY as a subspaceof S' and I as the

inclusionY / S' .
If
�7�

TIp � X 	 Y 
 , then there is
��

: iR
� ��� X 	 S' 
 s.t.

� �� � it 
 �ED[F X HS¢ I <� � �
TI p
F
X HY I for all t

�
R and

� �� �f 
 Λ � Y Z Λ
�

f a# e# on iR for all Λ
�

Sandall finite-dimensional

f
�

L2 � R;X 
 � Lp � R;X 
^# (3.18)

Moreover, thefollowing hold:

(a) Furthermore, in (3.18)we can allow Λ to be any Λ
�

S̄ / Y ' (recall that� S
 ' � S' ); if p
<

2, then,simultaneously, any f
�

L1 � R;X 
 � Lp � R;X 
 can
beallowed.

(b1)For a fixed
��

, equation(3.18)characterizes
���

TIp � X 	 Y 
 uniquely.

(b2)For a fixed
�M�

TIp � X 	 Y 
 , equation(3.18)characterizes
��

uniquelyin the
sensethat if

�� 	 �� : iR
� ��� X 	 S' 
 satisfy(3.18), then

��
x � �� x a.e. for all

x
�

X.

(c) For each x
�

X andΛ
�

S, wehave � �� x
 Λ �
L∞ � iR 
 .

(d) For a fixedx
�

X, thefunction
��

x : iR
�

S' is (Bochner)measurableiff
��

x
�

Y a.e. However, if
��

x
�

Y a.e. for all x
�

X, then
����

L∞
strong� iR; ��� X 	 Y 
;
 .

As noted in the secondremarkof Example3.3.4, the PlancherelTheorem
doesnot hold for generalBanachspaces.However, if f

�
L2 � R;X 
 and f hasa

finite-dimensionalrange,or in f
�

L1 � R;X 
 , then f hasa well-definedFourier
transformation(in L2 or

0
0, respectively), by Lemma D.1.11(a1)or Lemma

A.3.4(Q1).
By Corollary 3.2.2,we have Λ

�
f
�

L2 � R 
 for eachΛ
�

Y ' andeachfinite-
dimensionalf

�
L2 � Lp � R;X 
 , hence �Λ � f

�
L2 � iR 
 and

�
f
�

L2 � R;X 
 arewell
definedin (3.18).If p

<
2 and f

�
L1 � Lp, then

�
f
�·0

0 � iR;X 
 andΛ
�

f
�

Lp � R 
 ,
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hencethen �Λ � f
�

Lq � iR;Y 
 is well definedin (3.18),wherep P 1 5 q P 1 � 1 (see
TheoremE.1.7).

Naturally, we canshift the above theoremto obtaina resulton TIp
ω for any

ω
�

R. By slightly modifying theproof, we obtainan analogousclaim for TI
®

0

too (with adensityargumentsimilar to thatin 4̀ of theproofof Lemma3.2.1).
Proof of Theorem3.2.4: (N.B. onecandeducefrom theproofandLemma

3.2.1that theoperatorΛ
�

hasa uniquecontinuousextensionto L2 � R;X0 
 for
any finite-dimensionalsubspaceX0 of X; and (3.18) holds for all elements
L2 � R;X0 
 (for this extendedΛ

�
).)

The constructionof the normedspaceS / Y ' is straightforward. Clearly�
Iy
�¸<C�

y
�
Y ¢�¢ � � y � Y; theconversefollows from

�
Iy
�
S¢ L supk

h
Λky

h � � y � Y.
Moreover, any functionalT

�
S' hasa (necessarilynorm-preserving)unique

extensionT
� � S
 ' , by, e.g.,LemmaA.3.10. Thusonly theclaimsconcerning��

areleft to beproved.
1̀ ThefunctionsTΛ H x � L∞ � iR 
 : We denote

� � �
TI p
F
X HY I by

� � �
. If x

�
X

andΛ
�

Y ' , then
�
g
��

Λ
�

gx
�
TI p
F
C I <�� � �[� Λ �[� x � , hence,by Lemma3.2.1

andTheorem3.1.3(a1),thereis TΛ H x � L∞ � iR 
 s.t.(wechoosetherepresentative
TΛ H x : � LTΛ H x from LemmaB.5.3)

sup
iR

h
TΛ H x h¹<>� � �[� Λ �[� x � and (3.19)

TΛ H x �g � Y Z Λ
�

gx (a.e.)for all g
�

L2 � R 
 � Lp � R 
^# (3.20)

ThemappingY 'Gº X l � Λ 	 x
 �� TΛ H x � L∞ � iR 
 is bilinear(becauseY Z is linear),
andits normis at most

� � �
, by (3.19). It follows from (B.56) (andthechoice

TΛ H x : � LTΛ H x) that

it
�

Leb� TΛ H x 
 � Leb� TΛ H x� 
»�A� TΛ H αx� βx� � it 
p� αTΛ H x � it 
s5 βTΛ H x� � it 
 (3.21)

whenever t
�

R 	 Λ
�

Y ' 	 x 	 xz � X 	 α 	 β � C.
2̀ Theconstructionof

��
: Let � x j �»/ X bedense.Set

A : � � j H k ? N Leb� TΛk H x j 
^	 X0 : � span��� x j � j ? N 
)/ X # (3.22)

Then m� iR § A
¸� 0. For it
�

iR § A, we set
�� � it 
m� 0. For it

�
A, x

�
X0

and Λ
�

S, we define � �� � it 
 x
 Λ : � TΛ H x � it 
 . It follows from (B.56) that�� � it 
 x : S
�

C is linear; it is boundedby
� � �k�

x
�
, by (3.19),hence

�� � it 
 x � S'
(for fixedx

�
X0 andit

�
A).

By (3.21),mappingx
�� �� � it 
 x � S' is linear, andby (3.19) it is bounded

by
� � �

, hence
�� � it 
 � ��� X0 	 S' 
 (for fixed it

�
A). By LemmaA.3.10,

�� � it 

canbe extendedto an elementof ��� X 	 S'E
 without affecting its norm, hence� �� � it 
 � D[F X H S¢ I <>� � � for all it

�
A, hencefor all it

�
iR.

3̀ Theverificationof (3.18)for finite-dimensionalf
�

L2 � Lp � R;X 
 : Let
Λ
�

Sandg
�

L2 � R 
 � Lp � R 
 . Then� �� �gx
 Λ � �g � �� x
 Λ � �gTΛ H x � Y Z Λ
�

gx a.e.on iR (3.23)

(thefirst equalityholdseverywhere,thesecondon A; the third equalityholds
in L2, by (3.20), hencealsopointwisea.e.) whenx

�
X0; by continuity, this
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holdswheneverx
�

X (theright-hand-sideconvergesin L2, hencea.e.;theleft-
hand-sideconvergespointwiseeverywherewhenx

�
x
z
for somex

z �
X). Thus,

(3.18)holdsfor f � gxwith g
�

L2 � Lp � R 
 andx
�

X arbitrary, hencewhenever
f
�

L2 � R;X 
 � Lp � R;X 
 is finite-dimensional,by linearity.
(a) 4̀ The verification of (3.18) for finite-dimensional f

�
Lp � R;X 
 :

Assumethat1
<

p
<

2. Then(3.20)alsoholdsfor any g
�

Lp � R 
 , by Lemma
3.2.1, hence(3.18) holds whenever f

�
Lp � R;X 
 is finite-dimensional,by

linearity, asin 3̀ .
For a general f

�
L1 � R;X 
 � Lp � R;X 
 , thereare finite-dimensionalfn

�0 ∞
c � R;X 
q� n � N 
 s.t. fn

�
f in L1 and in Lp, as n

� 5 ∞, by Theorem
B.3.11(b1). It follows that Λ

�
fn
�

Λ
�

f in Lp, henceY Z Λ
�

fn
� Y Z Λ

�
f in

Lq, hencea.e.,wherep P 1 5 q P 1 � 1. But
�
fn
� �

f in
0

0, hence
�� �

fnΛ
� �� �

f Λ
everywhere,henceY Z Λ

�
f � �� �f Λ a.e.

(Note that if X is a Hilbert space,then Y Z � ��� Lp � R;X 
^	 Lq � R;X 
�
 , by
TheoremE.1.7,hencethenany f

�
Lp � R;X 
 will do(thenwecanhave

�
fn
� �

f
in Lq, hencea.e.on iR in theaboveproof).)

5̀ CaseΛ
�

S̄: Theextensionfor Λ
�

S̄ follows by continuity (becauseS
andS̄ / Y ' have thesamedual,by LemmaA.3.10).

(c) 6̀ Let g : � φ, whereφ
�

L2 � R 
 � Lp � R 
 is asin LemmaD.1.25.Divide
(3.23) by

�
φ P 1 to obtain that � �� x
 Λ � TΛ H x � L∞ � iR 
 for any x

�
X (hence��

x : iR
�

S' is “weakly' -measurable”).
(b1)7̀ If

�� � 0, thenΛ
�

f � 0 a.e.for all Λ
�

Sandall simple f
�

Lp � R;X 
 ,
by (3.18),hencethen

�
f � 0 a.e.for all simple f

�
Lp � R;X 
 by LemmaB.2.6,

hence
�

f � 0 for all f
�

Lp � R;X 
 , by density. Thus,if
�

and
�

correspondto
some

��
asin thetheorem,then � � . � 
=� 0 aselementsof TIp � X 	 Y 
 .

(b2) 8̀ If
� � 0, then � �� x
 Λ � �φ P 1Y Z Λ

�
φx � 0 a.e.on iR for all x

�
X and

Λ
�

S, whereφ is asin LemmaD.1.25; thus,then
��

x � 0 a.e.for eachx
�

X
(chooseanull setNk for Λk for eachk to obtainthat

��
x � 0 on iR §­¨ k ? NNk).

Thus,
�� 	 �� : iR

� ��� X 	 S' 
 satisfy(3.18) (at leastfor one-dimensionalL2

functions f andall Λ
�

S), then � �� . �� 
 x � 0 a.e.for eachx
�

X, asrequired.
(d) 9̀
9 # 1̀ If x

�
X and

��
x
�

Y a.e.,then
��

x is almostseparably-valued,andfrom
the measurabilityof Λ

��
x for eachΛ

�
S (see6̀ ) onecandeducethat Λ

��
x is

measurablefor eachΛ
�

Y ' (see,e.g.,[Thomas,Corollary2.9]),hencethen
��

x
is Bochnermeasurable.

(N.B. Whenever
��

x is almost separably-valued, equivalently, whenever��
x
�

Y1 a.e.,whereY1 is any separablesubspaceof S' , then
��

x : iR
�

S' is
Bochner-measurable,by theabovereasoning.)

9 # 2̀ Conversely, assumethat x
�

X andthat
��

x : iR
�

S' is measurable.
Then f : � �� � i �3
 x is bounded,by 2̀ , hencef

�
L∞ � R;S' 
 . By (3.18)andLemma

D.1.11(e1),we have� Y Z f χA 
 Λ � Y Z � f χAΛ 
G� 2πΛ
� � i �4
 gA � i �3
 x (3.24)

a.e.wheneverA / R, m� A
¬� ∞ and
�
gA : � χA (notethat Y Z f χA

�20
0 � iR;S' 
 ).

ChooseN / R s.t. m� N 
)� 0 andequalityholdson R § N in (3.24)when
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Λ
� � Λk � . By linearity, the sameholds for all Λ

�
S on R § N, hence� Y Z f χA 
X� it 
�� 2πΛ

� � it 
 gA � it 
 x � Y aselementsof S' , for eacht
�

R § N, hence
a.e.BecauseA wasarbitrary, wehave

�� � i �4
 x � f �T�4
 � Y a.e.,by LemmaD.1.22.
9 # 3̀ Finally, assumethat

��
x
�

Y a.e.for eachx
�

X Then
��

x
�

L∞ � iR;Y 
 ,
asshown above. Let � xk �»/ X bedense,andlet

��
xk
�

Y on Nc for eachk
�

N,
wherem� N 
)� 0. By continuity, then

��
x
�

Y on Nc for all x
�

X, so we can
redefine

�� � 0 on N to make
�� ��� X 	 Y 
 -valuedwithoutaffectingits properties

statedin thetheorem.Thus,
��¡�

L∞
strong� iR; ��� X 	 Y 
�
 . 6

As anotherapplicationof the above theorem,we deducean implication that
will beneededfor Theorem4.1.1:

Lemma 3.2.5(
�M�

MTI � X 	 Y 
 � N TI � X 	 Y 
»�A� ��¡�vN»0
b � iR; ��� X 	 Y 
�
�¡�

MTI � X 	 Y 
 � N TI � X 	 Y 
¼�A� ��M��N»0
b � iR; ��� X 	 Y 
�
���

MTI � X 	 Y 
 � N TI � X 	 Y 
»�A� ��M�1N»0
b � iR; ��� X 	 Y 
�
 ) Let X

andY beBanach spaces.Let
���

TI � X 	 Y 
 and ½ � TI � Y	 X 
 . Assume, in addition,
that

�M�
MTI � X 	 Y 
 .

If ½ � � I , then
� ��

x
� L �

x
� � � ½ � a.e. for all x

�
X. If, in addition,

� ½¥� I
(i.e., ½c� � P 1), then

��¡�vN»0
b � iR; ��� X 	 Y 
;
 and

� �� P 1 �V<>� � P 1 � .
(In fact,

�
couldbereplacedby amoregeneralmeasure.)

Proof: W.l.o.g.weassumethatX }�
� 0 �¾}� Y.
1̀ Theseparablecase, ½ � � I :

ChooseS / X ' and
�½ : iR

� ��� Y	 S' 
 for ½ � TI � Y	 X 
 asin Theorem3.2.4.
Let g

�
L1 � R;X 
 � L2 � R;X 
 , so that f : � �

g
�

L1 � L2 and
�
f � �� �

g, by
LemmaD.1.12(c2)&(c1).Equation(3.18)with f � � g in placeof anarbitrary
f
�

L1 � L2 becomes(useTheorem3.2.4(a))� �½ �� �g
 Λ � Y Z Λ½ � g � Y Z ΛIg a# e# for all Λ
�

S# (3.25)

Becauseg
�

L1 � L2 wasarbitrary, theuniquenessclaim of Theorem3.2.4
appliedto I

�
TI � X 
 impliesthat for anarbitraryx

�
X we have Ix � �½ �� x a.e.

(in S' , hencein X), in particular,� ��
x
�V<>�

x
� � � �½ �¸<
� x � � � ½ � (3.26)

a.e.,henceeverywhere,by thecontinuityof
��

.
2̀ Theseparablecase, ½x� � P 1:

It is enoughto show that the rangeof
�� � it 
 � ��� X 	 Y 
 is densefor all t

�
R,

becausethen
�� � it 
 �cN ��� X 	 Y 
 for all t

�
R, by 1̀ and LemmaA.3.4(D1),

consequently,
����¦N»0 � iR; ��� X 	 Y 
;
 (the inverse is continuousby Lemma

A.3.3(A)), and the bound
� �� P 1 ��<¤� ½ � (½7� � P 1) follows from Lemma

A.3.4(D1)(a.e.,henceeverywhere),thus,
�� P 1 �·0

b � iR; ��� Y	 X 
�
 (notealsothat�½ y � �½ �� �� P 1y � �� P 1y
�

X a.e.for eachy
�

Y).
Therefore, it is sufficient to assumethat there is a

�
R s.t. the range

Ya : � �� � ia 
o$X % is not densein Y andderive a contradiction— that shall we
do.

By LemmaA.3.14, thereare y0
�

Y and Λ0
�

Y ' s.t.
�
y0
� � 1 � �

Λ0
�
,

Λ0Ya �¥� 0 � , and
�
Λ0y0

� d 1� 2. BecauseΛ0

��
: iR

�
X ' is continuousand
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Λ0

�� � ia 
A� 0, thereis δ d 0 s.t.�
Λ0

�� � it 
 � X ¢ � δ
z
: � 1� 999� 1 5 � � P 1 � 
 when

h
t . a

h � δ2 � 2 	 (3.27)

i.e, whenit
�

J : � i � a . δ2 � 2 	 a 5 δ2 � 2
¬/ iR.
Set g : �¿� Λ0y0 
EP 1 � Y Z P 1χJ 
 y0

�
L2 � R;Y 
 . Then Y Z Λ0g � χJ, so we can

choosea simplefunction f
�

L2 � R;X 
 so that
�
f . � P 1g

�
2 is � δ andsmall

enoughto guaranteethatδ � 2 d � Y Z Λ0
� � f . � P 1g
 � 2, i.e., that

δ � 2 d � Y Z Λ0
�

f . χJ
�
2 � � Λ0

�� �
f . χJ

�
2 # (3.28)

From
�
χJ
�
2 � δ it follows that� � P 1g

�
2
<&� � P 1 �khΛ0y0

h P 1 � 2π 
 P 1\ 2 � χJ
�
2
<

δ
� � P 1 � 	 (3.29)

hence
�
f
�
2
<

δ � 1 5 � � P 1 � 
 , so

δ2 � 99 d � δ z 
 22π
�
f
� 2
2 �&� δ z 
 2 À

J

� �
f
� 2
X dm

L À
J

h
Λ0

�� �
f
h 2dm# (3.30)

But from (3.28)weobtainthat�
Λ0

�� �
f
�
2
L � χJ

� . δ � 2 � δ � 2 	 (3.31)

which togetherwith (3.30)leadsto acontradiction,asdesired.
3̀ Thegeneral case, ½ � � I :

Letx0
�

X bearbitrary. SetX0 : � span� x0 
 ,Y0 : �:� 0 � , andfindclosed,separable
subspacesX

z / X andY
z / Y asin Lemma3.2.6.

Set
� z

: � � h L2
F
R;X � I � TI � X z 	 Y z 
 , ½ z : �C½ h L2

F
R;Y � I � TI � Y z 	 X z 
 . Clearly½ z � z � I

�
TI � X z 
 and

� z ½ z � I
�

TI � Y z 
 , hence,by partI,� �� z
x0
� L �

x0
� � � ½ zE� L � x0

� � � ½ � 	 (3.32)

asrequired(if A
��

µ � A
 � ��� X 	 Y 
 is the measuregenerating
�

, thenby the
definition of convolution, A

��
µ � A
 h X � � ��� X z 	 Y z 
 generates

� z
, in particular�� z

x � �� x). Becausex0
�

X wasarbitrary, theclaim follows.
4̀ Thegeneral case, ½-� � P 1:

Let y0
�

Y and t
�

R be arbitrary. ChooseX0 �¥� 0 � andY0 � span� y0 
 , and
proceedas in 3̀ . By part I,

�� z � it 
 ��N ��� X z 	 Y z 
 , hencethereis x0
�

X s.t.
y0 � �� z � it 
 x0 � �� � it 
 x0.

Becausey0
�

Y was arbitrary,
�� � it 
 is onto, hence

�� � it 
 invertible and� �� � it 
 P 1 ��<¥� ½ z �»<�� ½ � , by 3̀ andLemmaA.3.4(D1). Becauset
�

R was
arbitrary, theproof is complete. 6
We have alreadyusedthe following lemmaseveral times to reducecertain

resultsto theseparablecase:

Lemma 3.2.6(TI p � X 	 Y 
 � TIp � X0 	 Y0 
TIp � X 	 Y 
 � TIp � X0 	 Y0 
TIp � X 	 Y 
 � TIp � X0 	 Y0 
 ) Let X and Y be Banach spacesand
1
<

p � ∞. Let
���

TIp � X 	 Y 
 .
Then,for each closedseparablesubspaceX0 of X, there is a closedseparable

subspaceY0 of Y s.t.
�

Lp � R;X0 
¬/ Lp � R;Y0 
 , i.e., that
� h

Lp
F
R;X0 I / TI p � X0 	 Y0 
 .
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If, in addition, ½ � TIp � Y	 X 
 , thenanyseparablesubsetsX0 / X andY0 / Y
arecontained,respectively, in closedseparablesubspacesX

z / X andY
z / Y, s.t.� h

Lp
F
R;X � I / TIp � X z 	 Y z 
 and ½ h Lp

F
R;Y � I / TIp � Y z 	 X z 
 .

Analogously, if
�

k
�

TIp � Xk 	 Xk� 1 
 for k � 1 	;#�#�#�	 n, n
�

N 5 1, Xn� 1 � X1,
andthesetsX

z
k / Xk areseparable � k � 1 	�#�#�#T	 n
 , thenthereareclosedseparable

subspacesX
z{z
k / Xk � k � 1 	�#�#�#T	 n
 s.t. X

z
k / X

z{z
k and

�
k
h
Lp
F
R;X �k I � TIp � X zk 	 X zk� 1 
� k � 1 	�#�#�#T	 n
 . Moreover, we can require that X

z{z
k � X

zÁz
j whenever Xk � Xj for

somek 	 j .
We might as well have stated the lemma for a general

� ���� Lp � R;X 
^	 Lq � R;Y 
�
 , where p 	 q � $ 1 	 ∞ 
 (finding Y0 s.t.
�

Lp � R;X0 
Q/
Lq � R;Y0 
 ; the latter claims can be generalizedanalogously),with the same
proof (with only slight changesif q }� p).

Furthermore,wecouldinsteadof separabilityrequirethedensityof asubseta
somegreatercardinalitythanthatof N (in X0 andin Y0).

Proof: 1̀ FindingY0:
Let � fk �Â/ Lp � R 
 and � xk ��/ X be densesubsets(wherek rangesover N).
Then the setD of finite linear combinationsof functionsof the form fkx j is
densein Lp � R;X 
 , becausesimple functionscanobviously be approximated
by suchfunctions.

Choosea separably-valuedrepresentative of each
�

f � f � D 
 , and let Y0

betheclosedspanof ¨ f ? D � � f 
X$R % . ThenY0 is separableasa countableunion
of separablesets,and

�
f
�

Lp � R;Y 
 (asan equivalenceclass)for all f
�

D,
hence,by thecontinuityof

�
, for all f

�
Lp � R;X0 
 .

2̀ FindingX
z
andY

z
:

Replacefirst X0 andY0 by their closedspans.Choosethena closedseparable
subspaceY

z{z
0 of Y, as Y0 was chosenin 1̀ for the pair � � 	 X0 
 , then set

Y1 : � spanY0 ¨ Y
z{z
0 .

For eachk
� � 2 	 3 	 4 	�#;#�#4� chooseXk / X for the pair ��½�	 Yk P 1 
 , and then

chooseYk / Y for thepair � � 	 Xk 
 , asin 1̀ .
SetX

z{z
: ��¨ kXk, Y

z{z
: ��¨ kYk, X

z
: � X

z{z
, Y
z � Y

z{z
. If f

�
Lp � R;X

z 
 is simple
andhasits valuesin X

z{z
, then f

�
Lp � R;Xk 
 for somek

�
N, hencethen

�
f
�

Lp � R;Yk 
B/ Lp � R;Y
z 
 . But suchfunctionsaredensein Lp � R;X

z{z 
 , by Theorem
B.3.11(a1)&(a3),hence,by continuity,

�
f
�

Lp � R;Y
z 
 for any f

�
Lp � R;Y

z 

(sinceLp � R;Y

z 
 is closedin Lp � R;Y 
 ). Similarly, ½³$ Lp � R;Y
z 
�%�/ Lp � R;X

z 
 .
By LemmaB.2.3(a)&(c),X

z
andY

z
areseparable.

3̀ RequiringthatX
z � Y

z
(assumingthatX � Y): WhenchoosingXk in 2̀ ,

replacetheonefrom 1̀ with its unionwith Yk P 1. Analogously, whenchoosing
Yk in 2̀ , replacetheonefrom 1̀ with its unionwith Xk.

4̀ Finding X
z
k � k � 1 	�#�#;#T	 n
 : Usethe methodof 2̀ –3̀ suitablymodified.6

Notes
The classicalscalarFourier multiplier result, Lemma 3.2.1, is essentially

containedin Theorem6.1.2 of [BL] (which also gives further results). When
U and Y are Hilbert spacesof arbitrary dimensions,we have M2 � U 	 Y 
ª�
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L∞
strong� iR; ��� U 	 Y 
 , by Theorem 3.1.3(a1), M∞ � U 	 Y 
¾�¤��� 0 0 � iR;U 
�	 Y 
 , by

LemmaD.1.14,andMp � U 	 Y 
 ' � Mq � Y ' 	 U ' 
 (this lastclaim alsoholdswhenU
andY areBanachspaces),wherep P 1 5 q P 1 � 1,byaproofanalogousto thatin the
scalarcase.This givesusno informationon Mp for p }� 2 	 ∞, sinceinterpolation

would requirethat,e.g.,Mp � U 	 Y 
)� Mq � Y ' 	 U ' 
 . (HereMp � U 	 Y 
 : � 8TIp � U 	 Y 

for p � ∞, M∞ � U 	 Y 
 : � �TI

®
0 � U 	 Y 
 ; theelementsof thesesetsarecalledFourier

multipliers.)
On p. 135 of [BL], it is claimedthat Theorem6.1.2hasan obvious analogy

in this generalsettingand that “the proofs are the samewith trivial changes”,
but we cannotsharethis view for the following reasons:1. the casep � 2 is
far from obvious (in fact, Theorem3.1.3(a1)seemsto be a new result); 2. the
proof of Mp � Mp� on p. 133of [BL] would only yield M 'p � Mp� evenfor finite-
dimensionalHilbert spaces,hencetheoriginal proofseemsto coveronly thecase
p � ∞; 3. wedonotknow any similarresultsfrom theliterature(evenin thefinite-
dimensionalresultmentionedbelow Lemma3.2.1onewould requirea different
proof for asharpnormbound).

Thereareseveralresultson vector-valuedFouriermultipliersin theliterature;
see,e.g.,[BL], [Prüss93]or [Zimmermann]for sufficientconditionsof abounded
function iR

� � to beaFouriermultiplier.
Example3.2.3 resemblesthe example of Section3 of [W91a]. Another

Banachlimit is givenin Exercise4 of [Rud73].
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3.3 H2 and H∞ boundary functions in L2 and L∞
strong

Boundary, n.:
In political geography, an imaginary line betweentwo nations,sep-
arating the imaginary rights of onefromthe imaginary rights of the
other.

— AmbroceBierce(1842–1914),"TheDevil’ sDictionary"

In this section, we establishseveral results on the boundary functions
of holomorphic functions, the most important of which is the connection
H∞ � C � ; ��� U 	 Y 
�
 � L∞

strong� iR; ��� U 	 Y 
�
 . We alsogive otherrelatedresultsthat
will be neededfor WPLS theoryof Parts II and III, andwe constructcounter-
examplesfor analogousresultsfor moregeneralsettings.

At theendof thissection,weshallshow thatthesetof singularpoints(“poles”)
of thepointwiseinverseof a transferfunctionmayhave limit pointsunlike in the
caseof finite-dimensionalinputandoutputspaces;we thenusethis to constructa
“completelyunstable”transferfunction.

As before, H, U andY are assumedto be arbitrary Hilbert spacesunless
somethingelseis indicated.

Recall the transferfunctionsof TIC∞ operatorsfrom Theorem2.1.2; recall
also that we use the Lebesguemeasure(of R1) on the imaginary axis iR : �� ir ff r � R � andonits translationsω 5 iR � ω � R 
 . For any r d 0, thecircle∂rD is
identifiedwith $ 0 	 2π 
 , hencem� ∂rD 
A� 2π, where∂D : �q� eit ff t � $ 0 	 2π 
��=��� s �
C ff h s h � 1 � .

Thefollowing theoremis themainresultof this section.We useoftenclaims
(a2)&(a1) for the boundaryfunctions of H2 functions and claim (c1) for the
boundaryfunctionsof operator-valuedH∞ functions,whereastheothersareused
just a few times:

Theorem 3.3.1(HpHpHp boundary functions) Let ω
�

R and1
<

p
<

∞. Let B bea
Banach spaceandlet H, U andY beHilbert spaces.Thenthefollowinghold:

(a1)Let f
�

Hp � C �ω ;B
 . Assumethat there is f0
�

Lp � ω 5 iR;Y 
 s.t.anyoneof
(1.)–(6.)holds:

(1.) limt � ω � Λ f � ir 5 t 
[� Λ f0 � ir 5 ω 
 , for almosteveryr
�

R, whenever
Λ
�

B' ;
(2.) f convergesto f0 nontangentiallyat everyLebesguepointof f0, hence

a.e.;
(3.) f is thePoissonintegralof f0, i.e.,

f � ω 5 t 5 ir 
[� t
π
À

R

f � ω 5 iρ 
 dρ
t2 5M� r . ρ 
 2 � t d 0 	 r

�
R 
^# (3.33)

(4.) µ E f � i �Ã5 t 
 dm
� µ

E f0 � i �Ã5 ω 
 dmfor all boundedmeasurableE / R;

(5.) µ RP Rgf � i �¶5 t 
 dm
� µ RP Rgf0 � i �¶5 ω 
 dm for all R d 0 and g

�
L∞ � R; ��� B 	�SU
�
 ;
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(6.) f � i ��5 t 
 � f0 � i ��5 ω 
 in Lp, ast
�

ω 5 ;

Then f0 is unique, (1.)–(5.)hold (and(6.) if p � ∞), and�
f0
�

p � � f
�
Hp

ω
� lim

r � ω � � f � i �;5 r 
 � p
L �

f � i ��5 t 
 � p � t d ω 
�# (3.34)

If this is thecase, thenwecall f0 the(vector)Lp boundaryfunctionof f and
denotef � ir 5 ω 
 : � f0 � ir 5 ω 
 (r

�
R) andwrite f

�
Hp � C �ω ;B
 � Lp � ω 5

iR;B
 . Anyof (1.)–(6.)characterizesf0 uniquely(in Lp, that is, a.e.).

(a2)Every f
�

Hp � C �ω ;H 
 hasa Lp boundaryfunction(recall thatU 	 H andY
areassumedto beHilbert spaces).

(a3) If f
�

Hp � C �ω ;B
 , then f hC Äω � � Hp � C �ω � ;B
 hastheLp boundaryfunction

f h ω � � iR for anyω
z d ω.

(a4) If f
�

Hp
strong� C �ω ; ��� Cn 	 Y 
�
 , n

�
N, then f

�
Hp � C �ω ; ��� Cn 	 Y 
�
 � Lp � ω 5

iR; ��� Cn 	 Y 
�
 ; thus,then f hasa Lp boundaryfunction.

(b) (Paley–Wiener Theorem) TheLaplacetransformL2
ω � R � ;Y 
 l h

��
ĥ
�

H2 � C �ω ;Y 
 and the Fourier transformL2
ω � R;Y 
 l g

��
ĝ
�

L2 � ω 5 iR;Y 

are isomorphismstimes b 2π, and the former can be considered as the
restriction of the latter to π � L2

ω. Finally, for all h
�

L2
ω � R � ;Y 
 and

f 	 g � L2 � R;Y 
 wehavethat* f̂ 	 ĝ+ L2 � 2π * f 	 g+ L2 	 �
ĝ
�
L2 � b 2π

�
g
�
L2 	 �

ĥ
�
H2

ω
� b 2π

�
h
�
L2

ω
# (3.35)

(c1) For every f
�

H∞ � C �ω ; ��� U 	 Y 
�
 there is a unique(in L∞
strong) (operator)

boundaryfunction f0
�

L∞
strong� ω 5 iR; ��� U 	 Y 
�
 s.t. for all u0

�
U the

function f0u0 is the boundaryfunction (see(a1)) of f u0
�

H∞ � C �ω ;Y 
 . It
follows that f is the strong Poissonintegral (“ sµ ”) of f0 and

�
f0
�
L∞

strong
��

f
�
H∞

ω (wecanchoosef0 s.t.sup
�
f0
� � � f

�
H∞

ω).

We denotef � ω 5 ir 
 : � f0 � ω 5 ir 
 , where f0 is the functionconstructedin
theproof. For each û

�
H2 � C �ω ;U 
 wehave � f û
X� ω 5 ir 
[� f � ω 5 ir 
 û � ω 5

ir 
 a# e# on ω 5 iR; in particular,@ � TICω � U 	 Y 
Å�A� 8@ u � �@ û a# e# on ω 5 iR # (3.36)

ThemappingH∞
ω l f

��
f0
�

L∞
strong is an isometryto a closedsubspaceof

L∞
strong.

Finally, for any @ � TICω, theboundaryfunctionof
�@ � H∞ coincideswith

theFourier transformof @ (fromTheorem3.1.3).

(c2) If U is separable, then we can choose f0 in (c1) s.t. f � ω 5 ir 5q�4
 �
f0 � ω 5 ir 
 nontangentially in thestrongtopologyof ��� U 	 Y 
 , for a.e. r

�
iR,

and
�
f � ω 5 ir 5¡�3
 � � �

f0 � ω 5 ir 
 � nontangentially for a.e. r
�

iR.

(c3) Let @ � TIC∞ � Cn 	 Y 
 and @�$ L2
c %p/ L2

ω. Then f : � �@ � H � C �ω ; ��� Cn 	 Y 
�

and

�@ hasa “ L2
loc boundaryfunction” f0 � :

�@ s.t. f � i ��5 t 
 � f0 � i ��5 ω 

in L2

loc � R;B
 , ast
�

ω 5 , and ���E5 1 . ω 
eP 1
�@ � L2 � ω 5 iR; ��� Cn 	 Y 
�
 , and
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(1.), (2.), (4.) and(5.) of (a1) are satisfied.Consequently,
�@ �u �¦8@ u a.e. on

iR for all u
�

L2
α � R � ;Cn 
 , α � ω.

If ω � 0, then
�@OÆ φCayley

�
H2 � D; ��� Cn 	 Y 
�
 .

(d1)For every f
�

Hp
strong� C �ω ; ��� U 	 Y 
�
 there is a boundaryfunction f0 whose

valuesare(possiblyunbounded)operatorswith domainsin U andrangesin
Y, s.t. f0u0

�
Lp � ω 5 iR 	 Y 
 is the boundaryfunctionof f u0 (see(a1)) for

anyu0
�

U.

In particular, supu0 ? U � f0u
�

p � �
f
�
Hp

strong

F
ω � iR;

DGF
U HY I�I . If U is separable,

then
Dom� f0 � ω 5 ir 
�
 is densefor a.e. r

�
R.

(d2)Let f
�

H∞ � C �ω ; ��� U 	 Y 
;
 . Then f
�

Hp
weak� C �ω ; ��� U 	 Y 
�
 iff theboundary

function f0
�

L∞
strong(see(c1)) is in Lp

weak� ω 5 iR; ��� U 	 Y 
�
 too.

If this is the case, then
�
f0
�
Lp

weak
� �

f
�
Hp

weak

F
C Äω ;
D I . Claim (d2) also holds

with “strong” in placeof “weak”.

(d3)If f
�

H∞ � C �ω ; ��� U 	 Y 
;
 � Lp � ω 5 iR; ��� U 	 Y 
�
 , thenf
�

Hp � C �ω ; ��� U 	 Y 
�
 .
(d4) Conversely, if f

�
Hp � C �ω ; ��� U 	 Y 
�
 and U is separable, then f has a

unique“strong operator boundaryfunction” f0
�

Lp
strong� iR; ��� U 	 Y 
�
 s.t.

f0u0 is theboundaryfunctionof f u0 for anyu0
�

U (in thesenseof (a1),and
thesamenull setappliesfor all u0). Moreover,

�k�
f0
� D[F

U HY I � Lp
F
iR I � � f

�
Hp.

(e)Resultsanalogousto (a1)–(d4)(exceptthat(c3)mustbereplacedbyLemma
13.1.3(d))hold for RD : �¦� z � C ff h z h � R� (R d 0) in placeof C �ω (write
theconvergence“(1.)” as f0 � z
B� limr � RP f � rz
 a.e., where

h
z
h � R). The

Poissonintegral onRD is givenby

f � reiθ 
A� 1
2π
À 2π

0

R2 . r2

R2 . 2Rrcos� θ . t 
s5 r2 f � Reit 
 dt � r d 0 	 θ
�

R 
�#
(3.37)

SeePropositionD.1.21(c)andTheorem3.1.6 for the boundaryfunctionsof
H2 � Ca H b;U 
 andH∞ � Ca H b; ��� U 	 Y 
�
 functions,respectively.

Notethattheoperatorboundaryfunctionof (c1)neednotbeavectorboundary
function(i.e., the limits neednot converge in theoperatornorm),not evenin the
separablecaseof (d3),by Example1. onp. 92of [RR], where f � z
 : �>� xk 
 k ? N

��� zkxk 
 k ? N, sothat f
�

H∞ � D; ���(u 2 � N 
;
�
 .
Part (c1) (which seemsto benew in theunseparablecase)is thebestwe can

sayfor unseparableU ; e.g., it may be that the strongor weaklimit of f � ir 5 t 

exists for no ir

�
iR ast

�
05 (i.e., thereareU and f

�
H∞ � C � ; ��� U 
�
 s.t. for

eachir , thereis u0
�

U s.t. f � ir 5 t 
 u0 doesnothaveevenaweaklimit ast
�

05 ),
asshown in p. 133[Thomas]).See[Thomas]for furtherresultsfor theseparable
caseandacounter-examplefor thoseresultsin theunseparablecase.

Theproofof Theorem3.1.6alsoshowshow wecouldreduce(c1) to Theorem
3.1.3(a1),but we have preferredto give a direct proof below, becausethis proof
is muchsimplerthanthatof Theorem3.1.3(a1).Theproof of (c1) lies heavily on
theboundednessof thefunction,thusit cannotbeusedfor Hp, p � ∞.
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Theequation 8@ u � �@ �u in (3.36)shows that theboundaryfunctioncoincides
with theFourier transformof @ givenin Theorem3.1.3.Naturally, theboundary
functionis in L∞ if dimU � ∞.

The result (c1) seemsto be usefulonly for proving resultssuchasthosein
Lemma6.3.6,becausemany importantpropertiesof a @ � TIC arenot shared
pointwise (a.e.) by an arbitrary representative of the Fourier transform

�@ �
L∞

strong� iR; ��� U 	 Y 
�
 . (E.g., if @ �xN TIC, then
�@ �xN L∞

strong, but
�@�� ir 
 may be

noninvertiblefor all r
�

R.) An analogousremarkappliesto Theorem3.1.3(a1).
The boundaryfunction in (d1) in not ��� U 	 Y 
 -valuedin general(seeExam-

ple 3.3.6),unlessp � ∞ (notethatH∞
strong � H∞, by theClosedGraphTheorem,

hence(c1)appliesto p � ∞).
For general f

�
Hp

strong� C �ω ; ��� U 	 Y 
�
 (or Hp), we have f
�

Hp
strong �

H∞ � C �ω � ε; ��� U 	 Y 
;
 (ε d 0), by LemmaF.3.2(a),hencewe canapply (d2) with
ω 5 ε in placeof ω.

Proof of Theorem 3.3.1: W.l.o.g.,we statetheproofsfor thecaseω � 0
(becauseL2

ω l u
��

eP ωtu
�

L2 is an isometricisomorphismand «eP ωtu � s
m��
u � s 5 ω 
 for all s

�
C � ).

(a1)&(a2)(Seep. 967for nontangentiallimits.)
1̀ Implications “(3.) � (2.)� (1.)”, “(3.) � (5.)”, and “(6.) � (5.)� (4.)”

(any p) and “(3.) � (6.)” (p � ∞), and (3.34) for general B: Thesefollow
from LemmaD.1.8(a3)&(a1)(“C0” of (a1))exceptfor “(6.) � (5.)” (notethat
χ � P RHR� g � Lq, whereq P 1 5 p P 1 � 1, anduseHölder) and“(5.) � (4.)” (take
g : � χE, R : � sup

h
E
h
).

2̀ Uniqueness:By LemmaB.2.6,(1.) characterizesf0 uniquely(notethat
we may have a differentnull set for eachΛ); so doesalso(4.) by Theorem
B.4.12(e).By 1̀ , sodo (2.), (3.), (5.) and(6.) too.

3̀ (a2) whenH is a separableHilbert space:Now f0
�

Lp satisfying(2.)
and(3.) (hence(1.)–(5.),by 1̀ ) exists,by pp.81,85and90of [RR]. By Lemma
D.1.8(a1),wehave

�
f0
�

p � � f
�
Hp

4̀ (a2)whenH is a Hilbert space:ReplaceH by theclosedspanof f $C � % ,
which is a separableHilbert space,by LemmaB.2.3(f)&(a). By 3̀ , f0

�
Lp

satisfying(1.)–(5.)(and(6.) for p � ∞) and
�
f0
�

p � � f
�
Hp exists.

(We noteonecouldprove (a2)wheneverY is a reflexive Banachspace(an
alternative condition is that Y 'T' is separable)and 1 � p

<
∞, by using the

(scalar)techniquesof Chapter11 of [Rud86],andthe fact thatY is a Radon–
Nikodymspace[DU].)

5̀ (a1) whenB is a Banach space:Assumeany of (1.)–(6.). Let g
�

Hp

bethePoissonintegral of f0. Now Λ f0 is theboundaryfunctionof Λ f , hence
Λg � Λ f , for any Λ

�
B' , by 3̀ . Having thusestablished(3.),wegettheclaim

from 1̀ and2̀ .
(a3)By thecontinuityof f , condition(1.) of (a1)is satisfied.
(a4)By LemmaA.1.1(a4), f � ∑n

kÇ 1 fkPk for somef1 	;#�#�#;	 fn � Hp � C �ω ;Y 
 ,
wherePk is the kth canonicalprojectionCn � C. Let  fk � Hp � Lp be the
boundaryfunction of fk (k � 1 	�#;#�#T	 n) (see(a2)). Obviously,

�
∑n

k Ç 1 fk � ir 5
t 
 Pk . ∑n

k Ç 1  fk � ir 
 Pk
� D[F

Cn;Y I � 0 for a.e.r
�

R, ast
�

ω 5 , hence∑n
k Ç 1  fkPk

�
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Lp � ω 5 iR; ��� Cn;Y 
�
 is theboundaryfunctionof f .
(b) Seep. 91of [RR]. (And alternativereferenceto (a)and(b) is A.6.18–21

of [CZ].)
(c1) (We take ω � 0 w.l.o.g.; cf. Remark2.1.6.) To beexact,we construct

herea function f0 : iR
� ��� U 	 Y 
 satisfyingtheconditionsin the lemma,and

thenweshow thattheequivalenceclassof f0 is auniquememberof L∞
strong.

For eachr
�

R, we defineUr : �&� u � U ff"È limt � 0� f � ir 5 t 
 u � : yr H u � . For
afixedr, themapUr l u

��
yr H u is clearlylinearand

�
u
��

yr H u �ED[F Ur HY I <>� f
�

∞,
henceu

��
yr H u hasa norm-preservingextension f0 � ir 
 � ��� U 	 Y 
 (note that�

f0 � ir 
 �¬<q� f
�
H∞; weextendit toUr by continuity(seeLemmaA.3.10)andset

f0 � ir 
�� 0 onU nr ). For any u
�

U , wehave f0 � ir 
 u � limn� ∞ f � ir 5 1� n
 u a# e# r
(becauseu

�
Ur a# e# r � R by (b)), hence f0 � i �4
 u is measurable.Sinceu was

arbitraryand f0 is bounded,f0
�

L∞
strong.

Let
�
u
�

H2. BecausetheclosedspanUu of
�
u $C �[% is separable,wecantakea

null setNu / R s.t. f � ir 5 t 
 u0
�

f0 � ir 
 u0 for all u0
�

Uu andall r }� Nu (choose
anull setfor eachu0 in a countabledensesubsetof Uu, andlet Nu betheunion
of thesesets;by LemmaA.3.4(H1)with “F � s
B� f � ir 5 1� s
a. f0 � ir 
 ” we get
theconvergencefor all u0

�
Uu andany fixedr }� Nu). Choosingnull setN for

f
�
u
�

H2 asin (a),wenow have that� f �u
X� ir 
A� lim
t � 0� f � ir 5 t 
 �u � ir 5 t 
� lim
t � 0� $ f � ir 5 t 
X$ �u � ir 5 t 
�. �u � ir 
�%j5 f � ir 5 t 
 �u � ir 
�%� 0 5 f � ir 
 �u � ir 
 (3.38)

for r }� N ¨ Nu. The equality
�
f0
�

∞ � �
f
�
H∞ follows from the fact that�

f0u0
�

∞ � � f u0
�
H∞ for all u0

�
U by (b).

Moreover, if f1 : iR
� ��� U 	 Y 
 alsosatisfiesf1 � i �3
 u0 � limt � 0� f � i �;5 t 
 u0

a.e.for u0
�

U , then � f1 . f0 
 u0 � 0 a.e.for u0
�

U , hencef1 � f0 asamember
of L∞

strong� iR; ��� U 	 Y 
�
 . However, consideredas functions, they may differ
everywhere(and we may have

�
f1 � ir 
 �EDGF U HY I L r for all r

�
R even though

f1 � 0 in L∞
strong(i.e., f1u0 � 0 a.e.on iR, for all u0

�
U )). Themappingf

��
f0

is clearly linear, henceit is an isometryto a subspaceof L∞
strong. The claims

aboutTICω now follow from Theorem6.2.1.
Finally, if G

�
L∞

strong is the Fourier transformof @ � TIC (seeTheorem

3.1.3), thenF
�
f u0 � «@ f u0 � G

�
f u0 � �

f Gu0 a.e.on iR for all f
�

L2 andall
u0
�

U , henceFu0 � Gu0 a.e.for all u0
�

U , i.e.,F � G in L∞
strong.

(c2) This is TheoremB on p. 85 of [RR], providedthatalsoY is separable.
In thegeneralcase,theclosedspanY0 of � �@Â� z
 u0 ff u0

�
U 	 z � C �ω � is separable,

hence
�@ � H∞ � U 	 Y0 
 , andwecanapplytheresultmentionedabove.

(c3)(Takeω � 0w.l.o.g.SetU : � Cn.) By Lemma2.1.13,wehaveg : ���T�Ã5
1
eP 1

�@ � H2
strong� C � ; ��� U 	 Y 
�
 . By LemmaF.3.2(e),H2

strong� C � ; ��� U 	 Y 
�
V�
H2 � C � ; ��� U 	 Y 
�
 . By (a4), we have g

�
H2 � C � ; ��� U 	 Y 
�
 � L2 � iR; ��� U 	 Y 
�
 ,

in particular, g hasa L2 boundaryfunction g0. Set f0 : �É�T�^5 1
 g0, so that
f0
� �T�E5 1
 L2 � iR; ��� U 	 Y 
�
m/ L2

loc � iR; ��� U 	 Y 
�
 and f and f0 inherit (1.), (2.)
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and (5.) (hencealso (4.)) from g and g0; in particular,
�@ convergesto f0

nontangentiallyat every ir
�

Leb� f0 
[� Leb� g0 
 (see(B.54)).
Let α � 0 andu

�
L2

α � R � ;U 
 . Since @ � ��� π � L2
α 	 π � L2 
 , by (2.19), the

function
�@ �u convergesto 8@ u nontangentiallya.e.,by (a2). Since

�@ � f0 and�
u
� �

u a.e.nontangentially, wemusthave f0
�
u �C8@ u a.e.

Theclaim on ω � 0 follows from Lemma2.1.13.
(d1) (We setω � 0 w.l.o.g.)For ir

�
iR weset

Dom� f0 � ir 
�
 : �
� u0
�

U ff lim
t � 0� f � ir 5 t 
 u0 � : f0 � ir 
 u0 exists ��# (3.39)

Obviously, Dom� f0 � ir 
�
 is a subspaceof U and f0 � ir 
 is linear. Let u0
�

U be
arbitrary. Then f u0

�
Hp � C � ;U 
 , hence f0 � ir 
 u0 is defineda.e.andequalto

theboundaryfunctiondescribedin (a). In particular,

sup
u0 ? U � f0u0

�
p � sup

u0 ? U � f u0
�
Hp � :

�
f
�
Hp

strong

F
iR;
D[F

U HY I�I # (3.40)

(Note that f0 is uniquein the sensethat f0u0 is uniquelydefineda.e.for
eachu0

�
U .)

Let U beseparable.Let � uk �³/ U bedense.For eachk, thereis a null set
Nk / R s.t.uk

�
Dom� f0 � ir 
�
 for r

�
R § Nk; consequently, � uk ��/ Dom� f0 � ir 
�


for all r
�

R § N, whereN : �x¨ kNk.
(d2)WeprovetheHp

strongclaim;addΛ
�

Y ' [
�
Λ
�¬<

1] everywhereto obtain
theweakresult.

1̀ “Only if ”: Let u0
�

U . Then f u0
�

Hp
strong, henceit convergesa.e.to

a boundaryfunction fu0

�
Lp � ω 5 iR;Y 
 , by (a), with

�
fu0

�
p � � f u0

�
Hp. But

fu0 � f0u0 a.e.,by (c1),hence�
f
�
Lp

strong
� sup 

u0
 "!

1

�
f0u0

�
p � sup 

u0
 "!

1

�
f u0

�
Hp � � f0

�
Hp

strong
# (3.41)

By (a), f u0 is thePoissonintegral of f0u0 for eachu0
�

U , i.e., f is thestrong
Poissonintegralof f0.

2̀ “If ”: This follows from LemmaD.1.8(a1)&(a3).
(d3)This follows from (d2)andLemmaD.1.8(a1)&(a3).
(d4) By TheoremB on p. 85 of [RR], f hasa boundaryfunction f0 in the

strongoperatortopology(any f in theNevanlinnaclassN has,andHp functions
belongto the Nevanlinnaclass,by (4-1) on p. 75 of [RR]). By the theorem,
thereis a null set N / iR s.t. f u0

�
f0u0 nontangentiallyat every point of

iR § N (i.e., f
�

f0 nontangentially“in thestrongoperatortopology” at every
point of iR § N).

By Theorem C on p. 90, f
��

f0 is an isometry Hp � ”L pD � iR 
 ”,
and ”L pD � iR 
 ” means“weakly measurablefunctions” with finite norm

�k� �� D[F
U HY I � Lp

F
iR I ; the strongmeasurabilityof f0 follows from that of f0u0 (by

(a1))for eachu0
�

H, hencef0
�

Lp
strong� iR; ��� U 	 Y 
�
 .

(In [RR], we should have U � Y, but we may replace f by Ê 0 0
f 0 Ë �

Hp � C � ; ��� U º Y 
;
 . ReplaceY first by its separablesubspaceif necessary(see
LemmaB.2.4).

(e) This can be proved in the sameway as (a)–(d) were proved (usethe
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H � D; SU
 resultsof [RR]). 6
If a boundaryfunction is zero on a set of positive measure,then both this

functionandtheoriginal functionarezeroalmosteverywhere:

Lemma 3.3.2 Let f be a holomorphic function, and let f0 be its boundary
functionin thesenseof someof (a1)–(d4)of Theorem3.3.1. Thenthe following
areequivalent:

(i) f }| 0 on C �ω ;

(ii) f }� 0 a.e. on C �ω ;

(iii) f0 }� 0 (on a subsetof positivemeasureof ω 5 iR);

(iv) f0 }� 0 a.e. (on ω 5 iR).

For (e), the above claimshold with substitutionsC �ω �� RD and ω 5 iR
��

∂RD �
� z � C ff h z h � R� .
Proof: Trivially (iv) � (iii). By Lemma D.1.2(e), we have (i) t (ii) (if

f
�

H � Ω;B
 andE : � f P 1 $3� 0 �j% hasapositivemeasure,thenK � E is infinite for
somecompactK / Ω, by LemmaA.2.3,henceΩ (andK) containsa limit point
of E( � K), hencef � 0). Thus,it sufficesto show establish(i) � (iv), (iii) � (i).

1̀ Case f
�

Hp � C �G
 , p
� $ 1 	 ∞ % : This is well known (usee.g.,Theorem

17.18 of [Rud86] and Cayley transform (see Lemma 13.2.1(e2)&(d)) for
(i) � (iv), andthePoissonformulafor (iii) � (i)).

2̀ Case f
�

Hp � C � ;B
 , p
� $ 1 	 ∞ % : Now Λ f0 is the boundaryfunction of

Λ f for eachΛ
�

B' , hencethis follows from 1̀ andLemmaB.2.6.
3̀ Case f

�
Hp � C � ; ��� U 	 Y 
�
 , p

� $ 1 	 ∞ % : Now f0u0 is the boundary
functionof f u0 for eachu0

�
U , hencethis follows from 2̀ .

4̀ Other cases: For rD, r d 0, in placeof C � , the above proof applies
mutatismutandis.For C �ω in placeof C � , we obtainthis by shifting f and f0.6
Weshall laterneedthefollowing lemma:

Lemma 3.3.3(* �v 	 F �u+ L2
F
iR;Cn I � 0* �v 	 F �u+ L2
F
iR;Cn I � 0* �v 	 F �u+ L2
F
iR;Cn I � 0 for all u 	 v �A� F � 0u 	 v �A� F � 0u 	 v �A� F � 0) Let @»	ÍÌ �

TIC∞ � Cn 	 Y 
 , @�$ L2
c %Ã	ÃÌÅ$ L2

c %³/ L2 and J
� ��� Y 
 . Set F : � �Ì ' J �@ . Then� 1 5¡�3
EP 2F

�
L1 � iR; ��� Cn 
�
 .

If * �v 	 F �u+ L2
F
iR;Cn I � 0 for all u 	 v � L2

c � R � ;Cn 
 , thenF � 0 a.e.

Proof: 1̀ SetU : � Cn. By Theorem3.3.1(c3),we have
�@¾	 �Ì � � 1 5�3
 L2 � iR; ��� Cn 
�
 , henceF

� � 1 5¡�3
 2L1 � iR; ��� Cn 
�
 .
2̀ Assumptions:To obtainacontradiction,weassumethat * �v 	 F �u+ L2

F
iR;U I �

0 for all u 	 v � L2
c � R � ;U 
 (hencefor all u 	 v � L2

ω � R � ;U 
 andall ω � 0, by
Lemma2.1.13),but F is notzeroa.e.on iR. Thenthereis r

�
R s.t.ir

�
Leb� F 


andF � ir 
Î}� 0.
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W.l.o.g.we assumethatU � C, 0
�

Leb� F 
 anda : � F � 0
�� 2 d 0 (choose
v0 	 u0

�
U andα

�
∂D s.t. αv'0F � ir 
 u0

d 0 andreplaceF by αv'0F �T�X. ir 
 u0;
replacethenu by eir W uu0 andv by eir W vv0 at theendof theproof).

3̀ Obviously,
h � 1 5 ir 
 �ft H 0 � ir 
 h � 4t when

h
r
h d 1 and t

� � 0 	 1
 , where�
ft H 0 � s
 : � 2t3\ 2 � s 5 t 
eP 2. Consequently,ÀkÏ � 1 H∞ I i h ft H 0 � ir 
 h 2 hF � ir 
 h dr � a� 5 (3.42)

for all t
� � 0 	 δ1 
 , whereδ1 : � a

� �T�;5 1
EP 2F
�
1 � 20 d 0.

4̀ ε 	 δ d 0: Chooseε d 0 s.t.Re� 2R
eP 1 µ RP RF � ir 
 dr d a for all R
� � 0 	 ε 
 .

Chooseδ d 0 s.t. µ r ? F ε H 1I � �ft H 0 � ir 
 � 2 � F � ir 
 � dr � a� 3 for all t
� � 0 	 δ % (see

LemmaD.1.24(a)andnotethatF
�

L1 ��$Ð. 1 	 1% i 
 ).
5̀ Chooset

� � 0 	 max� δ 	 a� 2 �¶
 s.t. µ F P ε H ε I i h ft H 0 h 2dm d 2� 3 (seeLemma
D.1.24(a)).From,e.g.,Theorem1.19of [Rud86]weobtainfunctions

gn : � mn

∑
kÇ 1

Rn H kχ
F P rn � k H rn � k I i � n � N 
 (3.43)

s.t. Rn H k d 0, rn H k � � 0 	 ε 
 (n 	 k � N), 0
<

g1
<

g2
< ����� < gn

< ����� and
gn � ir 
 � g : � h

ft H 0 � ir 
 h 2χi
F P ε H ε I �É� t2 5 r2 
 P 1χi

F P ε H ε I monotonously, for each
r
�

R. Consequently,
�
gn
�
1 � ∑k Rn H k � 2rn H k 
 � �

g
� d 2� 3. By TheMonotone

ConvergenceTheoremand2̀ , wehave

ReÀ ε

P ε

h
ft H 0 � ir 
 h 2F � ir 
 dr � lim

n� ∞
À ε

P ε
gn � ir 
 ReF � ir 
 dr

L
lim sup

n� ∞
∑
k

Rn H k � 2rn H k 
 a d 2a� 3 #
(3.44)

By this, (3.42) and 4̀ , we have Reµ iR h ft H 0 h 2F dm � Re* ft H 0 	 F ft H 0+ d
a � 2� 3 . 1� 5 . 1� 3
 d 0, acontradiction,asrequired. 6
According to Theorem2.3 of [W91a] (or to Theorem3.1.7), the first part

of Theorem2.1.2 holds for arbitrary BanachspacesU andY and for any p
�$ 1 	 ∞ 
 . Even in thatcase,Y Z : TIC

�
H∞ is a contractive algebraisomorphismof

TIC � U 	 Y 
 into H∞ � C � ; ��� U 	 Y 
;
 . However, theisomorphismis not isometric,nor
onto:

Example 3.3.4 (A counter-examplefor Banachspaces:H∞ }/ �
TIH∞ }/ �
TIH∞ }/ �
TI) Let U � C,

Y ��u ∞ � N 
 , ek : � χ Ñ k Ò � k � N 
 (i.e., e0 �K� 1 	 0 	 0 	�#�#�#4��	 e1 : �K� 0 	 1 	 0 	 0 	�#�#�#Ó� etc.)

and
�@g� s
 u0 : �>� eP ksu0 
 k ? N, sothat

� �@�� s
 �=< 1 for all s
�

C � .
By LemmaD.1.1,

�@ is holomorphic,becauseeP k W is holomorphicfor each
k
�

N. Thus,
�@ �

H∞ � C � ; ��� C 	 Y 
�
 . However,
�@ �f }� Y Z $ L2 � R � ;Y 
�% for f : �

χ � 0 H 1I � L2 � R � 
 , hence
�@ is not thetransferfunctionof any @ � TI � C 	 Y 
 .

Furthermore,
�½ : s

�� � k P 1\ 2 � s 5 1
eP 1
�@g� s
�
 k ? N satisfies

�½ � H∞ � C � ; ��� C 	 Y 
�

and

�½ is continuouson C � ¨�� ∞ � (“
�½ � «CTIC”) but still

�½ is not the transfer
function of any ½ � TI � C 	 Y 
 (thus,“CTIC }/ TIC” in this sense;cf. Definition
2.6.1).

Remarks:1. WecanuseTIC � Y 
 in theexamplein placeof TIC � C 	 Y 
 .
2. FouriertransformdoesnotmapL2 � R;Y 
 into (noronto)L2 � iR;Y 
 .
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3. TIC
�

H∞ is notanisometry(noronto).

~
Proof: (Note that we just usethe Hilbert spacedefinitionsof Chapter2

extendedto allow for Banachspacesasinputandoutputspaces.)
1̀
�@ �f }� Y Z $ L2 � R � ;Y 
�% for f : � χ � 0 H 1I : By Pk

�
Y ' wedenotetheprojection

of Pk : � yk 
 k ? N �� yk, for any k
�

N. Then Pk commuteswith the Laplace
transform(becausePk

�
Y ' ).

Choose f
�

L2 �;$ 0 	 1%Ô
 s.t.
�
f
�
2 � 1 (e.g., f � χ � 0 H 1� ). If g

�
L2 � R;Y 


weres.t.
�
g � �@ �f on C � , thenPk

�
g � Pk � �@ �f 
m� eP ks

�
f , hencewe would have

Pkg � τ �T. k 
 f , and,consequently,�
g
� 2
2 � ∑

k

À k� 1

k

�
g
� 2
Y dm � ∑

k

À k� 1

k

h
gk
h 2dm � ∑

k

�
f
� 2
2 � ∞ # (3.45)

Therefore,
�@ doesnot map Y Z L2 � R � ;U 
 into Y Z L2 � R;Y 
 , hence

�@ doesnot
defineaTI � U 	 Y 
 map.

2̀ Constructing
�½ with required properties: Let � ak 
 k ? N be a sequence

in C s.t. ak
�

0 as k
�

∞. Define T
� ���(u ∞ 
 by � yk 
 k ? N : �¤� akyk 
 k ? N.

Then also
�� � s
»� T

�@ is in H∞ � C � ; ��� U 	 Y 
;
 , but, unlike for
�@ , we have�����0 � C � ; ��� U 	 Y 
;
 , and

�� � ir 5 t 
 � � akeP ir k 
 k ? N � :
�� � ir 
 �·0 bu � iR; ��� U 	 Y 
�


ast
�

05 , whichwill beshown in 3̀ below.
The function

�½Õ� s
 : � 1
s� 1

�� � s
 is continuouson C � ¨O� ∞ � (we use the

symbol «CTIC of this kind of functionsin Section2.6),becauseit hasthe limit
0 at∞ (because

� �½�� s
 �m< 1Ö
s
Ö � 1

�
0 as

h
s
h �

∞ onC � ). Let F � t 
 : � eP tχR Ä � t 
 ,
so that

�
F � s
)� 1

s� 1. If
�
h � �½ �f � �

FT
�
g, thenh � F S Tg, in particularPkh �

F S PkTg � akF S gk � akF S τ �T. k 
 f � τ �T. k 
 akF S f , hence�
h
� 2
2 � ∑

k

À k� 1

k

�
h
� 2
Y dm

L ∑
k

À k� 1

k

h
hk
h 2dm

L ∑
k

À 1

0

h
akF S f

h 2dm
L ∑

k

h
ak
h 2r � ∞ 	
(3.46)

if ∑k
h
ak
h 2 � ∞ (e.g.,ak � k P 1\ 2) andr : � µ 1

0
h
F S f

h 2 d 0 (e.g., f � χ � 0 H 1� ). Thus,

also
�½ doesnotmap Y Z L2 � R � ;U 
 into Y Z L2 � R � ;Y 
 .

3̀
��

is continuouson C � : Given s0
�

C � andε d 0, choosefirst K s.t.h
ak
h � ε � 2 for k

L
K. Usethencontinuityto chooseδ d 0 s.t.

h
eP sk . eP s0k h �

ε � supk
h
ak
h
whens

�
C � and

h
s . s0

h � δ. Now
� �� � s
J. �� � s0 
 � Y : � supk

h �� � s
 k .�� � s0 
 k h � ε for suchs, QED.
Remarks:1. We canuseTIC � Y 
 in theexamplein placeof TIC � C 	 Y 
 : just

use
�@ P0 and

�½ P0 in placeof
�@ and

�½ , whereP0 � αk 
 k ? N : � α0.
2. TheFourier transformdoesnot mapL2 � R;Y 
 into (nor onto)L2 � iR;Y 
 ;

in fact, it doesnotevenmapL1 � L∞ � L2: Since
� �
g
�
2 � � �f � 2 � b 2π

�
f
�
2 �b 2π and

�
g
�
2 � ∞, we observe that the Fourier transformdoes not map

L2 � R � ;Y 
 ontoL2 � iR;Y 
 (sinceg is theonly possibleinversetransformof
�
g, by

1̀ ). By replacingtherolesof g and
�
g, onecanshow thattheFouriertransform

doesnot map L2 � R � ;Y 
 into L2 � iR;Y 
 ; not even L1 � L∞ into L2 � iR;Y 
 .
(Indeed, if f

� ��� R 
 , then
�
f
� ��� iR 
 , hencethen

�
g : � �@ �f � L2 � iR;Y 
 is

“rapidly decreasing”(thoughnotdifferentiable),hence
�
g
�

Lp for all p
� $ 1 	 ∞ % .)
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3. TIC
�

H∞ is notanisometry(nor onto): Theoperator
�½ n : � ∑n

k Ç 0Pk

�@ �
H∞ is obviously thetransferfunctionof aTIC � C 	 Y 
 mapand

� �½ n
� � � �@ � � 1

for n
�

N, but
� ½ n

�
TIC

�
∞ (by the above computations),hencethe Laplace

transformTIC
�

H∞ is not anisometry(noronto,by 1̀ ). 6
In fact, the above examplealsoshows that Theorem3.3.1(c1)doesnot hold

for Banachspaces:

Example 3.3.5 (A counter-example for Banach spaces:
�@ � H∞
�@ � H∞
�@ � H∞ has no

strong nor L∞
strong boundary function) Let U � C, Y �Cu ∞ � N 
 , and let

�@ �
H∞ � C � ; ��� U 	 Y 
�
 beasin Example3.3.4,i.e.,

�@�� s
A�K� eP ks 
 k ? N.
Then

�@ doesnothaveaboundaryfunctionin thesenseof Theorem3.3.1(c1);
in fact,

�@g� ir 5 t 
 u0 doesnot converge in Y, ast
�

05 , for any nonzerou0
�

U .
Moreover, the componentwiseboundaryfunction of

�@ is not an elementof
L∞

strong� iR; ��� U ;Y 
�
 . ~
Recallfrom Example3.3.4that theabove

�@ doesnot correspondto any TIC
(not evento any TI) operator.

Proof: 1̀ Clearly � �@Â� ir 5 t 
 u0 
 k � eP ir ku0 ast
�

05 , for everyu0
�

C � U ,
k
�

N, sothecomponentwiseboundaryfunctionir
�� �@�� ir 
 : �q� eP ir k 
 k ? N is the

only possibleboundaryfunction.
However, supt ? F 0 H δ I supk ? N

h
eP F ir � t I ku0 . eP ir ku0

h � h
u0
h d 0 for any δ d 0

(take k d 2� δ andt � π � 2k), hencethereis no limit of
�@�� ir 5 t 
 u0 ast

�
05 ,

i.e., thereis no strongboundaryfunction.
2̀ Moreover,

�@�� ir 
9}� L∞
strong� iR; ��� U 	 Y 
;
 : if

�@g� ir 
 were in

L∞
strong� iR; ��� U 	 Y 
�
 , then

�@�� i �3
 would beanL∞ functionby Theorem3.1.3(c)

(becauseU � C), hencethenwe would have
�@g� i �3
 P0

�
L∞ � iR; ��� Y 
�
 , where

P0 is theprojectionto the0th component(P0 : � yk 
 k ? N �� y0).
However, r

�� �@�� ir 
 P0 is a (semi)groupof boundedlinear operatorson��� Y 
 . Becauseit is not uniformly continuous,it is not uniformly measurable,
by [HP, Theorem10.2.1]. (A secondproof: if

�@ wereL∞ � iR;Y 
 , its Poisson
integral would convergepointwisea.e. A third proof: the function

�
g � �@ �f in

Example3.3.4,would be L1, henceg would be
0

0, but it doesnot vanishat
infinity.) 6
Output maps (hencealso the causaladjoints of input maps) of WPLSs

correspondto strongH2 functions. Unfortunately, suchfunctionsneednot have
boundaryfunctionswith valuesin � (cf. Theorem3.3.1(d)),notevenfor separable
U andY. For simplicity, wegiveour counter-exampleon theunit discD:

Example 3.3.6 (A counter-example: F
�

H2
strong� D; ���Ôu 2 
�
F

�
H2

strong� D; ���(u 2 
�
F
�

H2
strong� D; ���(u 2 
�
 has no ���(u 2 
 -

valued boundary function) Let � zn �×/ ∂D bedense.Chooser
� � 0 	 1� 2
 . De-

fine z
��

Fn � z
 : �¦� z . zn 
EP r � H2 � D;C 
 (n
�

N). Definethe“diagonaloperator”
F
�

H2
strong� D; ���(u 2 
�
 by Fen : � Fnen (n

�
N), wherethevectorsen � χ Ñ nÒ form
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thecanonicalbaseof u 2 � N 
G� : U � : Y. Indeed,
�
Fn
�
H2 � �

F0
�
H2 � : M (n

�
N),

hence �
F

n

∑
kÇ 0

αkek
� 2
H2

<
M2

n

∑
kÇ 0

h
αk
h 2 # (3.47)

Thus,F canbeextendedto thewhole u 2 sothat
�
F
�
H2

strong

<
M. Moreover, if F is

definedon ∂D so thatF h ∂Du is a.e.theboundaryfunctionof Fu for eachu
�

U ,

thenFen � Fn on D § N for eachn
�

N, whereN is anull set.
Givenz

�
∂D § N andM

z d 0, thereis n s.t.M
z � hFn � z
 h � � F � z
 en

�
U (taken

s.t.
h
z . zn

h
is smallenough),hence

�
F � z
 � DGF U I L M

z
. Consequently, theoperator

F � z
 is unbounded(andpossiblynot definedfor all u
�

U ) on ∂D § N.
(Note that Fu hasa boundaryfunction a.e.for eachu

�
U , the problemis

that theseboundaryfunctionsfor u
�

U arenot dueto any (single) ��� U 
 -valued
function; the valuesof the boundaryfunction mustbe unboundedoperators,as
above.)

~
SeealsoExampleF.3.6.
In thescalarcasethePoissonintegralP S f of any f

�
Lp � iR;B
 is aharmonic

functionon thehalf-plane.This functionis analyticif f f
�

Hp; a third equivalent
conditionfor f

�
L1 is thattheFouriertransformof f is zeroonRP . All thisholds

alsoin thevector-valuedcase:

Lemma 3.3.7( f
�

Hp t P S f
�

Hf
�

Hp t P S f
�

Hf
�

Hp t P S f
�

H) Let f0
�

Lp � ω 5 iR;B
 , p
� $ 1 	 ∞ % . Then f0

is theboundaryfunctionof somef
�

Hp � ω 5 iR;B
 iff thePoissonintegral of f0
is analyticon C �ω . For p � 1 a third equivalentconditionis that

 f � t 
 : � À
R

f0 � ω 5 ir 
 eirt dr � 0 for all t � 0 (3.48)

(if this is thecase, then f � ω 5��4
[� Y Z  f � 2π).
Analogously, f0

�
Lp � ∂D;B
 is theboundaryfunctionof somef

�
Hp � D;B


iff the Poissonintegral of f0 is analytic on D; a third equivalentcondition is
that

�
f � n
 : � 1

2π
µ

∂D eP inr f0 � eir 
 dr � 0 for n �&. 1 	�. 2 	�#�#�# (if this is thecase, then

f � ∑∞
nÇ 0

�
f � n
 zn).

Recall that if B is a Hilbert space, then any Hp function has an Lp

boundaryfunction. Note also that µ R f � ω 5 ir 
 eW ir dr
�:0

0 � R;B
 , by Lemma
D.1.11(a1)&(a3).

Proof: We prove theω 5 iR claims;theD claims(which canbescaledfor
Dr ) follow analogouslyfrom Theorem17.13of [Rud86](notethatLp / L1 on
∂D).

1̀ If the Poissonintegral f of f0 is analytic, then f
�

Hp and f0 is the
boundaryfunctionof f , by LemmaD.1.8(a3).Conversely, if f0 is theboundary
function of some f

�
Hp, then f is the Poissonintegral of f0, by Theorem

3.3.1(a1).
2̀ Casep � 1: For B � C, the third condition is equivalent,by Lemma

II.3.7 and TheoremII.3.8 of [Garnett]. From this and 1̀ it follows for
generalB, that the Poissonintegral of Λ f is analytic for all Λ

�
B' if f
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 f � t 
 : � µ R Λ f � ω 5 ir 
 etir dr � 0 for all t � 0. This andLemmaD.1.1(a)imply
thatthePoissonintegralof f is analyticif f µ R f � ω 5 ir 
 eirt dr � 0 for all t � 0.
By LemmaF.3.7(a3),wehave f ���3
A� Y Z eω W  f � 2π 6
Next weextendthestandardformula 8@ d � s
�� �@g� s̄
 ' for causaladjointtransfer

functionsto thevector-valuedcase(includingnoncausalTI maps):

Lemma 3.3.8( 8@ d � s
A� �@�� s̄
 '8@ d � s
[� �@g� s̄
 '8@ d � s
A� �@�� s̄
 ' ) Let u
�

L2 � R;U 
 and
���

TI � U 	 Y 
 . Then8 Ru � ir 
¬� �u �T. ir 
 for r
�

R. Moreover, 8� ' � ir 
B� �� ' � ir 
 , « R
�

R� ir 
­� �� �T. ir 
 and8� d � ir 
[� �� ' �T. ir 
 for r
�

R.

If @ � TICω � U 	 Y 
 , then 8@ d � s
A� �@�� s̄
 ' for s
�

C �ω .

SeeDefinition3.1.1(andTheorem3.1.3(d))for
�� ' .

Proof: 1̀ TI: Obviously, 8 Ru � s
y� �u �T. s
 wherevereitherintegralconverges.
It follows thatY Z � R

�
Ru
X� ir 
A� Y Z � � Ru
X�T. ir 
A� �� �T. ir 
 �u � ir 
v� r � R 
^# (3.49)

Therefore,Y Z � R
�

R
o� ir 
)� �� �T. ir 
 for all r
�

R. By linearity andcontinuity,
we obtainthat * �� �u 	 �v+��q* �u 	 �� ' �v+ for all u 	 v � L2 (seeDefinition 3.1.1),hence8� ' � �� ' , from which it follows that 8� d � ir 
A� �� ' �T. ir 
 for r

�
R.

2̀ TIC: Finally, let @ � TIC (theTICω result is obtainedby shifting) and
f � �@ � H∞ � C � ; ��� U 	 Y 
�
 , anddefineh �T�3
 : � f � �̄¯
 ' � H∞ � C � ; ��� Y	 U 
�
 . Let�O�

TIC � Y	 U 
 bedefinedby
�� � h, andlet h0 betheboundaryfunctionof h.

Then* f0 �T. ir 
 u0 	 y0+U� limt � 0� * f �T. ir 5 t 
 u0 	 y0+i� limt � 0� * u0 	 f �T. ir 5 t 
 ' y0+i�* u0 	 h0 � ir 
 y0+ a.e.on iR for u0
�

U , y0
�

Y, hence R$ f0 % ' �7$ h0 % � L∞
strong; in

particular, $ h0 %�� �� , by 1̀ . Therefore,h is an H∞ function with the boundary
function

��
, but, by Theorem3.3.1(c1),the transferfunction of

�
is the only

suchfunction. 6
During the rest of this section,we shall study the polesof the inversesof

transferfunctionsandusetheresultsto constructa“completely”unstabletransfer
function.

Let Ω / C is openandm	 n � N. If 0 }� f
�

H � Ω;C 
 , thenthesetof zerosof
f (i.e.,of polesof f P 1) doesnot have limit pointsin Ω (see,e.g.,Theorem10.18
of [Rud86]). It follows that if f

�
H � Ω; ��� Cn 
�
 is invertible at somes0

�
Ω,

then f is invertible on a set whosecomplementdoesnot have limit points in
Ω (this complementis the setof zerosof det f ). The sameappliesto the left-
invertibility of f

�
H � Ω; ��� Cn 	 Cm 
;
 (becauseif L

�
Cn Ø m is s.t.L f � s0 
A� I , then

L f
�

H � Ω; ��� Cn 
�
 ).
Thesefactsareextensively usedin controltheory. However, if dimU � ∞ and

f
�

H � Ω; ��� U 
�
 , thenthesetof “poles” of f P 1 maybeany closedsubsetof Ω,
evenif f werebounded,when,e.g.,Ω � C �ω (ω

�
R) or Ω � Dr (r d 0):

Lemma 3.3.9(Polesof
�@ � H∞
�@ � H∞
�@ � H∞) Let dimU � ∞. Let K / C be closedand let

s0
�

C § K. Then there is
�@ �

H ��� s0 � c; ��� U 
�
 s.t.
�@�P 1 � H � Kc; ��� U 
�
 , �@ �
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H∞ � Kc
ε ; ��� U 
;
 for any ε d 0, where Kε : �7� s � C ff d � s	 K ¨�� s0 �¶
 < ε � , and

thesetof singularitiesof
�@¼P 1 is K in thesensethat limKc Ù s� s1

� �@�P 1 � s
 � �
5 ∞
for each s1

�
∂K.

Thus,whenω � ω
z
andK /-� z ff Rez � ω

z � is closed,thereis @ � TICω � U 
 �N
TICω � � U 
 s.t. thesetof singularitiesof

�@�P 1 is K. Oneobservesfrom theproof
that

�@�� s
¼}�MN ��� U 
 for any s
�

K, sincethepolesof the “components”of
�@ are

densein K.
We might call thesesingularities“poles” (at least thoseon ∂K), sincethis

would be in accordancewith the definition “lim Ω Ù s� s1

�
f � s
 P 1 � � 5 ∞” (for

scalarfunctionsthis is equivalent to the standardone,by Theorem10.21(c)of
[Rud86]).

(Unlesss1 is anisolatedpoint of K, thereis asequence� zn �»/ Kc s.t.zn
�

s1

and
� � zn . s1 
 N �@�� s1 
 � � 5 ∞, asn

� 5 ∞, for any N
�

N (e.g.,choosethemso
thatd � zn 	 K 
[�x� zn . s1 
 N � n anduse(3.51)),henceonemightarguethatthepoints
of ∂K (or K) shouldneverthelessbecalledessentialsingularities.

Proof: By Lemma A.3.1(a2), we can assumethat U �¦u 2 � A
 for some
infinite setA. SetK0 : � K ¨�� s0 � , γ : � d � s0 	 K 
 d 0.

1̀ Functions� fa � a ? A: Chooseφ : A
�

K s.t.φ $A% is densein K. Set

fa � s
 : � s . φ � a

s . s0

� 1 5 s0 . φ � a

s . s0

� s � C §=� s0 ��	 a
�

A
^# (3.50)

Then
h
fa � s
 h 	 h f P 1

a � s
 h � 1 5 γ � ε � : Mε for all ε d 0 andall s
�

Kc
ε . Moreover,

fa
�

H ��� s0 � c 
 and f P 1
a
�

H � Kc 
 .
2̀ Function f : For eachs, we define f � s
 � u ∞ � A
 by f � s
 a : � fa � s
 . Now

Λa f
�

H ��� s0 � c 
 for all a
�

A, whereΛau : � ua, hencef
�

H ��� s0 � c; u ∞ � A
;
 , by
LemmaD.1.1(a).

Analogously, f P 1 � H � Kc; u ∞ � A
�
 , where f P 1 � s
A�&� fa � s
eP 1 
 a ? A � u ∞ (this
is obviously theinverseof f � s
 on Kc

0).
But u ∞ � A
 (asmultiplicationoperators)is aBanachsubalgebraof ���(u 2 � A
�
 .

Therefore,f
�

H ��� s0 � c; ��� U 
�
 , f P 1 � H � Kc; ��� U 
�
 , by LemmaD.1.2(b1).By
1̀ , wehave

�
f
� 	 � f P 1 �V< Mε onKc

ε for eachε d 0.
3̀ Singularitiesof f P 1: Let s

�
Kc. For eachδ d d � s	 K 
 thereis a

�
A s.t.h

s . φ � a
 h � δ andhenceh
f P 1
a � s
 h � h

s . s0
hh

s . φ � a
 h d γ . δ
δ
	 (3.51)

therefore
�
f P 1 � s
 � DGF U I L γ P d

F
sH K I

d
F
sHK I . Thus,

�
f P 1 � s
 � � ∞ as d � s	 K 
 � 0.

Consequently,
�@ : � f hastherequiredproperties. 6

By using the above techniques,we can constructa “completely unstable”@ � TIC∞ whenever U andY areinfinite-dimensional(notethat dimY
L

dimU
if f thereis a left-invertible @ � TICω � U 	 Y 
 , by Lemma2.2.1(c3))

Example 3.3.10 (@ u }� L2@ u }� L2@ u }� L2 for all nonzero u
�

L2u
�

L2u
�

L2) Let dimY
L

dimU � ∞. If
ω d 0, thenthereis a left-invertible @ � TICω � U 	 Y 
 s.t. @ u }� L2 for all nonzero
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u
�

L2 � R � ;U 
 . ~
In fact, given γ d 0, we canchoosean ULR @ � TIC∞ � U 	 Y 
 s.t. @ satisfies

the above conditionsfor any ω d γ, and
�@ � H ��� γ 5 i �y� N 5 1
;
 c; ��� U 	 Y 
�
 , and�@ � H∞ � Ωω � Hω; ��� U 	 Y 
�
 whenever ω

z � γ � ω, whereΩω � H ω : �¥� s � C ff Res
�$ω z 	 ω % c � (takesn : � γ 5 i �y� n 5 2
 in theproof below).

Therefore, in that case, we have
�@ �

H∞ � C Pα ; ��� U 	 Y 
�
 for each α � γ,
hencethis (left) part of

�@ is the transferfunction (Fourier transform)of some @ � � α Ú γTIα � U 	 Y 
 , which is strictly anti-causal,i.e., π �  @ π P � 0 }� π P  @ π �
(applyTheorem3.1.6(b)to

�@ andLemma2.1.11(iv)&(i) to R @ R).
Proof: W.l.o.g.,weassumethatdimY � dimU (replacethen @ � TICω � U 


by T @ � TICω � U 	 Y 
 for any left-invertibleT
� ��� U 	 Y 
 ). By LemmaA.3.1(a2)

andLemmaB.2.2,wemayassumethatU ��u 2 � A
 andY ��u 2 � A º N 
 for some
infinite setA.

ChooseK0 : �Û� sn � ∞
nÇ P 1 / γ 5 iR s.t. sn

�
s0, as n

�
∞, and γ : �

d � sP 1 	 K 
 d 0, whereK : �q� sn � ∞
nÇ 0.

Set f j � s
 : � � s . sj 
��y� s . sP 1 
Û� s � C §Ü� sP 1 ��	 j
�

N 
 , so thath
f j � s
 h 	 h f j � s
 P 1 h � 1 5 γ � ε � : Mε for all ε d 0 and all s

�
K c

ε, whereKε : �� s � C ff d � s	 K0 
 < ε � (asin 1̀ of theproof of Lemma3.3.9).

Define
�@�� s
 � ��� U 	 Y 
 by � �@�� s
 u
 a H j : � 2 P j f P 1

j ua (u
�

U ). Then� �@�� s
 u � 2Y � ∑
a ? A H j ? N

�
2 P j f P 1

j � s
 ua
� 2 < ∑

a ? A

2
�
f P 1 � s
 ��Ý ∞ � ua

� 2 	 (3.52)

hence
� �@�� s
 �ED[F U HY I < 2Mε for s

�
Kc

ε .

Define
�� � s
 � ��� Y	 U 
 by � �� � s
 y
 a : � f0 � s
 ya H 0 (y

�
U ). Then

� �� � s
 �­< Mε
for s

�
Kc

ε . Obviously,
�� � s
 �@Â� s
y� I for s

�
Kc

0. It followsfromLemmaD.1.1(a)
that

�@ and
��

are holomorphicon C �ω , hence
�@Â	 ��>� H∞ � C �ω ; ��� U 
;
 , hence@Å	 ��� TICω � U 
 .

As in the proof of Lemma3.3.9,we canverify that
�@ hasthe properties

claimedabove. Weproof theclaim“ @ u
�

L2 � u � 0”:
Let u

�
L2 � R � ;U 
y§¸� 0 � . Choosea

�
A s.t. ua }| 0. By LemmaD.1.2(e),

thereis j
�

N s.t.
�
ua � sj 
»}� 0. It follows that

�
f j
�
ua
� �

∞ ass
�

sj (see3̀ of
theproofof Lemma3.3.9).

But � �@ �u
 a H j � 2 P j f P 1
j

�
ua, and � y �� ya H j 
 � ��� Y	 C 
 , hence

�@ �u }� H � C � ;Y 
 ,
in particular, @ u }� L2. 6
On theotherhand,if Ê"Þ ßà á Ë � WPLS� U 	 H 	 Y 
 is optimizable(seeDefinition

6.7.3) and dimU � ∞, then there is δ d 0 s.t. every λ
�

σ � A
 � C � P δ � : K
is an isolatedeigenvalue of finite multiplicity, by [JZ99]. In particular, then�@ � H � C P δ § K; ��� U 	 Y 
�


Notes
Most of (a), (b), (c2) and(d4) (and(e)) of Theorem3.3.1is well known (see,

e.g.,[RR] for theseparablecase).A comprehensivestudyontheseparablecaseof
(c1) is givenin [Thomas].Also Lemmas3.3.2and3.3.8areprobablywell known.
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Themonographs[Duren]and[Hoffman]areclassicalreferencesfor Hp spaces
andtheir boundaryfunctions. The monograph[RR] by Marvin Rosenblumand
JamesRovnyakis aclassicalreferenceoncaseonseparableHilbert spaces;it also
containsfurtherresultsandextensionsto theNevanlinnaclass.
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