Chapter 3

TLansfer Fun/cgons
(Tl = L‘;"tmng TIC = H%)

Thoughearthand manwere gone
Andsunsanduniversesceasedo be,
AndThouwete left along
Everyexistencewouldexistin Thee

— Emily Bront&(1818-1848)

In this chapterwe shall studythe transferfunctionsof TI andTIC maps,i.e.,
thefunctionsE for whichy = [Eu correspond$o § = EG, whenE € T (U,Y),uis
aninputsignalandy is the correspondingutputsignal.

For E € TIC, this wasgivenin Theorem2.1.2 (with ¥ = EG onCH, i.e., in
H2(C*;Y)); for generalE € TI, we only know thaty = EG a.e.C*, i.e., that
y=Eain L2(iR;Y); this mappingE — E will beestablishedn Theorenm3.1.3.

Thus, TIC = H® and Tl = stong N Theorem3.1.6, we shall shav that

Tlan Tl = H”({a< Re- < b}; B(U,Y)). Wealsoprovide somefurtherresultson
thesethreeformsof transferfunctionsandwealer forms of thethemfor arbitrary
Banachspaced) andY andLP in placeof L2 (and“TIP” in placeof TI). These
canbeconsideregsextensionf socalledFourier multiplier theory.

In Section3.3,we establistseveralresultsontheboundaryfunctionsandpoles
of holomorphicfunctions.

By H, U andY we denotearbitrary Hilbert spacesunlesssomethingelseis
indicated.
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3.1 Transfer functions of Tl (TI = Lgon

transfern.:
A promotionyoureceiveon the conditionthat youleavetown.

To be able to prove that “Ti = Lstrong, We first recall the definition of
strong('R Q; U Y))

Definition 3.1.1(Lgyong L€tU, Y andW be Hilbert spacesandlet Q be a set
with a completepositive measue. A functionF : Q — B(U,Y) is said to be
stronglymeasurablgf Fug is Bodhnermeasuablefor eac ug € U.

We define Lg;ond Q; B(U,Y)) to be the spaceof (equivalenceclassesof)
stronglymeasuablefunctionsQ — B(U,Y) with norm

= sup ||Ful|L~ < o. (3.1)

IF{leg
strong * <1

V\Edefinethemultiplicationin L strongPY theformula[F][G] := [FG] for any
F € Lgrond QB ), G € Lgyrond @ B(Y,W)).

Moreover, [G] e Lstrong(Q, B(Y,U)) is theadjointof [F] € Lgong(i-e. [F]* =
[G]) if (Fu,y)=(u,Gy) a.e forallue U andy €Y.

All thisis well-defined by SectionF.1. Naturally, functionsF, G € Lgongare
equvalent(G € [F]) iff [|[F — G||Lg,,,,= 0.i.e.,iff Fu=Gua.eforallue U. (By
[F] we denotethe equivalenceclassof F.)

As above,wewrite F € Lgonginsteadof [F] € Lg;qngWhenthereis nodanger
of confusion.SeeExample3.1.4for adjointsandSectionF.1 for furthertheoryon

strong@ndstrongly(andweakly) measurableperatofvaluedfunctions.

Recall that we treatthe imaginaryaxis iR as R for measure-theoretiand
differentiability aspectsetc.; in particular m(iE) := m(E) for ary measurable
E C R, wherem is the one-dimensional.ebesguameasureand f € CX(iR;B)
iff g€ CX(R;B), whereg(:) := f(i-). Thesameappliesto theappliesto ary other
verticalaxisw+ iR, wherew € R. Werecallthefollowing from SectionF.1:

Lemma 3.1.2 The spaceL g;ond Q; B(U,Y)) is a Banah spaceand the space
strond 2; B(U)) is a Banad algebrafor anymeasuableQ C R. 0

(Thisfollows easilyfrom LemmaF.1.3(b)andTheoremF~.1.9(s1).)
Now we areableto statethatL gi;ong= Tl:

Theorem 3.1.3(T1 = strong FOr any Hilbert spacesU and Y, the following
hold:

(al1) Tl =L gng For eah E € Tl U,Y) there is a unigue function E e
strong
strondIR; B(U,Y)) called the Fourier transform (or symbol) of E, s.t.
Ef =Ef oniR for all f € L2(R;U). (We also call the mappingE E
theFourier transform.)

The Fourier transformis an isometric isomorphismof TI(U,Y) onto
LstrondiR; B(U,Y)), and it commuteswith adjoints and compositions;in



particular, this mappingis an isometricB*-algebra isomorphisnof TI(U)
ontoL gondiR; B(U)).

(a2)Each E € LgtrondiR; B(U,Y)) hasa representative- : iR — B(U,Y) s.t
IFGO) | < Bl g0 = SURseu I FUllLe for all T € R.

(b) If D € TIC(U,Y), thentheboundaryfunction(seeTheoem3.3.1(c1))of its
Laplacetransformcoincideswith its Fourier transform;weidentifythetwo.

(c) If dimU < oo, thenL%;ondiR; B(U,Y)) = L*(iR; B(U,Y)).

(d) Let [F] = E e LstrondiR: B(U,Y)). Assumethat either F is piecavise

continuousor U is sepagble Then||[F]|| g, = essup||F|/zuy, and
[F*] = [F]*. Moreover, E*E > O iff F*F > O a.e
Furthermor, E € GTI iff F(ir) € GBfora.er e Rand[F~1] € L§ong If F
is piecavisecontinuousthena third equivalentonditionis thatF (ir ) € GB
fora.e r € R andF~1is essentialljpoundedanda fourththat F (ir) € GB
for all r € R andF 1 is bounded.

(el)LetE € TI(U). ThenE > 0iff (Eu,u)y > Oa.e forallue U (iff E > O a.e,
providedthat eitherlE is piecavisecontinuousor U is sepaable).

(e2) Let B € TI(U,*) (k=1,2,3,4). ThenEiE, > E4E, iff (Equ,Eou) >

(Egu,Eu) a.e for all ue U (iff Iﬁ*l‘]ﬁz > E;E a.e, providedthateither]ﬁk
is piecavisecontinuoudor k=1,2,3,4, or U is sepaable).

Of course,we have ﬁo(U,Y) Strong(w—i— iR;B(U,Y)) in a similar way

(becausé 2, = e .2 andhencel 2, = T(—w)(L2)); seealsoRemark2.1.6.

All above resultsalsohold for 0D mutatismutandis py Theoreml13.2.3.See
Theorem3.2.4 for a result wealer than (al) in the caseof separableéBanach
spacesU and Y. Note also that (4(iR;B(U,Y)) is a closed subspaceof

strong(IR Qg U Y))

GivenE € TI(U,Y) andup € U, we ha/e]ﬁuo = cAp—lﬂEcpuo a.e.oniR, where,
e.g.,gt) = e t?/2 (seeLemmaD.1.25),becausehe Fouriertransformis one-to-
oneon L. Thefollowing proofof (al)is basednthis.

Proof of Theorem 3.1.3: (al) Let E € LgondiR;B(U,Y)). By
Theorem F.1.7(b) and The Plancherel Theorem, Lgo(iR; B(U,Y)) C
B(L*(R;U),L*(R;Y)), isometrically throughf — Ef := £ 'Ef. Moreover,
Et' f = £ Ee T Ef =1'Ef forall f € L2 Thus, £ LgnC TI(U,Y),
isometrically

Thereforewe only have to shaw thecorverse.Thus,belon we assumehat
E e TI(U,Y), find acandidatéE andthenshaw thatrEf = Ef for all f € L2.

(We notethattheproofdoesrequirethatU andY areHilbert spaceshecause
wewantall L?(R;Y) functionsto have aFourier(—Plancheretyansformandwe
wantto beableto extendB(Up,Y) operatordo B(U,Y) operatorsvheneerUg
isasubspacefY.)

1° Defineq(t) := e**/2, Theng(ir) = v/2re""*/2 > 0for r € R, by Lemma
D.1.25;in particular(Ap(ir)*1 is everywheredefinedandcontinuous.



2° By L we shalldenotethe operatordefinedin LemmaB.5.3.

3° SetA; ;= {u|it € Leb(L£Egu)} C U. Then,for afixedu € U, we have
ue A fora.ett. By (B.56),A; is asubspacefU.

If ue U and A € Y*, then g~ AEgu is in TI(C) and of norm <
|IE[ ||A|||[|u]|, hence,by the correspondingscalarresult[BL, Theorem6.1.2,
p.132],thereis Ta y € L*(iR) s.t. || Tau|| < ||El| [|A] |Ju]| and

Taud = LAEgu = ALEgu for g € L%(R). (3.2)
If follows thatfor all A € Y* s.t.||A|| < 1wehave

INQ(ir) L (£Equ) (ir)| < [9(ir) "LTau(ir)@(ir)| < I[E[lull,  (3.3)
hence R
(i)~ (LZEqu) (ir) Iy < [[E|[|ull- (3.4)

LetF (it) € B(U,Y) bealinearextensionof A, 3 u— @(it) ~L(LLEqu)(it) €
Y (thatmappingis linear, by (B.56)) satisfying||F (it)|| < ||E|| (by (3.4),thisis
piisible,e.g.,extendto the closureof A; by continuity, andextendby zeroon
A).

Becausdor u € U we have F (it)u = @(it) 2(L£Equ)(it) for t € A, hence
for a.e.t € R, the function F is in Lg;ondiR;B(U,Y)), in particulayr F €
B(L2(iR;U),L2(iR;Y)), by TheoremF.1.7(b).

For f € L2(iR) andu € U we have

~

AF (it) F(ityu = F(it)g(it) "2 (LLE@u)(it) = F(it) Tau(it) = A(ZEfu)(it) ae,
(3.5)
for all A € Y* (thefirstinequalityfollows from thedefinitionof F (it) andfrom
thefactthatu € A; for a.e.t, thesecondandthird inequalityfollow from (3.2)).
Becauser f and fEfu areL?(iR;Y) functions,hencemeasurableit follows
from (3.5)that(F f)(it)u= (£Efu)(it) for (a.e.)t € R, by LemmaB.2.6.

We canextendF fu=T fu to Fg = Tg for arbitrarysimplefunctionsg by
linearity, thenfor arbitraryg € L2(iR;U), by density (TheoremB.3.11) and
continuity.

The secondparagraplof (al) is easyto prove, e.g.,by an applicationto
functionsof theform xgu andxgy, oneeasilynotesthatE* = E* for anarbitrary
E € Lgirong(in particulay Lgongis aB*-algebra).

(a2) Therepresentatie F constructedn theproofof (al)obviously satisfies
the conditionsof (a2).

(b) Thiswill beprovedin Theorem3.3.1(c1).

(c) SeeLemmaF.1.3(d).

(d) The claim on E*E > 0 follows from (el) and the claim [F*] = [F]*,
becaus&*E = [F*|[F] = [F*F].

The restfollows from LemmaF.1.3(f1)&(f2). In the proof of the GTI-
equivalencewe alsoneedthefactE € GTl < [F] € GLgong from (al)(the
extra conditionimposedon“G” in (f2) follows from (a2)above).

For thelastremarkwe notethatif F is piecavisecontinuousandF —1 exists
a.e.andF ! is boundedthenF 1 exists everywhere,by LemmaA.3.3(A3),



and[F_l] € L?trong

(Insteadof piecavise continuity, it sufficesto assumethat iR is divided
into an at most countablenumberof intervals of positive measureandF is
continuouson eachof them.)

(e) For clarity, we only prove (el) (whichis aspecialcaseof (e2));thesame
proof of appliesfor (e2)with slightchanges.

1° If (Eu,u), > O a.e.for all ue U, then(Ef, Fiziru) = O for all simple
functionsf € L?, hencefor all f € L2,

Corversely if u€ U and(EuXg, UXg),2(ir.uy = O for all finite-measurable

setsE, then(Eu uy>0a.e.

2IfEis piecavise continuous,thenthe E > 0 claim is obvious. If U
is separableand(]Eu uy > 0 a.e.for all u € U, thenthereis a null setN s.t.
(]Eu, u) > 0 on NC for all u in a countable,densesubsetof U, hencefor all
u € U. Thecorverseis trivial. O

In the caseof unseparabl&’ (anddiscontinuoud.g;,q,q functions),thereare
somepeculiarities,e.g., eventhe element0 € Lg,,ng May have a representave
F:R — B(U,Y) with esssup||F || 3u,v) = « andF* nonmeasurable:

Example 3.1.4 [||[F]|| g, = 0 & [|F||L= = o] Let {& }cr bethenaturalbaseof
U :=/¢2(R), andletdy € Y bes.t.||do|| = 1; hereY canbeary unseparablélilbert
space.

Forall f : R — R, we defineF; : iR — B(U) by F¢(ir)u:= f(r)udo (where
U= (Ur)rer), sothat||F¢(ir)|lgw vy = |f(r)| for allr € R. ConsequentlyFfu=0
a.e.for allue U, becausey = 0 for a.e.r; in particular [Ff] = [0] € Lgyong i-€-,
1[F]lL5,0ng= 0. eventhough||F |Le := [[[F lsw,v)llL=() = II f |- maybeinfinite
(andF maybenonmeasurableMoreover,

(Fe(ir)u,y) = (f(r)urdo,y) = (f(r)ur,yo) = (u, f(r)yoer) forall ueU, yeY,
(3.6)
whereyp := (do,y) =: Ay, henceF¢ = f(r)e A, in particular Fs (ir )*do = f(r)er
and||F¢ (ir)*[| g,y = |f(r)| = [|F¢ (ir)|| (r € R). Thefollowing holds:

(@)If f(r) =r, thenFs(ir)*do = rey, hencel|F; do||.. = . Consequently

“MFFIIs oy = SUpesssRupllFf(lr) Yollu = c. (3.7)

(b) If g(r) =1, then®| [F"‘]||LStrong 1. However, evenin this case,we have

[Ft] € Larong becauser; is not even strongly measurableobviously, the
function r — Fy(ir)*dg = & € U is not almost separably-alued, hence
neithermeasurablénoris thefunctionF; of (a) or any otherF; exceptthose
with f =0a.e.).

N

Thus,in general the adjointof a representatie of someE e L strong NEENOL

bein the classof E*, not evenin the classof ary L strong function, eveniif this
representatie wereboundedsee(b) above).



However, thereis a uniqueF ¢ L gtrong S-t- (U, E*Y) = (Eu,y) = (u,Fy) a.e.for
all u,y whenererE andF arerepresentatiesof £ andF, respectrely, by Theorem
3.1.3(al).Notethat,if Fu is stronglymeasurablethenF* is weakly measurable
in the sensehat(F*y, u) is measurabléor alluce U andy €Y.

SometimesT| operators(and WPLSs) are studiedover Banachspacesand
generalLP (see,e.g.,[Sbook] and several articlesof G. Weiss). Many of our
resultsgeneralizeo thatsettingwith easebut somedo notatall. Theemphasi®f
thisbookis in L2 signalsover Hilbert spacesbecaus¢his allows oneto formulate
the standardcontrol problems. However, we give herecertainresultsin a wider
settingfor futurereference.

Theorem3.1.5(T1f) Let X andY be Banad spaces,p,q € [1,00] and w € R.
Define

TISYX,Y) :={E € B(LE(R;X),LHR;Y)) | Et(t) =1(t)E forall t € R},
(3.8)
TI2 := TIBP and TI := TI3%. ThenTI2Y is a closedsubspaceof B(LA,LY).
Moreover, [|Ef [yna < |||y pal| f[[yne andEO" f = 0"Ef for all f € WgP(R;U),
E e TIRY.
Finally, E[S(R;X)] ¢ W9 ¢ ¢*(R;Y) for all E € TIPY(X,Y), and
E[((R; X)] € Gb(R;Y) (evenE[(h(R;X)] C (o(R;Y) if Y is a Hilbert space)
forall E € TI?(X,Y).

(We have set WP := nienWSP.  Note also that the definition of TI® in
[Sbook]differsfrom thatof ours:it requiregheL® functionsto vanishatinfinity.)
The TIP operatorscorrespondo Fourier multipliers (seeSection3.2; note
that the multiplier doesnot determinethe operatoruniquely in casep = ).
Analogously TIP*(U,Y) = B(LP(R;B), By)x, in particular TIP*(C) = LP (R)x,
wherep™! + p’*1 =1, for p < o. but sincethe caseq # p is only rarelytreated,
we shallnot considerit further (andwe omit the proofs).
Proof: 1° Obviously, TI&Y is a closedsubspacef B(L,LJ). By Lemma
B.7.8,afunction f € LB(R;X) isin WgP iff (t(h) f — f)/h corvergesin L, as

X
h— 0. Thus,for f € Wﬁ;p we have (herelim meansalimit in the spaceX)

Ed f :]Erlliri(T(h)f —f)/h= rl:ifﬁO]E(T(h)f —f)/h

Lé
= lim (t(h)Ef —Ef)/h = d(Ef),
h—0
henced(Ef) existsandis equalto Eo f. Thus,]E[W(lA;p] c w3l
By induction,E0" c 0"E andEWg;" ¢ Wg; for ary n e N. Consequently
IEF lwna < [1E]|ipal| f lyze
2° E[S(R;X)] € C*(R;Y): LetE e TIP(X,Y). Obviously, S ¢ W>P. By
1°, E[S(R; X)] ¢ W*4. By CorollaryB.7.7,we have W9 C C*.
P E[G(R;X)] € G(RY): LetE € TI®(X,Y). ThenE[S(R;X)] C C*N
L” C G(R;Y), henceE[(b(R; X)] C G(R;Y), by continuity (by Theorem
B.3.11(c),(p is theclosureof § in L*).



4° E[G(R;X)] € (b(R;Y): Assumethat Y is a Hilbert space. Set
To:= (EAg)(0) for all @ € (b(R;X). One easily verifiesthat T € M :=
B(Co(R; X),Y) andE = T, where(T+@)(t) ;=TT Aot € R, € ((R;X)).
By LemmabD.1.14(d),we have T x @ € (p for all € (o, henceE[(p(R; X)] C
G(R;Y).

Remark— This is not true for geneml Y: Let X be ary Banachspace
(e.g., X =C). LetY :=/¢"(N;L”), whereL® :=L%(R;X). One easily
verifies that E € TI*(X,Y), where (Ef), := 1 "f (f € L®). Obviously,
f#0 = Ef ¢ (5(R;L*). (Notealsothatrt_Er; =0.) O

If E € TlanTIy(U,Y), a< b, thenE € Lgondr +iR;B(U,Y)) for all
r € (a,b). Actually, E can be redefinedso that it becomesholomorphicon
Cap = (a,b)+iR={seC|a< Res< b}:

Theorem3.1.6(TTlanTlp = H*({a< Re- < b}, B)) Let U and Y be Hilbert
spacesand—o < a< b < co.

~

(@) Let E € Tla(U,Y) N Tlp(U,Y). Then there is a unique E €
H®(Cap; B(U,Y)), s.t.

Eu=EG onCayp, (3.9)

for all u € L%(R;U)Aﬁ LE(R;U).  Moreover ||Ellye(c,ysuy) =
max{||El|1i,, ||El|lTi,}, E has“strong” nontangntial boundaryfunctions
(again denotedby E) ona+iR andb+ iR, and £Eu = EG a.e in r +iR
for eadhr € [a,b] andu € L2(R;U).

(b) Converselyif E H®(Cap; B(U,Y)), thenthereis auniqueE € Tla(U,Y)N
Tlp(U,Y) s.L.E| g isits transformfor some(henceall) r (a,b). If thisis
thecase thenE andE are asin (a).

The above bogndaryfunctions exist in the sensethat ]fluo € H” hasthe
boundaryfunctionEup ona+iR in thesenseof (1.) and(2.) of TheorenB.3.1(a),
for eachug € U. It follows that EG € HZ(Ca’b;Y) hasthe boundaryfunction
EG e L2 ona+iR in the senseof (1.), (2.) and(4.)—(6.) of Theorem3.3.1(a),
for eachu € L2N L%(R;U), by PropositionD.1.21(a). The “mirror images”of
thesetwo claimsholdatb+iR.

Note also that both sidesof (3.9) are holomorphicon C,p,, by Proposition
D.1.21(a).By thelastclaimin (a), IE|r+iR is the Fouriertransformof E € Tl, for
all r € [a,b]; thisjustifiesour notation(andthatof Theorem2.1.2).

Proof: (The proofs of Theorems3.1.6and 3.1.7 useimplicitly Theorem
3.3.1(a);naturally the corverseis not true. Part of (a) could alsobe obtained
from Theorem3.1.7asacorollary, but we preferto the simplerproof below.)

(a) 1° We haveE e H(Cap B(U,Y)): Let g beasin LemmaD.1.25. We
define the function Eug := ¢~ 1£E@uy € H(Cap;Y) for eachug € U (since
LE@Qug € H(Cqp;Y), by PropositionD.1.21(a) we have E(s)up € H(Cam Y)).



For ary fixedse Cgyp, theoperatoﬂﬁ(s) :U — Y is obviouslylinear; by the
norminequalityin LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmaD.1.1(b),it followsthatE € H(Cgp; B(U,Y)).

2° |E||l < M: Let F(r +i-) be arepresentate of the Fourier transform
(seeTheorem3.1.3(a))of E, for eachr € [a,b], sothat

max |||l s, r+ir:su,y)) = MaX{|Eli, [Elr,} =M (3.10)
refa,b]
by (2.11). Then,givenr € (a,b), we have Foug = ]E(Apuo a.e.onr +iR, hence
Fup=Eup a.e.onr +iR, i.e.,F =E asanelemendf Lg,,{r +iR; B(U,Y));
in particular sup||E(r +iR)||su.y) = [[Elli, <M (sinceE is continuousin
Capb, by 1°). Because wasarbitrary we have ||]E||g; uy) <MonCyp,.

3° Identity (3.9) holds: SetE := F ona+iR andon b+ iR, so that
rEu = EG a.e.in r +iR for eachr € [a,b] andu € LZ(R;U) (recall from 2°
thatE = F onr +iR aselementsof L%;,n9- If u€ L2(R;U) NLE(R;U), then
both sidesof (3.9) are holomorphic,by PropositionD.1.21(a),hencethenthe
equalityholdsonthewhole Cg .

4° Boundaryfunctions: By PropositionD.1.21(c),the function EG is the
nontangentiaboundaryfunctionof itselfata+ iR andatb+iR, in thesenseof
(1.),(2.) and(4.)—(6.)of TheorenB.3.1(al).Setu= quo for anarbitraryup € U
anddivide by cp—l to obtainthatEug is the nontangentiaboundaryfunction of
itselfata+iR andatb+iR, in thesensef (2.) (and(1.)) of Theoren8.3.1(al).

(b) Thefunctlon]E‘erIR definesauniqueE; € Tl (U,Y), and

1Er [, < ||E||H“(C@b;$(U,Y)) =M, (3.11)

for eachr € (a,b), by Theorem3.1.3.

Let ue ¥ = L3(R;U)NL2(R;U) andr € (a,b) be arbitrary Then
E G=EGa.e.onr+iR. ButEl e H3(C,y,;Y), hencekt = f for someunique
f € L2nLZ, by PropositionD.1.21(c). By uniquenessE,u = f a.e.,hence
(3.9) holdswith E; in placeof E. Because € (a,b) wasarbitrary we have
E.u=E.ua.e.for ary r,r’ € (a,b). Becausau € ¥ wasarbitrary it follows
from Lemma2.1.10(c)thatE, = E. € TI,NTlq, forany r,r’ € (a,b).

Fix somer € (a,b) andsetE :=E,. By theabo/e,(3.9)holdsfor allue 7,
andE € Tlp(U,Y) and||E[|l;,, <M for all ' € (a,b). By Lemma2.1.10(g) it

follows thatE € TlaNTlp. Thus,E andE areasin (a), sothatwe obtainthe
restof (b) from (a) (if E is the Fouriertransformof E € TI, for somer € (a,b),

thenE = E, by uniqueness). O

We obsene thatwe have achiezedanalternatve proof of Theorem2.1.2:it is
a corollary of Theorem3.1.6andLemmaZ2.1.11. A similar wealer claim (the
transformbeing a contractve linear isometry into; also this claim is given in
[W91a])is truealsowhenU andY aregeneraBanachspacesndL? is replaced
by LP, 1 < p < o, asoneobtainsfrom the following (wealer) generalizatiorof
theabove theorem:



Theorem 3.1.7(TlaNTlp € H*({a< Re- < b}, B)) Assume for this theoem,
that X and Y are Banad spaces,1 < p < oo, gnd —co<a<b<o. Let
E € TIZ(X,Y)NTIS(X,Y). Thenthereis a uniqueE € H™(C ap); B(X,Y)) st

Fu=Ea onCyp (3.12)

for all simpleu € L?(R;X). Moreover, (3.12) holds for all u € LY(R;X)N
Ly (R; X). Finally, [|E{lse(c,ysu,yy) < max{[|Ell,, | Ellm,}.

Thecorverseis nottrue; indeed for Y := £*(N), thereis Ee H®(C™; B(Y))
(continuousto the boundary)s.t. EG ¢ 7[L2(R;Y)] for someu € L4(R;Y), by
Example3.3.4.Moreover, ||]E||H°°(Ca,b;$(U,Y)) canbearbitrarily smallcomparedo
max{||El|1i,, |E|lti, }, by thethird remarkof Example3 3.4.

Recall from Proposition D.1.21(a) that G, Fu € H(Cap;x) for all u e
LE(R;X) NLP(R; X). Notealsothatif u € L2(R;X) is simple,thenu € L7(R; X)
forallge [1,],r €R.

We obsene from Definition E.1.3 and PropositionE.1.8that Remark2.1.9
alsoappliesin thisgenerakasejn particularTIQﬂTlg is well defined.

If Y is separablethenone canobtainan analogougheoremin casep = o
for u e (oa(R;X) N Gop(R; X) by slightly modifying the proof belov and that
of Theorem3.2.4. However, suchfunctionsare not densein L3 NL;} andthe
counterexampleof Section3 of [W91a] shows thateven Theorem2.1.2 (which
is acorollary Theorem3.1.7,asexplainedbeforethe theorem)is falsefor p = o
(alsowhenY = C =U), hencesois Theorem3.1.7.

Proof of Theorem 3.1.7: Part | —Prepations:

1.1° DefiningE € H(Cq4p; B(X,Y)): This goesasin the proof of Theo-
rem3.1.6: Let ¢ be asin LemmaD.1.25. We definethe function IAEuo =
® 1LE@uo € H(Cqp;Y) for eachug € X (since£Equg € H(Cqp;Y), by Propo-
sition D.1.21(a)we have E(s)up € H(Cap:Y)).

For ary fixeds € Cap, theoperatoﬂﬁ(s) : X — Y is obviouslylinear;by the
norminequalityin LemmaD.1.10(a),it is alsobounded(for this fixeds). By
LemmabD.1.1(b),it followsthatE € H(Cqp; B(X,Y)).

|.2° DefiningM: By PropositionE.1.8,we have

M= sup [|E]lyp = max{|[Elle, ||E]lyp}. (3.13)
refab]

Part Il —Sepaable X andY: R

11.1° |E|l < M, and (3.14) holds with E in place of F: ChooseS as
in Theorem3.2.4. By Theorem3.2.4, for eachr € [a,b] we can choose
F(r+-):iR—=B(X,S) s.t.||[F(r+it)|sx,sy <Mforallt e Rand

(FO)A = LAEu ae. on r +iR for all A € Sandall finite-dimensional

ue L3(R;X)NLP(R;X). (3:14)

This definesafunctionF : C5p — B(X,S").

By l.1°, we ha/e]E(puo— LE@Qug € H(Cqp,;Y) for all ug € X. By Proposition
D.1.21(a), we have Equg € L}(R;Y) for all r € (a,b), hence £AE@uy =



NLEqQuo, hencer AEguy = AEquo, for eachup € X. Combinethis with (3.14)
to obsenethat(for anarbitraryfixedr € (a,b))

(Equo)A = (ZEq@uo)A = (FQup)A a.e.on r+iR, (3.15)

hence (Eup)A = (Fup)A a.e.on r+iR, for all A € Sandup € X, hence
(Eug)A = (Fup)A a.e.on r +iR. Choosea null setNy for Ay for eachk € N
to obsenre that (]Euo)/\ = (Fug)A on (r +iR) \ N, whereN := Uxen N, for all
N € {\}, hencefor all A € S, by linearity.

Thus,F(r +it)ug = lﬁ(r +it)up aselementof S, i.e., F(r +it)up = ]E(r +
ithup € Y, for all t s.t.r+it € N, henceFupg = ]Euo a.e.onr +iR. Since
r € (a,b) wasarbitrary we concludethat (3.14) holds with E in placeof F,
for all r € (a,b). We alsoconcludethat

IE(r +it)|spcy) = BT +it) || gx.s) = IF(r+it) laxs) <M (3.16)

for a.e.t € R, hence||E(r + it)||zx,y)y <M forall t € R, for eachr € (a,b).
Thus, ||E|pe(c,psx,y)) < M.

[1.2° (3.12) and the “moreover” claim hold: By Theorem3.2.4(b2),
condition(3.14)actuallyholdsfor all finite-dimensionali € LN LP (sincethen
ucL?orp<2),whenr ¢ (ab).

ButLENLp c LINLP, by PropositionD.1.21(al) hence(3.14) holdsfor
all finite-dimensionali € LY N LS. But LZAEu = ALEu, andS separatepoints
(sinceit isnorming),hencerEu —=Rda.eonr+iR, for suchuandallr € (a,b).
By continuity, we have £Eu = EG everywhereon C,, for suchu

Given a generalu € LY N LE’(R;X), there are finite-dimensional{u,} C
C2(R; X) s.t.uy — uin LE andin Lf, by TheoremB.3.11(b2).ThenEu, — Eu
in LY andin L{. By PropositionD.1.21(a2),it follows that LAEu, — £AEu
and]ﬁﬂn N 1) pointwiseon C, . Therefore fEu = &a.

Part Il —thegeneal case:

111.1° ||E|j < M: Let X be ary closedseparablesubspacef X. Choose
Yo asin Lemma3.2.6,sothatEy, v, := 1E|LP(R;XO) € TIP(Xo, Yo).

By Part Il, EG € H(Cap;Y) for all ue LENLP(R;X). Take G = @
for arbitrary xg € Xo to obsere that E(s9)X € Yo. Thus, Ex, = ]E‘X0 €
Hm(Ca,b;Qg(XO,YO))- R

We deduce from this and Part Il that [[EXo|p=(c,,y) < M for all
Xo € Xo. Since Xo was arbitrary we have E ¢ H?(Cap B(X,Y)) and

IE[lHe(capipix,y)) < M.

111.2° (3.12) and the “moreover” claim hold: Givenu e LYN LE’(R;X),
choosea closedseparablesubspaceXp of X s.t. u(t) € Xp for a.e.t € R, so
thatu € LP(R; Xo) (after redefinitionon a null set). ChooseYp asin 111.1°,
sothatEy, y, € TIP(Xo,Yo). Now we obsere from Part Il that(3.12)andthe
“moreover” claim hold.

111.3° Uniqueness:Assumethat also someF € H®(Cap B(X,Y)) is as

in the theorem(in placeof E). Then(]fl —ITT) fug=0on Cap for all simple



f € L(R) andall up € U. Givensy € Cqp, take f := X[o ) (sothat f € H(C),

f(s) = (1—e')/s), wherer > 0 is s.t.rResy ¢ 21N, sothat f(sp) # 0 to
obserethat(E - F)(s9) = 0. O

Notes

The Tl = L gtrong result of Theorem3.1.3(al)is well known in the caseof
separableHilbert spacessee,e.g., Theoreml of [FS], which also provides an
analogousresult on unboundedclosedoperators. Lemma 13.1.5 provides the

discrete-timecounterparof our resultand Appendix F provides further results
on I-;Otrong'

By Example3.3.4, not all Lgq,g functions (not even all CTIC functions)
correspondo Tl operatoravhenU andY areallowedto be Banachspaces.

We conjecturethat all TIP(U,Y) maps have LgondiR;B(U,Y)) transfer
functionsalsowhenU andY aregeneraBanaclspacesandl < p < c. However,
we cannotprove this; seeSection3.2for wealer analogies.

The claimson Wi;? in Theorem3.1.5 are from [Sbook]. The specialcase
E € TIC of Theorems3.1.6and3.1.7is essentiallycontainedn Theorem?2.3 of
[W91a].

SeeAppendixF andthe noteson p. 1023for Lgong



32 Tl= L strongfOr BanachspacegFourier Multipli-
ers)

| had a feeling onceabout mathematics- that | sawit all. Depth
beyonddepthwasrevealedto me— the Byssandthe Abyss.l saw—
asonemightseethetransitof Venusor eventhe Lord Mayor’s Show
— a quantitypassingthroughinfinity and changingits signfromplus
to minus.| sawexactlywhyit happenedind whytergiversationwas
inevitable— but it wasafter dinnerandl let it go.

— WinstonChurchill, (1874-1965)

In this section,we study BanachspaceFourier multiplier theory; we shall
mainly give BanachandTIP equivalentsof Theorem3.1.3,1 < p < o, with some
partial resultsand guidelinesfor the casep = o, to which a completeextension
would befalse.Someof theseresultswereusedin the proof of Theorem3.1.7.

We startby recallingthe scalarcasefrom [BL]:

Lemma 3.2.1(TIP(C) c TI?(C)) LetE e TI}(C), whee p € [1,») andw € R.
ThenlE‘ e hasa uniqueextensionto TI12,(C), andthis extensioncoincideswith E
onLdNL2.

In particular, there is a unlque]E € L°°(w+ iR) s.t. Eu = Ra for all ue
L&(R) NL&(R). In fact, we haveRu = Bt for all u € L2(R); if p € [1,2], then
Eu = Edfor all ue L&(R) too. Moreover, ||| =y ir) < (e

Theabove also holdswith TIE)O in placeof TI}, and Co,w In placeof LP (for
p = ).

We concludethat TIP(C",C™) c TI?>(C",C™) for all n,me N (apply the
lemmato eachcomponenof E). NaturallythespaceTI mentionedhboverefers
to

TIR(U,Y) := {E € B(Gow(R;U), Gw(R;Y)) | Ex(t) = 1(t)E forall t € R},
(3.17)
where(y,(R,U) := e G(R;U) (with norm||f|| 4, =€ ®fllg =l © flle
for all f € (o). Since ¢ is densein (o, (by TheoremB.3.11(c), since
e (T = (), thisis in accordancevith standard-ourier multiplier theory(and
this allows a densityargumentunlike L would do). We obsenre from Theorem

315thatIE|C e TIQU,Y) forall E € TIS(U,Y).

As shavn in Example3.2.3, we may have E=0 (equivalently, ]E| o= 0,
hencel| . =0)forE € TI”\ {0}.
Proof of Lemma 3.2.1: (W.l.0.g.we assuméhatw = 0.)
1° This follows easilyfrom Theorem6.1.2 of [BL] (and TheoremB.3.11
andLemmaA.3.10)if we requirethatu € S(R). In particular if ue LPNL?,
thenthereare {un} C C*°(R) s.t.uy — uin L andin L2, thus,thenEu «
Fou, = Euy, — Eu, asn — «, wherekE, is the extensionof ]E‘ e to TIZ(C).

ThereforeE = E, onLPNL2.



2° Assumethat p € [1,2] andthatu € LP(R). Choose{un} C (Z’(R) s.
un — uin LP(R). SinceEu, — Eu in LP(R), we have ]Eun — Euin Lq(IR)
wherep andqg areasin TheoremE.1.7. But]ﬁu\n = Eun ~ Edae. oniR, hence
Fu=FREda.e.onir.

3° For generalp, we have E € TI?, henceFEu = &G a.e.on iR for all
ueL?(R), by 2°.

4° Parts 1° and 3° apply to TIOO too, sincefor ary f € (oN L2, thereis
{fa} € ¢ s.t. fy — fin L% andin ¢ (multiply the corvolution from Lemma
2.180f [Adams]with suitablep from LemmaB.3.10). O

Corollary 3.2.2 LetE € TI{(X,Y), whee X andY are arbitrary Banad spaces
and1< p < o. ThenAEf € L3(R)NLE(R) for each A € Y* and ead finite-
dimensionalf € L2(R;X) NL{(R;X) (for f € LZ(R;X) N Cow(R;X) we can
allow for p = o).

Proof: (We assumehat p < «; the casep = « is analogous.)Let f €
L2(R; Xo0) NLA(R; Xo), whereXj is afinite-dimensionasubspacef X.

If Xo = spar{xo} for somexg € X, then\EP € TIH(C), wherePy, o := axg
(a € C), hencethentheclaim follows from Lemma3.2.1.

For a generaln-dimensionalXy, we can apply the above to the n one-
dimensionaklementof AEP , wherePy, is anisomorphismXy — C". O

In casep = o, theoperatorIE doesno longerdefineE uniquely:

Example 3.2.3 [0# E € TIC®(C) butE = 0] Let A € L*(R)* bea“Banachlimit
at —«”. DefineE € TIC®(C) by (Ef)(t) := Af (t € R), sothat ||E||tic= = 1.
(NotethatEf is aconstanfunctionfor eachf € L*(R).)

ThenEf =0forall f € (pandforall f e LPNL* (1< p < );in particulay
= 0in the senseof Lemma3.2.1,andO0 is the uniguecontinuousextensionof
K to B(LP(R)) (or equialently to TIP(C)), for ary p € [1, ). <

ForE € TIP, p < oo this cannothappersince]E‘S determineg uniquely
In the above example,Ef coincideswith the uniqueextension(hamely0) of
E toTl P(C) forall f € LPNL*, butwe donotknow whetherthisis thecasein

general At leastthe samecannothapperfor E € TIP, p < co: whenp,q € [1, ),
E e TIP(X,Y) andf € LPNLY(R;X), thereis { f,} € (&° C S s.t. fp — f in both
LP andLY, by TheoremB.3.11,hencethenthe uniqueextension(if any) of E s,
to T19 necessarilyxoincideswith E onLPN LA,

(Also whenextendingan elementof TIP, to TI} for somew,a € R, we may
have similar problemsonly in thecasethat p = o, dueto samedensityarguments
asabove. SeealsoPropositionE.1.8.)

Proof of Example 3.2.3: Define/A, € L*(R)* by Anf := n—lffn f dm, for
neN+1,andsetAf :=limp_, 1 Anf for f € X, whereX C L*(R) isthesetof
thosef € L*(R) for which thelimit exists. Usethe Hahn—Banacltheoremto
extend/ to L”(R)* with [|A]| gL=) = 1 (since/ALl = 1). Obviously, f—feX



andA(ttf — f) = 0 for all f, henceA is time-invariant,hencesois E. (Note
thatEf = AxAf if we usethe standardiefinition A g := A(17'Ag).)

SinceEf = 0 wheneery_, 1) f = 0 for someT € R, we have ]E‘ = 0,
by continuity, andr_Erm,. = 0, henceE € TIC®. By the Holder Inequality we
have f € X andAf =0forary f e LPNL®, p€ [1,).

Remark: One could also obtain an analogousoperatorin TIC®(X,Y) for
generalBanachspacesX andY by startingwith Apf = n*lffan dm for
someL e X*. O

Now we presenaweak“generalization’of “Tl = strong (TheorenB.1.3)for
BanachspacesrecallthatTheorem3.1.7is anapplicationof this theorem:

Theorem3.2.4E € TIP(X,Y) = EeL® . (iR;B(X,S))) LetX and Y #
{0} besepaableBanadt spacesandl1 < p < o.

By LemmaA.3.9,we canchoosea sequencd Ax} C Y* s.t. || Ak|| = 1 for all
ke Nand|lylly = supey A

SetS:= sparf{\«}) C Y*. Then(ly)A := Ay definesa (natural) linear
isometryl : Y — S*, hencewe can considerY asa subspaceof S* and| asthe
inclusionY C S. R R

If E € TIP(X,Y), thenther is E : iR — B(X,S") s.t. [|E(it)[|zx,s) <
||E||TIP(X,Y) forallt € R and

(Ef)A = ZAEf ae. on iR for all A € Sandall finite-dimensional
f € L2(R;X)NLP(R; X).

Moreover, thefollowing hold:

(3.18)

(a) Furthermoe, in (3.18)we canallow A to beany A\ € Scy* (recall that
(S)* = S); if p < 2, then,simultaneouslyany f € L1(R; X)NLP(R;X) can
beallowed.

(b1) For a fixedE, equation(3.18)characterize<E € Tl P(X,Y) uniquely

(b2) For afixedE € TIP(X,Y), equation(3.18)characterizesiﬁ uniquelyin the
sensehatif E,F : iR — B(X,S") satisfy(3.18),thenEx = Fx a.e for all
xe X.

(c) Foreadh x € X andA € S we have(]ﬁx)/\ € L*(iR).

(d) For afixedx € X, thfunction]Ex: IR — S"is (Bodhner)measuableiff Ex e
Y a.e However, if Exe Y a.e for all x € X, thenE € L ,n{iR; B(X,Y)).

As notedin the secondremark of Example 3.3.4, the PlancherelTheorem
doesnot hold for generalBanachspacesHowever, if f € L?(R;X) and f hasa
finite-dimensionakange,or in f € L(R;X), then f hasa well-definedFourier
transformation(in L2 or (p, respectiely), by LemmaD.1.11(al)or Lemma
A.3.4(Q1).

By Corollary 3.2.2,we have AEf € L?(R) for each/A € Y* andeachfinite-
dimensionalf € L2NLP(R;X), henceAEf € L2(iR) and f € L2(R;X) arewell
definedin (3.18).If p< 2andf € LINLP, thenf € (iR; X) andAEf € LP(R),



hencethenAEf € LY(iR;Y) is well definedin (3.18),wherep 1+ q1 = 1 (see
TheoremE.1.7).
Naturally, we can shift the above theoremto obtaina resulton T1£ for any
w € R. By slightly modifying the proof, we obtainan analogouslaim for TI<
too (with adensityargumentsimilar to thatin 4° of the proofof Lemma3.2.1).
Proof of Theorem 3.2.4: (N.B. onecandeducdrom theproofandLemma
3.2.1thatthe operatorAE hasa uniquecontinuousextensionto L2(R; Xo) for
ary finite-dimensionalsubspaceXy of X; and (3.18) holds for all elements
L2(R; Xo) (for this extendedAE).)
The constructionof the normedspaceS C Y* is straightforvard. Clearly
Y] < lIVllv== = lI¥llv; the conversefollows from [[ly|[s- > sup|Aky] = [[Yl]y-
Moreover, ary functional T € S* hasa (necessarilynorm-preservingunique
extensionT € (S)*, by, e.g.,LemmaA.3.10. Thusonly the claimsconcerning
E areleft to be proved.
1° ThefunctionsTa x € L*(iR): We denote||E||rx y) by [[E[l. If x€ X
andA € Y*, then||g — AEgX]|1ipcy < [IE[|[[All[IX]], henceby Lemma3.2.1
andTheorenB.1.3(al)thereis Ta x € L*(iR) s.t.(we chooseherepresentatie
Tax := LTA x from LemmaB.5.3)

S_lFiD\TA,xl < IEf[ A {x]| - and (3.19)
|

TaxG = LAEgx (a.e.)for all g € L>(R)NLP(R). (3.20)

ThemappingY* x X 3 (A, X) —= Tax € L*(iR) is bilinear (because is linear),
andits normis atmost||E||, by (3.19). It follows from (B.56) (andthe choice
T/\,X = LT/\’X) that

it e Leb(T/\7X) N Leb(T,\yx,) = Thaxspx (it) = GT/\7X(it) + BT/\,Xr(it) (3.22)

wheneert e R, AeY*, x,x € X, a,p € C.
2° Theconstructiorof E: Let {x;} C X bedense Set

A=NjkenLeb(Tax),  Xo:=sparf{xj}jen) C X. (3.22)
Thenm(iR\ A) = 0. Forit € iR\ A, we set]ﬁ(it) =0. Forite A, xe Xo

and A € S, we define (E(it)x)A := Tax(it). It follows from (B.56) that
E(it)x: S— Cis linear;it is boundedby ||E||[|x]|, by (3.19),henceE(it)x € S*
(for fixedx € Xp andit € A).

By (3.21), mappingx — ]E(it)x € S is linear, andby (3.19)it is bounded
by ||E||, henceE(it) € B(Xo,S") (for fixedit € A). By LemmaA.3.10, K(it)
canbe extendedto an elementof B(X,S*) without affecting its norm, hence
IE(it)[| 3x s < ||E]| for all it € A, hencefor all it € iR.

3° Theverificationof (3.18)for finite-dimensionaff € L>NLP(R;X): Let
A € Sandg € L2(R)NLP(R). Then

(EGYA = §(EX)A = GTax = LAEgx a.e.on iR (3.23)

(the first equality holdseverywhere the secondon A; the third equalityholds
in L2, by (3.20), hencealso pointwisea.e.) whenx € Xo; by continuity, this



holdswhenaerx € X (theright-hand-sideorvergesin L2, hencea.e.;theleft-
hand-sideonvergespointwiseeverywherevhenx — X for somex’ € X). Thus,
(3.18)holdsfor f = gxwith g€ L>NLP(R) andx € X arbitrary hencevhenaer
f € L?(R;X)NLP(R;X) is finite-dimensionalby linearity.

(a) 4° The verification of (3.18) for finite-dimensionalf € LP(R;X):
Assumethat1 < p < 2. Then(3.20)alsoholdsfor ary g € LP(R), by Lemma
3.2.1, hence(3.18) holds wheneer f € LP(R;X) is finite-dimensional,by
linearity, asin 3°.

For a generalf € LY(R;X)NLP(R;X), thereare finite-dimensionalf, €
C2(R;X) (neN) s.t. f, — f in LY andin LP, asn — +o, by Theorem
B.3.11(b1). It follows that AEf, — AEf in LP, hencefAEf, — LAEf in
L9, hencea.e.,wherep~t +q~* = 1. But f — f in (o, henceEfA — EfA
everywherehencerAEf = EfA a.e.

(Note thatif X is a Hilbert space,then £ € B(LP(R;X),L9(R; X)), by
TheoremE.1.7,hencethenary f € LP(R;X) will do (thenwe canhave f, — f
in L9, hencea.e.oniR in theabove proof).)

5° Case/ € S Theextensionfor A € Sfollows by continuity (becauses
andSC Y* havethesamedual,by LemmaA.3.10).

(c) 6° Letg:= @ wherepe L?(R) NLP(R) is asin LemmaD.1.25.Divide
(3.23) by ¢! to obtainthat (EX)A = Tax € L®(iR) for ary x € X (hence
Ex:iR — S'is “weakly*-measurable”).

(b1)7° If = 0,thenAEf =0a.eforall A € Sandall simplef € LP(R;X),
by (3.18),hencethenEf = 0 a.efor all simple f € LP(R; X) by LemmaB.2.6,
henceEf = 0 for all f € LP(R;X), by density Thus,if E andF correspondo
somek asin thetheoremthen(F — E) = 0 aselementof TIP(X,Y).

(b2)8° If E=0, then(]ﬁx)/\ =@ 1£AEgx = 0 a.e.oniR for all x € X and
N\ € S whereg@is asin LemmaD.l.ZS;thus,then]EAx: 0 a.e.for eachx € X
(chooseanull setNy for Ay for eachk to obtainthatEx = 0 oniR \ UkenNk).

Thus,E,F : iR — B(X,S") satisfy(3.18) (at leastfor one-dimensional.2
functionsf andall A € ), then(ﬁ - Iﬁ)x = 0 a.e.for eachx € X, asrequired.

(d)9°

9.1°If xe X andI/E\Jie Y a.e.thenExis almostseparably-glued,andfrom
the measurabilityof AEXx for eachA € S (see6°) onecandeducethat AEX is
measurabléor each/\ € Y* (seee.g.,[Thomas,Corollary2.9]), hencehenEx
iIs Bochnemeasurable.

__ (N.B. Wheneer Ex is almost separably-glued, equialently, wheneer
Ex € Y1 a.e.,whereY; is ary separablesubspacef S, thenEx: iR — S is
Bochnermeasurableyy theabove reasoning.)

9.2° Corversely assumehatx € X andthatEx : iR — S is measurable.
Thenf :=E(i-)xisboundedpy 2°, hencef € L*(R;S"). By (3.18)andLemma
D.1.11(el)we have

(LEXA)A = L(FXAN) = 2AE(i-)ga (i) (3.24)

a.ewheneerA C R, m(A) < o andga := Xa (notethat£.fxa € (0(IR; S")).
ChooseN C R s.t. m(N) = 0 andequalityholdson R\ N in (3.24) when



N € {\¢}. By linearity, the sameholds for all A € Son R\ N, hence
(£Xa)(it) = 2MAE(it)ga(it)x € Y aselementf S, for eacht € R\ N, hence
a.e.Becauseé\ wasarbitrary we ha/e]E(l x=f(-) €Y a.e. by LemmaD.1.22.
9.3° Finally, assumehatEx € Y a.e.for eachx € X ThenEx € L*(iR;Y),
asshavn abore. Let {x.} C X bedenseandlet Ex, € Y on N for eachk € N,
wherem(N) = 0. By continuity, thenEx € Y on N for all x € X, sowe can
redefineE = 0 onN to make E B(X,Y)-valuedwithout affectingits properties
statedin thetheorem Thus,E € LgtrondiR: B(X,Y)). O

As anotherapplicationof the above theorem,we deducean implication that
will beneededor Theorem4.1.1:

Lemma 3.2.5(E € MTI(X,Y)N GTI(X,Y) = Ee GG(IR; B(X,Y))) Let X
andY beBanad spacesLetE € TI(X,Y) andV € TI(Y, X). Assumein addition,
thatE € MTI(X,Y).

If VE =1, then||IEx|| > |Ix||/]|V]| a.e for all x e X. If, in addition, EV = |
(e, V=E"1) thenE € GG(iR; B(X,Y)) and |E~L|| < ||[E-L.

(In fact,E couldbereplacedoy amoregeneraimeasure.)
Proof: W.l.o.g.we assumehatX # {0} #Y.
1° Thesepaablecase VE = I:
ChooseSc X* andV : iR — B(Y,S) for V € TI(Y, X) asin Theorem3.2.4.
Let g € LY(R;X) NL2(R;X), sothat f := Eg € L'nL2 and f = Eg, by
LemmaD.1.12(c2)&(cl).Equation(3.18)with f = Eg in placeof anarbitrary
f € LINL? becomeguseTheoren3.2.4(a))

(\A/]EQ)/\ =JYAVEg =ZAlgae. forall ANeS (3.25)

Becauseay € LN L2 wasarbitrary the uniquenesslaim of Theorem3.2.4
appliedto | € TI(X) impliesthatfor anarbitraryx € X we have Ix= VEx a.e.
(in S*, hencein X), in particular

IEXI] < [IX/191 < IIxI1/ 1V (3.26)

a.e.,henceeverywherepy thecontinuityofIAE.

2° Thesepaablecasg V=FE"1:
It is enoughto shaw thatthe rangeof E(it) € B(X,Y) is densefor all t € R,
becausehen ]fl(it) € GB(X,Y) for all t € R, by 1° and LemmaA.3.4(D1),
consequently E € GC(R; CB(X Y)) (the inverseis continuousby Lemma
A.3.3(A)), and the bound ||E~2|| < v (V E-1) follows from Lemma
A.3.4(D1)(a.e. hencea/erywhere)lhus E-le G(iR; B(Y, X)) (notealsothat
Vy=VEE ly=E lye X a.efor eachy € Y).

Therefore, it is sufficient to assumethat thereis a € R s.t. the range
Ya = ]E(ia) [X] is not densein Y and derive a contradiction— that shall we
do.

By LemmaA.3.14, thereareyp € Y and/A\g € Y* s.t. ||yo|| = 1 = ||Ad||,
NoYa = {0}, and||Aoyo|| > 1/2. Because\oE : iR — X* is continuousand



NoE(ia) = 0, thereis 8 > 0's.t.
IAGE(it)||x+ < & :=1/999(1+ |[E~1||) when|t —a| < 5%/2, (3.27)
i.e,whenit € J:=i(a—&/2,a+8/2) CiR.
Setg := (Aoyo) 1(£7IXy)yo € L3(R;Y). Then £Aog = X3, SO we can

choosea simplefunction f € L2(R;X) sothat||f —E 1g]||, is < & andsmall
enoughto guarante¢hatd/2 > || £AE(f —E~1g)||», i.e., that

8/2 > || ZAGET —Xsll2 = INoE F X |l2. (3.28)

From||X;||2 = & it followsthat
IB=*gll2 < I[E~[[[Aayol ~(2) 2[IXsll2 < BIE], (3.29)

hence|| f||2 < &(1+||E1)), so

8%/99> (8)22r {3 = ()7 [ Tz dm> [ |AoET12dm. (3.30)
J J

But from (3.28)we obtainthat
INGETll2 > [[Xs]| - 8/2=8/2, (3.31)

whichtogethewith (3.30)leadsto a contradictionasdesired.

3° Thegenerl case VE = I:
Letxg € X bearbitrary SetXy := sparixo), Yo := {0}, andfind closed separable
subspaceX’ ¢ X andY’ C Y asin Lemma3.2.6.

SetF = E 2rx) € TI(X,Y'), V=V L2(Rayr) € TI(Y',X"). Clearly
VE =1eTI(X')andE'V =1 € TI(Y’), hencepy partl,

IE %ol > [%oll/I1V']| > [I%ll/[IV]], (3.32)

asrequired(if A— p(A) € B(X,Y) is the measuregeneratingk, thenby the
definition of convolution, A — p(A)|X, € B(X',Y') generate&', in particular

B'x = IEX). Becauseg € X wasarbitrary the claim follows.

4° Thegenerl case V=E1:
Let yo € Y andt € R be arbitrary ChooseXy = {0} andYy = spanyo), and
proceedasin 3°. By partl, E (it) € GB(X',Y’), hencethereis x; € X s.t.
yo = E/(it)Xo = E(it)xo. R R

Becauseyp € Y was arbitrary E(it) is onto, henceE(it) invertible and
||]E(it)_1|| <||V'|l < |IV||, by 3° andLemmaA.3.4(D1). Becausd € R was
arbitrary the proofis complete. O

We have alreadyusedthe following lemmaseveral times to reducecertain
resultsto the separablease:

Lemma 3.2.6(TIP(X,Y) = TIP(Xo,Yo)) Let X and Y be Banah spacesand
1< p<oo. LetE € TIP(X,Y).

Then,for eadh closedsepagblesubspacey of X, thereis a closedsepagable
subspacép of Y s.t.ELP(R; Xo) C LP(R;Yp), i.€e., that]E|Lp(R;XO) C TIP(Xo,Yo).



If, in addition,V € TIP(Y, X), thenany sepaablesubsets{, C X andYo C Y
are containedyrespectivelyin closedseparnblesubspaceX’ ¢ X andY’ CY, s.t.
E\LP(R;x') C TIP(X",Y) andV|Lp(R;Y,) C TIP(Y', X').

Analagously if Ex € TIP(X, Xkr1) for k=1,....,n,ne N+ 1, X1 = Xy,
andthesetsX; C X are sepamble (k= 1,...,n), thenthere are closedsepaable
subspaces{’ C X (k=1,...,n) s.t. X € X' and By pgosr) € TIP(X Xy 1)
(k=1,...,n). Moreover, we can require that X' = X{’ wheneer X, = X; for
SOMEeK, j.

We might as well have stated the lemma for a general E €
B(LP(R;X),LY(R;Y)), where p,q € [1,») (finding Yo s.t. ELP(R;Xp) C
L9(R;Yp); the latter claims can be generalizedanalogously),with the same
proof (with only slightchangesf q # p).

Furthermoreye couldinsteadof separabilityrequirethe densityof a subseta
somegreatercardinalitythanthatof N (in Xg andin Yp).

Proof: 1° Finding Yo:

Let {fx} € LP(R) and {x} C X be densesubsetqwherek rangesover N).
Thenthe setD of finite linear combinationsof functionsof the form fyx; is
densein LP(R; X), becausesimple functionscan obviously be approximated
by suchfunctions.

Choosea separably-aluedrepresentatie of eachEf (f € D), andlet Yy
bethe closedspanof Uscp(Ef)[R]. ThenYy is separableasa countableunion
of separablesets,andEf € LP(R;Y) (asanequivalenceclass)for all f € D,
hencepy thecontinuityof E, for all f € LP(R;Xp).

2° Finding X’ andY":

Replacefirst Xo andYp by their closedspans.Choosethena closedseparable
subspaceY} of Y, as Yy was chosenin 1° for the pair (E,Xp), then set
Y1 :=sparvoUY{.

For eachk € {2,3,4,...} chooseXy C X for the pair (V,Y_1), andthen
choosey C Y for thepair (E, X), asin 1°.

SetX" == UXk, Y := Ui, X' = X", Y =YY" If f € LP(R;X') is simple
andhasits valuesin X”, thenf € LP(R;Xy) for somek € N, hencethenEf €
LP(R;Yk) C LP(R;Y’). Butsuchfunctionsaredensen LP(R; X"), by Theorem
B.3.11(al)&(a3)hence by continuity, Ef € LP(R;Y’) for ary f € LP(R;Y’)
(sinceLP(R;Y’) is closedin LP(R;Y)). Similarly, VILP(R;Y’)] € LP(R;X").

By LemmaB.2.3(a)&(c),X’ andY’ areseparable.

3° Requiringthat X’ =Y’ (assuminghat X = Y): WhenchoosingXy in 2°,
replacethe onefrom 1° with its unionwith Yg_;. Analogously whenchoosing
Yk in 2°, replacethe onefrom 1° with its unionwith Xi.

4 Finding X; (k= 1,...,n): Usethe methodof 2°~3 suitablymodified.

]

Notes

The classicalscalar Fourier multiplier result, Lemma 3.2.1, is essentially
containedin Theorem6.1.2 of [BL] (which also gives further results). When
U and Y are Hilbert spacesof arbitrary dimensions,we have My(U,Y) =



LatrondiR: B(U,Y), by Theorem3.1.3(al), M (U,Y) = B(((iR;U),Y), by
LemmaD.1.14,andMp(U,Y)* = Mq(Y*,U*) (thislastclaim alsoholdswhenU

andY areBanachspaces)wherep—1+q1= 1, by aproofanalogouso thatin the
scalarcase.This givesus no informationon My, for p # 2, «, sinceinterpolation

would requirethat, e.g.,Mp(U,Y) = Mq(Y*,U*). (HereMp(U,Y) :=TIP(U,Y)

—

for p < o, Ms(U,Y) := TI§(U,Y); the elementf thesesetsarecalled Fourier
multipliers.)

Onp. 1350f [BL], it is claimedthat Theorem6.1.2hasan obvious analogy
in this generalsettingand that “the proofs are the samewith trivial changes”,
but we cannotsharethis view for the following reasons:1. the casep= 2 is
far from obvious (in fact, Theorem3.1.3(al)seemdo be a new result); 2. the
proofof Mp = My onp. 1330f [BL] would only yield M = My evenfor finite-
dimensionaHilbert spaceshencetheoriginal proof seemdo coveronly thecase
p = o; 3. wedonotknow ary similarresultsfrom theliterature(evenin thefinite-
dimensionakesultmentionedbelov Lemma3.2.1onewould requirea different
prooffor asharpnormbound).

Thereareseveralresultson vectorvaluedFourier multipliersin theliterature;
seee.g.,[BL], [Pruss93Jr [Zimmermannifor sufficient conditionsof abounded
functioniR — B to bea Fouriermultiplier.

Example 3.2.3 resembleghe example of Section3 of [W91a]. Another
BanacHimit is givenin Exercise4 of [Rud73].



3.3 H?and H> boundary functions in L and Lo,

Boundaryn.:

In political geagraphy an imaginary line betweertwo nations,sep-
arating theimaginary rights of onefromtheimaginary rights of the
othet

— AmbroceBierce(1842—-1914);The Devil’ s Dictionary"

In this section, we establish several results on the boundary functions
of holomorphic functions, the most important of which is the connection
H*(C*; B(U,Y)) = LrondiR: B(U,Y)). We alsogive otherrelatedresultsthat
will be neededfor WPLS theory of Parts|l andlll, andwe constructcounter
examplesfor analogousesultsfor moregenerakettings.

At theendof thissectionwe shallshow thatthesetof singulampoints(“poles”)
of the pointwiseinverseof atransferfunctionmay have limit pointsunlike in the
caseof finite-dimensionalnput andoutputspacesywe thenusethis to construcia
“completelyunstabletransferfunction.

As before,H, U andY are assumedo be arbitrary Hilbert spacesunless
somethingelseis indicated.

Recallthe transferfunctionsof TIC., operatorsfrom Theorem?2.1.2; recall
also that we use the Lebesguemeasure(of RY) on the imaginary axis iR =
{ir |r € R} andonits translationso+iR (we R). Forany r >0, thecircledrD is
identifiedwith [0, 21), hencem(drD) = 211, wheredD := {€ |t €[0,2m} = {se
Clls =1}

Thefollowing theoremis the mainresultof this section.We useoftenclaims
(a2)&(al) for the boundaryfunctions of H? functions and claim (c1) for the
boundaryfunctionsof operatorvaluedH” functions,whereaghe othersareused
justafew times:

Theorem 3.3.1(HP boundary functions) Letwe Rand1 < p< . LetBbea
Banad spaceandlet H, U andY beHilbert spacesThenthe following hold:

(al)Let f € HP(C{;; B). Assumehatthereis fp € LP(w+iR;Y) s.t.anyoneof
(1.)—(6.)holds:

(1) limis o Af(ir +1) = Afo(ir + w), for almosteveryr € R, wheneer
N\ € B,

(2.) f convergesto fg nontangentiallyat everyLebesgugointof fy, hence
a.e;

(3.) f isthePoissonntegral of fo, i.e.,

.t f(w+ip)dp

(4.) [g f(i-+t)dm— [ fo(i-+w)dmfor all boundedneasuableE C R;

(5.) fngf(i -+t)dm — fngfo(i -4+w)dm for all R> 0 and g €
L®(R; B(B,x));

(t>0,reR). (3.33)



(6.) f(i-+t) — fo(i- +w) in LP, ast — w+;
Thenfg is unique (1.)—(5.)hold (and (6.) if p < ), and
Ifollp = I fllug, = tim [[f(-+r)l[p = [f(-+1)llp (t>c0). (3.34)

If thisis the case thenwecall fg the (vector)LP boundaryfunctionof f and
denotef (ir + w) := fo(ir + w) (r € R) andwrite f € HP(CJ;B) NLP(w+
iR;B). Anyof (1.)—(6.)characterizesfo uniquely(in LP, thatis, a.e).

(a2)Everyf € HP(C{;H) hasa LP boundaryfunction(recallthatU, H andY
are assumedo be Hilbert spaces).

(@3) If f € HP(C{;;B), thenf|C:! € HP(C/;B) hasthe LP boundaryfunction
Floyir fOr anyw > w.

(@4)If f € Hrond i B(CM,Y)), n€ N, thenf € HP(C; B(C",Y)) NLP(w+
iR; B(C",Y)); thus,thenf hasa LP boundaryfunction.

(b) (Paley—Wiener Theorem) The LaplacetransformL2(R;;Y) 3 h— he
H2(C£;Y) and the Fourier transformLZ(R;Y) 3 g+— § € L?(w+iR;Y)
are isomorphismaimes v/2m, and the former can be consideed as the
restriction of the latter to 1, L2. Finally, for all h € L2(R,;Y) and
f,g€ L%(R;Y) wehavethat

(f.@e=2m(f. 92 IGll.>=v2mgll2.  [lhlle = V2rh] 5. (3.35)

(c1) For every f € H*(C{;B(U,Y)) there is a unique(in Lg;ony (Operator)
boundaryfunction fo € Lgond®+iR;B(U,Y)) s.t. for all up € U the
function foup is the boundaryfunction (see(al)) of fug € H*(CE;Y). It
follows that f is the strong Poissonintegral (* $") of fo and || fol|L
|| f||Hg (wecanchoosefy s.t.sup|| fo|| = || f||Hs)-

[o0) =
strong

We denotef (w+ir) := fp(w+ir), whee fq is the functionconstructedn
the proof. For ead G € H2(CZ;;U) wehave(fa)(w+ir) = f(w-+ir)d(w+
ir) ae. onw+iR; in particular,

D e TIC,U,Y) = Du =Dd ae onw+iR. (3.36)

ThemappingHg > f — fo € Lg;ongiS anisometryto a closedsubspacef

strong

Finally, for anyD € TIC,,, the boundaryfunctionof]ﬁ) € H” coincideswith
theFourier transformof D (fromTheoem3.1.3).

(c2) If U is separble then we can choosefp in (cl) s.t. f(w+ir +-) —
fo(w+ir) nontangntiallyin thestrongtopology of B(U,Y), fora.er €iR,
and||f(w+ir +-)|| = || fo(w+ir)|| nontangntiallyfor a.e r € iR.

(c3) LetD € TIC,(C",Y) andD[L2] c L2. Thenf :=D € H(CJ; B(C",Y))

andD hasa “ L2, boundaryfunction” fo =: D s.t. f(i- +t) — fo(i - +w)

in L2 _(R;B), ast — o+, and (- + 1— w) 1D € L%(w+iR; B(C",Y)), and

loc



(1.),(2.),(4.) and(5.) of (al) are satisfied.Consequentl;ﬁG: Du a.e on
iRforallue LZ(R,;C"), a < w.

If w= 0, thenD o Gcayiy € H2(D; B(C",Y)).
(d1)Forevery f € Hg’trong(%; B(U,Y)) thereis a boundaryfunction fo whose
valuesare (possiblyunboundedpperators with domaingn U andrangesin

Y, s.t. foup € LP(w+iR,Y) is the boundaryfunctionof fug (see(al)) for
anyup e U.

In particular, sup, ey | foullp = ||f||H§trong(w+iR;$(U,Y))' If U is separble
then
Dom(fo(w+1ir)) isdensdora.e r € R.

(d2)Let f € H*(CE; B(U,Y)). Thenf € HP . (CE: B(U,Y)) iff theboundary
function fo € Lgiong(S€€(C1)) IS N LP . (0+iR;B(U,Y)) too.

weal
If this is the case then || fol| p = ”vaveak(%:@)' Claim (d2) also holds
with “strong” in placeof “weak”.
(d3)If f e H®(C; B(U,Y))NLP(w+iR; B(U,Y)), thenf € HP(C{; B(U,Y)).
(d4) Conversely if f € HP(CJ;; B(U,Y)) and U is sepanble then f hasa
unigue“strong operator boundaryfunction” fg € Lgtrong(iR;fB(U,Y)) S.t.

foup is theboundaryfunctionof fug for anyug € U (in thesensef (al),and
thesamenull setappliesfor all up). Moreover, ||| fol| zw vy llLrir) = Il fllHe.

(e) Resultsaanalagousto (al)—(d4)(exceptthat (c3) mustbereplacedoy Lemma
13.1.3(d))hold for RD := {z € C\ |zl < R} (R> 0) in placeof C, (write
the corvegence“(1.)” as fo(z) = lim,_r- f(rz) a.e, whee |z = R). The
Poissonintegral on RD is givenby

1 fon R —r?

f(reie):Z_[ A Rz_ZRrCOS(e_t)HZf(Rét)dt (r>0,8€R).
(3.37)

SeePropositionD.1.21(c)and Theorem3.1.6 for the boundaryfunctionsof
H2(Cap;U) andH>(Cap; B(U,Y)) functions,respectiely.

Notethattheoperatotboundaryfunctionof (c1) neednotbeavectorboundary
function(i.e., thelimits neednot corverge in the operatomorm), not evenin the
separableaseof (d3), by Examplel. onp. 92 of [RR], wheref(2) := (Xk)ken —
(Z%)ken, Sothat f € H*(D; B(¢£2(N))).

Part (c1) (which seemdo be new in the unseparablease)is the bestwe can
sayfor unseparablé); e.g.,it may be thatthe strongor weaklimit of f(ir +t)
existsfor noir € iR ast — 0+ (i.e., thereareU and f € H*(C™; B(U)) s.t.for
eachir, thereisup € U s.t. f(ir +t)up doesnothave evenaweaklimit ast — 0+),
asshavnin p. 133[Thomas]). See[Thomasi]for furtherresultsfor the separable
caseanda counterexamplefor thoseresultsin theunseparablease.

Theproofof TheorenB.1.6alsoshonvs how we couldreduce(cl)to Theorem
3.1.3(al) but we have preferredto give a direct proof below, becausehis proof
is muchsimplerthanthatof Theorem3.1.3(al).Theproofof (c1) lies heavily on
the boundednessf thefunction, thusit cannotbe usedfor HP, p < .



The equation]ﬁ)D =Dain (3.36) shaws that the boundaryfunction coincides
with the Fouriertransformof I givenin Theorem3.1.3. Naturally, the boundary
functionisin L* if dimU < co.

Theresult(cl) seemgo be usefulonly for proving resultssuchasthosein
Lemma6.3.6, becausemary importantpropertiesof aD € TIC arenot shared
pointwise (a.e.) by an arbitrary representatie of the Fourier transformD €

srondIR:B(U,Y)). (E.g.,if D € GTIC, thenD € GLgong but D(ir) may be
nonln/ertlblefor all r € R.) An analogousemarkappliesto Theorem3.1.3(al).

The boundaryfunctionin (d1) in not B(U,Y)-valuedin general(seeExam-
ple 3.3.6),unlessp = o (notethatHgy,ng= H”, by the ClosedGraphTheorem,
hence(cl) appliesto p = ).

For general f € Hstrong(Cj); B(U,Y)) (or HP), we have f € Hgtrongﬁ
H®(Cf.e: B(U,Y)) (e > 0), by LemmaF.3.2(a),hencewe canapply (d2) with
w+ € in placeof w.

Proof of Theorem 3.3.1: W.l.0.g., we statethe proofsfor the casew = 0
(becausd.2 > u— e “u € L? is anisometricisomorphismand e-%tu(s) =
U(s+w) forallse CT).

(al)&(a2)(Seep. 967 for nontangentialimits.)

1° Implications “(3.)=(2.)=(1.)", “(38.)=(5.)", and “(6.)=(5.)=(4.)"
(any p) and “(3.)=(6.)" (p < ), and (3.34) for generl B: Thesefollow
from LemmaD.1.8(a3)&(al)(“Cy” of (al))exceptfor “(6.)=(5.)" (notethat
X-rRD € L9, whereq™t + p~t = 1, anduseHalder) and“(5.)=(4.)" (take
g:=Xe, R:= sup|E|).

2° UniquenessBy LemmaB.2.6,(1.) characterized$p uniquely(notethat
we may have a differentnull setfor eachA); so doesalso(4.) by Theorem
B.4.12(e).By 1°, sodo(2.),(3.),(5.) and(6.) too.

3° (a2) whenH is a sepanble Hilbert space:Now fg € LP satisfying(2.)
and(3.) (hencg1.)—(5.),by 1°) exists,by pp.81,85and90of [RR]. By Lemma
D.1.8(al)we have| follp = || f||Hr

4° (a2)whenH is a Hilbert space:ReplaceH by the closedspanof f[C*],
which is a separableHilbert space by LemmaB.2.3(f)&(a). By 3°, fo € LP
satisfying(1.)—(5.) (and(6.) for p < ) and|| fo||p = || f||He exists.

(We noteonecould prove (a2) wheneverY is areflexive Banachspacegan
alternatve conditionis that Y** is separablepnd 1 < p < o, by using the
(scalar)techniqueof Chapterll of [Rud86], andthe factthaty is a Radon—
NikodymspacgDU].)

5° (al) whenB is a Banadh space: Assumeary of (1.)—(6.). Let g € HP
be the Poissonintegral of fg. Now Afg is the boundaryfunction of Af, hence
Ng = AT, forany A € B, by 3°. Having thusestablished3.), we gettheclaim
from 1° and2°.

(a3)By thecontinuityof f, condition(1.) of (al)is satisfied.

(a4)By LemmaA.1.1(a4),f = S_; fkP for somefy,..., f, € HP(CS;Y),
where B is the kth canonicalprojectionC" — C. Let f, € HPNLP be the
boundaryfunction of fx (k=1,...,n) (see(a2)). Okviously, || Tr_; fk(ll’

t)P— Sy fk(lr)PkHQ; cny) —>OforaereR ast — w+, hencey}_,; fP €



LP(w+iR;B(C";Y)) is theboundaryfunctionof f.

(b) Seep. 91 of [RR]. (And alternatve referencedo (a) and(b) is A.6.18-21
of [CZ].)

(cl) (Wetake w = 0w.l.0o.g.;cf. Remark2.1.6.) To be exact, we construct
herea function fp : iR — B(U,Y) satisfyingthe conditionsin the lemma,and
thenwe shaw thatthe equivalenceclassof fq is a uniquememberof Lg; g

For eachr € R, we defineU, :={ue U \ 3lim¢_o4 f(ir +t)u=:yu}. For
afixedr, themapUr 5> u— yy, is clearlylinearand||u — yr ul| g, v) < || fl]e,
henceu — Y, hasa norm-preservingxtension fo(ir) € B(U,Y) (note that
| fo(ir) || < || f]l1=; we extendit to U, by continuity (seeLemmaA.3.10)andset
fo(ir) =0onU/). Forarny ue U, wehave fo(ir )Ju= limp_,e f(ir + 1/nju ae.r
(becausas € U, ae.r € R by (b)), hencefq(i-)u is measurable Sinceu was
arbitraryand fo is bounded.fo € Lgong

Let G e H2. BecauseheclosedspanUy of GC*] is separablewe cantake a
null setNy, C R s.t. f(ir +t)ug — fo(ir )up for all up € U, andall r ¢ Ny, (choose
anull setfor eachug in a countabledensesubsebf U, andlet N, betheunion
of thesesets;by LemmaA.3.4(H1)with “F(s) = f(ir +1/s) — fo(ir)” we get
the corvergencefor all up € U, andary fixedr ¢ N,). Choosingnull setN for
f € H? asin (a), we now havethat

(fa)(ir) = tir& f(ir +t)agr +1)
= tﬂ)r&[f(ir +t)[T(ir +t) —T(ir )] + f(ir +t)U(ir)] (3.38)
= 0+ f(ir)u(ir)

for r ¢ NUNy. The equality || fol|e = || f||n= follows from the fact that
|| foUol| = || fUo||n for all ug € U by (b).

Moreover, if f1:iR — B(U,Y) alsosatisfiesf1(i-)ug = limi_o4 f(i - +t)ug
a.e.forup € U, then(f; — fp)up = 0 a.e.for up € U, hencef; = fop asamember
of LgrondiR;B(U,Y)). However, consideredas functions, they may differ
everywhere(and we may have || f1(ir)||sw,y) > r for all r € R eventhough
f1=0in Lgyong(i-€., fiup=0a.e.oniR, for all up € U)). Themappingf — fo
is clearly linear, henceit is anisometryto a subspacef Lg,ng The claims
aboutTIC, now follow from Theorem6.2.1.

Finally, if G € L strong is the Fourier transformof D € TIC (seeTheorem
3.1.3),thenF fAuo = m = GfAuo = fAGuo a.e.oniR for all f € L2 andall
Up € U, henceFug =Gy a.e.forallugeU,i.e.,,F =Gin Lg"tmng

(c2) Thisis TheoremB on p. 85 of [RR], providedthatalsoY is separable.
In thegeneraktasetheclosedspany of {I(2)up | up € U,z C} is separable,
henceD H*(U,Yp), andwe canapplytheresultmentionedabove.

(c3)(Takew=0w.l.0o.g.SetU :=C".) By Lemma2.1.13wehaveg:= (- +
1)"1D € HZnd C:B(U,Y)). By LemmaF.3.2(e), H;ond CT; B(U,Y)) =
H2(C*;B(U,Y)). By (a4),we have g € H?(C*;B(U,Y))NL2(iR; B(U,Y)),
in particular g hasa L? boundaryfunction gg. Set fo := (- + 1)go, So that
fo€ (-+1)L?(iR;B(U,Y)) C L2 (iR; B(U,Y)) and f and fy inherit (1.), (2.)

loc



and (5.) (hencealso(4.)) from g andgo; in particular D convergesto fp
nontangentiallyateveryir € Leb(fg) = Leb(go) (see(B 54)).

Leta <Oandue L2(R+,U) SinceD € B(m L2, m,L?), by (2.19),the
function DG cornvergesto Du nontangentiallya.e. by (a2). SinceD — fo and
U — Ua.e.nontangentiallywe musthave fol = Du a.e.

Theclaimon w = 0 followsfrom Lemma2.1.13.

(d1) (Wesetw=0w.l.o.g.)Forir € iR we set

Dom(fo(ir)) ;= {up € U | tir&— f(ir +t)ug =: fo(ir )up exists }. (3.39)

Obviously, Dom( fo(ir)) is asubspacef U and fo(ir) is linear Letup € U be
arbitrary Then fup € HP(C*;U), hencefy(ir)ug is defineda.e.and equalto
theboundaryfunctiondescribedn (a). In particular

sup|| fouol[p = sup|[fuollne =: [[fllnp, . ir:mw.Y))- (3.40)
upeU UpeU
(Note that fp is uniquein the sensethat foug is uniquely defineda.e.for
eachup € U.)
Let U beseparableLet {uc} C U bedense.For eachk, thereis anull set
Nk C R s.t.ux € Dom(fo(ir)) for r € R\ Ny; consequently{ux} € Dom( fo(ir))
forallr € R\ N, whereN := UgNg.
(d2)We provetheHSptronchaim;add/\ e Y* [||Al| < 1] everywhereto obtain
theweakresult.
1° “Only if”: Letup € U. Thenfug e HS'Dtrong henceit corvergesa.e.to
a boundaryfunction f,, € LP(w+iR;Y), by (a), with || fy,||p = || fuo||ne. But
fu, = foug a.e.,by (c1), hence

= sup [|fouo|lp= sup ||fuollne = || fol|p (3.41)

[ fllLp
[[uol| <1 [[uol| <1 stong

strong
By (a), fug is the Poissonintegral of foup for eachug € U, i.e., f is thestrong
Poissorintegral of fo.

2° “If ". Thisfollowsfrom LemmaD.1.8(al)&(a3).

(d3) Thisfollows from (d2) andLemmaD.1.8(al)&(a3).

(d4) By TheoremB on p. 85 of [RR], f hasa boundaryfunction fp in the
strongoperatotopology(ary f in theNevanlinnaclassN has,andHP functions
belongto the Nevanlinnaclass,by (4-1) on p. 75 of [RR]). By the theorem,
thereis a null setN C iR s.t. fug — fgug nontangentiallyat every point of
iIR\N (i.e., f — fo nontangentially'in the strongoperatortopology” at every
pointof iR\ N).

By TheoremC on p. 90, f — fg is an isometry HP —>”Lp(|R)”
and "Lp(IR)" means“weakly measurableunctions” with finite norm ||| -
l3u.y) |||_p ir); the strongmeasurabilityof fo follows from that of foup (by
(al))for eachuo € H, hencefp € Lstrong(lR, B(U,Y)).

(In [RR], we should have U =Y, but we may replace f by [?9] €
HP(C*;B(U xY)). ReplaceY first by its separablesubspacé necessarysee
LemmaB.2.4).

(e) This canbe proved in the sameway as (a)—(d) were proved (usethe



H(D; ) resultsof [RR]). O

If a boundaryfunctionis zeroon a setof positve measurethen both this
functionandthe original functionarezeroalmosteverywhere:

Lemma3.3.2 Let f be a holomorphicfunction, and let fo be its boundary
functionin the senseof someof (al)—(d4)of Theoem3.3.1. Thenthe following
are equivalent:

(i) f£00nC{;

(i) f #0a.eonCy;

(i) fo # O (ona subsebf positivemeasue of w+iR);
(iv) fo #0Oa.e (onw—+iR).

For (e), the above claims hold with substitutionsC{; — RD and w+ iR
ORD = {ze C||Z =R}.

Proof: Trivially (iv)=-(iii). By LemmaD.1.2(e), we have (i)<(ii) (if
f € H(Q;B) andE := f~1[{0}] hasapositive measurethenK NE is infinite for
somecompacK C Q, by LemmaA.2.3,henceQ (andK) containsalimit point
of E(NK), hencef = 0). Thus,it sufficesto shav establish(i)=-(iv), (iii) =(i).

1° Casef € HP(C™), p € [1,]: Thisis well known (usee.g., Theorem
17.18 of [Rud86] and Cayley transform (see Lemma 13.2.1(e2)&(d)) for
(i)=(iv), andthe Poissorformulafor (iii) =(i)).

2° Casef € HP(C™;B), p € [1,»]: Now Afg is the boundaryfunction of
N f for each/\ € B*, hencethis follows from 1° andLemmaB.2.6.

3 Casef € HP(CT;B(U,Y)), p € [1,0): Now foup is the boundary
functionof fug for eachug € U, hencethis follows from 2°.

4° Other cases: For rD, r > 0, in placeof C™, the above proof applies
mutatismutandis.For C{, in placeof C*, we obtainthis by shifting f and fo.

]

We shalllaterneedthe following lemma:

Lemma 3.3.3((V, FO),2r,cny = O for all u,v = F =0) Let DN €
TIC.(C"Y), D[LZ,N[L2] c L2 and J € B(Y). SetF := N*JD. Then
(14-)7?F e L1(iR; B(C")).

If (V,FO), 2g.cn) = Ofor all u,v € LE(R4;C"), thenF =0 a.e

Proof: 1° SetU :=C". By Theorem3.3.1(c3),we have D,N € (1+
JL2(iR; B(CM)), henceF € (1+-)%LY(iR; B(CM)).

2° AssumptionsTo obtaina contradictionwe assumehat(V, FO), 2(jr.y) =
0 for all u,v € L3(R;;U) (hencefor all u,v € L3(R;U) andall w < 0, by
Lemma2.1.13),but F isnotzeroa.e.oniR. Thenthereisr € R s.t.ir € Leb(F)
andF (ir) # 0.



W.l.o.g.we assuméhatU = C, 0 € Leb(F) anda:= F(0)/2 > 0 (choose
Vo,Up € U anda € dD s.t. aviF(ir)up > 0 andreplaceF by avjF (- —ir)uo;
replacethenu by €' uug andv by €' vy attheendof the proof).

3° Obviously, |(1+4ir)fio(ir)| < 4t when|r| > 1 andt € (0,1), where
fr o(s) := 2t%2(s+t) 2. Consequently

/ I eo(ir) 2IF (ir)|dr < a/5 (3.42)
+[1,00)i

for allt € (0,8), whered; := al|(-+ 1) ~?F||1/20> 0.

4 £, > 0: Choosee > 0s.t.Re(2R) 1 ["RF(ir)dr > afor all Re (0,¢).
Choosed > 0 s.t. [ ||ﬂ70(ir)||2||F(ir)||dr < a/3 for all t € (0,9] (see
LemmaD.1.24(a)andnotethatF € L1([-1, 1]i)).

5° Chooset € (0,max{3,a/2}) S.t. i ¢l f0/°dm > 2/3 (seeLemma
D.1.24(a)).From,e.g.,Theoreml.190f [Rud86]we obtainfunctions

m
Onh = Z Rnakx(—rn,k;rn,k)i (n € N) (343)

K=1
St Rk >0, ke (0,e) (nkeN), 0<g1 <gp<--<gy<--- and
an(ir) = g := [fo(ir)[*Xi(_ee) = (t?+r?)7Xi(_se) Monotonouslyfor each

r € R. Consequently||gn|l1 = SkRnk(2rnk) — [|9|| > 2/3. By The Monotone
CorvergenceTheoremand2°, we have

€ €
Re/ [fo(ir) 2F (ir) dr = lim / gn(ir ) ReF (ir ) dr > lim supy’ Ro(2rmi)a > 2a/3.
—€ ®J—¢

n—soo
(3.44)
By this, (3.42) and 4°, we have Refg|fio/?F dm = Re(fio,F fi o) >
a(2/3—-1/5-1/3) > 0, acontradictionasrequired. O

Accordingto Theorem2.3 of [W91a] (or to Theorem3.1.7), the first part
of Theorem2.1.2 holds for arbitrary BanachspacedJ andY andfor ary p €
[1,0). Evenin thatcase,r : TIC — H” is a contractve algebraisomorphismof
TIC(U,Y) intoH*(C™; B(U,Y)). However, theisomorphisnis notisometric,nor
onto:

Example 3.3.4 (A counter-examplefor Banach spaces:H® ¢ ﬁ) LetU =C,
Y =L%(N), & =Xy (ke N) (i.e.,e0={1,0,0,...}, & :={0,1,0,0,...} etc.)
andD(s)up := (e *Sug)en, sothat||D(s)|| < 1 for all s C+.

By LemmaD.1.1, D is holomorphic,becauses¥ is holomorphicfor each
ke N. Thus, D € H*(C*;B(C,Y)). However, Df ¢ £JL2(R,;Y)] for f :=
Xjo,1) € L2(R,), henceD is notthetransferfunctionof ary D € TI (C,Y).

FurthermoreV : s (k-Y2(s+1)~1D(s))yen satisfiesV € H*(C+; B(C,Y))
andV is continuouson C¥ U {0} (“V € CTIC") but still ¥ is not the transfer
functionof ary V € TI(C,Y) (thus,“CTIC ¢ TIC” in this sensecf. Definition
2.6.1).

Remarks:1. We canuseTIC(Y) in theexamplein placeof TIC(C,Y).
2. FouriertransformdoesnotmapL?(R;Y) into (noronto) L2(iR;Y).



3. TIC — H” is notanisometry(nor onto). N

Proof: (Note that we just usethe Hilbert spacedefinitionsof Chapter2
extendedo allow for Banachspacessinputandoutputspaces.)

1° Df ¢ £[L2(Ry;Y)] for f := Xjo,1)" BY Pk € Y* we denotethe projection
of P : (Yk)ken — Yk, for ary k € N. Then B, commuteswith the Laplace
transform(becausé € Y*).

Choosef € L2([0,1]) st. [|fll2=1 (e.g., f =Xp1). If g€ L3(R;Y)
weres.t.§ = Df on C*, thenPg = P(DF) = e *sf, hencewe would have
Rg = 1(—k) f, and,consequently

5 k+1 2 k+1 5 2
lolB=3 /. llglam=y [ jad?dm=3 flE=co  (345)

Therefore,D doesnot map ¥L2(R,;U) into YL2(R;Y), henceD doesnot
defineaTI(U,Y) map.

2° Constructing@ with required properties: Let (ax)ken be a sequence
in C st.ax > 0 ask — o. DefineT € B(£”) by (Yk)ken ‘= (8Yk)keN-
Then also ]f‘(s) =TD is in H*(C*;B(U,Y)), but, unlike for D, we have
F e ¢(CF:B(U,Y)), andF(ir +t) = (axeK)en =: F(ir) € Gu(iR; B(U,Y))
ast — O+, whichwill beshaovnin 3° below.

The function V(s) := %F(s) is continuouson C* U {e} (we usethe
symbolﬂ: of this kind of functionsin Section2.6), becausét hasthe limit
O atoo (becausdV(s)|| < Hﬁ — 0as|s| — o onCT). LetF(t) = e 'Xr, (1),

sothatE(s) = L. If h=Vf =ETg, thenh=F «Tg, in particularPh =
st1

F «RTg=aF *gx = axF » 1(—Kk) f = 1(—K)ayF * f, hence

h|2 = /k+1||h||2dm> /kﬂ\h 2dm> /1\ F+f[2dm> S |a?r = oo
Z_Zk Y _Zk k _Zoak _Zak_’
(3.46)
if Sy|ag2= o (e.9. 8=k ¥2) andr := [ |F* f|2>0(e.g.,f =Xz Thus,
alsoV doesnotmaprL2(Ry;U) into ZL2(Ry;Y).

3° T is continuouson C+: Givensy € Ct ande > 0, choosefirst K s.t.
lay| < £/2 for k > K. Usethencontinuityto choosed > 0 s.t. |e~sk— e=%K| <
£/ sup|ax| whense C+ and|s—so| < 8. Now IF(s) —F(so)|ly := sup, IF(s)i—
F(so)k| < € for suchs, QED.

Remarks:1. We canuseTIC(Y) in theexamplein placeof TIC(C,Y): just
uselﬁ)Po and@Po in placeof D and¥, wherePy(ak)ken := Oo.

2. TheFourier transformdoesnot mapL?(R;Y) into (nor onto) L%(iR;Y);
in fact, it doesnotevenmapLlnL® — L2: Since||g||2 = || fll2 = v2m|f||2 =
V21 and ||g||2 = «, we obsere that the Fourier transform does not map
L2(R4;Y) ontoL?(iR;Y) (sinceg is theonly possiblénversetransformof g, by
1°). By replacingtherolesof g andg, onecanshow thatthe Fouriertransform
doesnot map L?(R,;Y) into L2(iR;Y); not even L1 NL* into L(iR;Y).
(Indeed, if f € S(R), then f € S(iR), hencethen g := Df € L2(iR;Y) is
“rapidly decreasing{thoughnotdifferentiable)henceg € LP for all p € [1, «0].)




3. TIC — H” is notanisometry(nor onto): Theoperato&\fn ‘=Y k-0 Pkﬁ €
H® is obviously thetransferfunctionof aTIC(C,Y) mapand||V,|| = ||D|| =1

for n € N, but ||V, |[Tic = o (by the abore computations)hencethe Laplace
transformTIC — H® is notanisometry(nor onto, by 1°). O

In fact, the above examplealsoshows that Theorem3.3.1(c1)doesnot hold
for Banachspaces:

Example 3.3.5 (A counter-example for Banach spaces: DeH* has no
strong nor Lgo,g boundary function) Let U = C, Y = £*(N), and let De
H®(C*; B(U,Y)) beasin Example3.3.4,i.e.,D(s) = (6 ).

TheQ]IA)) doesnot have aboundaryfunctionin thesenseof Theorem3.3.1(c1);
in fact, D(ir +t)up doesnot corvergein Y, ast — 0+, for ary nonzeroug € U.
Moreover, the componentwiseboundaryfunction of D is not an elementof

strong(IR B(U;Y)). <

Recallfrom Example3.3.4thatthe above D doesnot correspondo ary TIC
(notevento ary TI) operator

Proof: 1° Clearly( (ir+tug)k — €~ rkyp ast — O+ foreveryupe C=U,
k € N, sothecomponentwiséoundaryfunctionir — ]D)(lr) ‘= (€7")en isthe
only possibleboundaryfunction.

However, SUR¢ (o5 SURken [€~ " F9kup — €7 ug| = [ug| > O for ary & > 0
(take k > 2/3 andt = 11/2K), hencethereis no limit of D(ir +t)up ast — 0+,
i.e.,thereis no strongboundaryfunction.

2° Moreover, A(ir) ¢ LdrondiR;BU,Y)): if ]ﬁ(ir) were in

LStrondiR: B(U,Y)), then]D>( -) would beanL® functionby Theorem3.1.3(c)
(becaus&J = C), hencethenwe would have ]ﬁ)(i-)Po € L*(iR; B(Y)), where
Py is the projectionto the Oth componentPs : (Yk)ken — Yo)-

However, r — ]ﬁ(ir)Po is a (semi)groupof boundedlinear operatorson
B(Y). Becausat is not uniformly continuousijt is not uniformly measurable,
by [HP, Theorem10.2.1]. (A secondproof: if D were L*(iR;Y), its Poisson
integral would corverge pointwisea.e. A third proof: the functiong = DFf in
Example3.3.4,would be L1, henceg would be (o, but it doesnot vanishat
infinity.) O

Output maps (hence also the causal adjoints of input maps) of WPLSs
correspondo strongH? functions. Unfortunately suchfunctionsneednot have
boundaryfunctionswith valuesin 3B (cf. TheorenB3.3.1(d)),notevenfor separable
U andY. For simplicity, we give our counterexampleon theunit discD:

Example 3.3.6 (A counter-example: F € Hstmng(D;fB(Zz)) has no B(¢?)-
valued boundary function) Let {z,} C 0D bedense.Chooser € (0,1/2). De-
fine z—» Fn(2) := (z—z,) " € H3(D;C) (n € N). Definethe “diagonaloperator”
F € HZyond D; B(£2)) by Fen := Fnen (n € N), wherethe vectorse, = Xy form



the canonicabaseof £2(N) =: U =: Y. Indeed,||Fy||2 = ||Fol|y2 =: M (n € N),
hence

n n
IF %erx”az <M? S Jokl. (3.47)

Thus,F canbeextendedo thewhole /2 sothat||F||H§trong§ M. Moreover, if F is
definedon oD sothatF lopY is a.e.the boundaryfunctionof Fu for eachu e U,

thenFe, = F, onD \ N for eachn € N, whereN is anull set.

Givenze dD\ N andM’ > 0, thereisns.t. M’ < |F,(2)| = ||F (2)en||u (taken
S.t.|z— zy| is smallenough) hencel|F (2)|| 3wy > M'. Consequentlythe operator
F (2) is unboundedandpossiblynot definedfor all u € U) onoD \ N.

(Note that Fu hasa boundaryfunction a.e.for eachu € U, the problemis
thattheseboundaryfunctionsfor u € U arenotdueto ary (single)B(U)-valued
function; the valuesof the boundaryfunction mustbe unboundecdbperatorsas
above.) N

SeealsoExampleF.3.6.

In thescalarcasethe Poissorintegral P« f of ary f € LP(iR; B) isaharmonic
functionon the half-plane.This functionis analyticiff f € HP; athird equivalent
conditionfor f € L1 is thattheFouriertransformof f is zeroonR_. All thisholds
alsoin thevectorvaluedcase:

Lemma3.3.7(f e HP & Px f € H) Let fo € LP(w+iR;B), p € [1,%]. Thenfy
is the boundaryfunctionof somef € HP(w+iR; B) iff the Poissonintegral of fo
is analyticon CJ,. For p= 1 a third equivalentconditionis that

ft) ::/Rfo(wﬁ-ir)ei” dr=0 forallt<0 (3.48)

(if thisis thecase then f (w+ ) = £f /2m).

Analagously fp € LP(dD;B) is the boundaryfunctionof somef € HP(D;B)
iff the Poissonintegral of fp is analytic on D; a third equivalentcondition is
that f(n) := X [pe ™ fo(€")dr = Ofor n=—1,—2,... (if thisis the case then

~

f =30 f(M2Y).

Recall that if B is a Hilbert space, then ary HP function has an LP
boundaryfunction. Note also that [, f(w-+ir)e" dr € (5(R;B), by Lemma
D.1.11(al)&(a3).

Proof: We prove the w—+ iR claims;the D claims(which canbe scaledfor
D) follow analogouslyrom Theoreml17.130f [Rud86](notethatLP c L on
oD).

1° If the Poissonintegral f of fg is analytic,then f € HP and fj is the
boundaryfunctionof f, by LemmaD.1.8(a3).Converselyif fgistheboundary
function of somef € HP, then f is the Poissonintegral of fo, by Theorem
3.3.1(al).

2° Casep = 1. For B = C, the third conditionis equvalent,by Lemma
11.3.7 and Theorem|l.3.8 of [Garnett]. From this and 1° it follows for
general B, that the Poissonintegral of Af is analytic for all A € B* iff



f(t) := [xAf(w+ir)é" dr = 0for all t < 0. ThisandLemmaD.1.1(a)imply
thatthe Poissorintegral of f is analyticiff [ f(w+ir)é" dr =0forallt < 0.
By LemmaF.3.7(a3)we have f(-) = £e* f /21 O

Next we @(tendthestandardormula]l/)ﬁ(s) = D(§)* for causakdjointtransfer
functionsto the vectorvaluedcase(includingnoncausal l maps):

Lemma3.3.8(ﬁa(s)=ﬁ(sj*) Let u € L?(R;U) and E € TI(U,Y). Then
flﬁ(ir) = U(—ir) for r € R. Moreover, E*(ir) = IE*(ir), AEA(ir) = ]E(—ir) and

Ed(ir) = E* (—ir) for r € R.
If D € TIC,(U,Y), thenDd(s) = D(S)* for se C;.

SeeDefinition 3.1.1(andTheorenm3.1.3(d))for E*.
Proof: 1° TI: Obviously, Flu( S) = U(—s) wherevereitherintegral corvemges.
It follows that

L(AESU)(ir) = L(ESU)(=ir) = E(=ir)a(ir) (r € R). (3.49)

Therefore, L(AESA)(ir) = E( ir) for all r € R. By linearity and continuity,
we obtalnthat(IEu ) = (0, E*0) for alluve L2 (seeDefinition 3.1.1), hence
E* = &, from whichit foIIowsthat]Ed(lr) E* (—ir) forr € R.

2° TIC: Finally, letD € TIC (the TIC,, resultis obtainedby shifting) and
f =D e H*(CT;B(U,Y)), anddefineh(-) := f()* € H*(C™; B(Y,U)). Let
F € TIC(Y,U) bedefinedoy F = h, andlet hy bethe boundaryfunctionof h.

Then(fo(—ir)uo, Yo) = limi_so4 (f(—ir +t)uo, o) = limi_o+ (Uo, f(—ir +1)*yo) =

{Uo, ho(ir )yo) a.e.on iR for up € U, yo € Y, henceAA[fo]* = [ho] € Lgyong IN
particulay [ho] = F, by 1°. Thereforehis anH* functionwith the boundary

functionIF, but, by Theorem3.3.1(c1),the transferfunction of F is the only
suchfunction. 0

During the rest of this section,we shall study the polesof the inversesof
transferfunctionsandusetheresultsto construct “completely” unstableransfer
function.

Let Q C Cisopenandm,ne N. If 0# f € H(Q;C), thenthe setof zerosof
f (i.e., of polesof f 1) doesnothave limit pointsin Q (seee.g., Theorem10.18
of [Rud86)). It follows thatif f € H(Q;B(C")) is invertible at somesy € Q,
then f is invertible on a set whosecomplementdoesnot have limit pointsin
Q (this complements the setof zerosof detf). The sameappliesto the left-
invertibility of f € H(Q; B(C",C™)) (becauséf L € C™Miss.t.Lf(s9) =1, then
Lf € H(Q; B(C"))).

Thesefactsareextensvely usedin controltheory However, if dimU = o« and
f € H(Q; B(U)), thenthe setof “poles” of f~1 maybeary closedsubsebf Q,
evenif f wereboundedwhen,e.g.,.Q =C{ (we R) orQ =Dy (r > 0):

Lemma 3.3.9(Po|esofﬁ € H®) LetdimU = . LetK C C be closedand let
so € C\ K. Thenther is D € H({s0}%,B(U)) st. D1 € HKK%BU)), D ¢



GH®(KE;B(U)) for any € > 0, whee K¢ := {s€ C|d(s,KU{s}) < €}, and
the setof singularitiesof D1 isK in the sensehat limgess ;s ||]IA)>*1(S)|| = 400
for each s; € 0K.

Thus,whenw < of andK C {z| Rez< o/} is closedthereis D € TIC,(U) N
GTIC (U) s.t.the setof singularitiesof D! is K. Oneobsenesfrom the proof
that]ﬁ)(s) ¢ GB(U) for ary s € K, sincethe polesof the “components’of D are
densen K.

We might call thesesingularities“poles” (at leastthoseon 0K), sincethis
would be in accordancewith the definition “lim g5 s, || f(S) 72| — 4" (for
scalarfunctionsthis is equivalentto the standardone, by Theorem10.21(c)of
[Rud86]).

(Unlesss; is anisolatedpoint of K, thereis asequencdz,} C K¢s.t.z,— s
and||(zo — s1)ND(sy)|| — +, asn — +, for ary N € N (e.g.,choosethemso
thatd(zn, K) < (zn—s1)N/nanduse(3.51)),henceonemightarguethatthe points
of dK (or K) shouldneverthelesde calledessentiakingularities.

Proof: By LemmaA.3.1(a2), we can assumethat U = /2(A) for some
infinite setA. SetKp := KU{s}, y:=d(s0,K) > 0.
1° Functions{ fa}aca: Choosep: A — K s.t. A] is densen K. Set

s—¢(a) So—¢(a)
— =1+ P— (se C\{s0}, acA). (3.50)
Then|fa(s)|,| f71(s)| < 14y/e =: M, for all € > 0 andall s € KE. Moreover,
fa € H({s0}®) andf; 1 € H(KS).

2° Function f: For eachs, we definef(s) € £*(A) by f(s)a:= fa(s). Now
Naf € H({s0}®) for all a€ A, whereAyu := uy, hencef € H({s0}%£*(A)), by
LemmaD.1.1(a).

Analogously f= € H(K;£*(A)), wheref~1(s) = (fa(S)™1)aca € £~ (this
is obviously theinverseof f(s) onKg).

But/*(A) (asmultiplicationoperators)s aBanachsubalgebraf B(£2(A)).
Therefore,f € H({s}® B(U)), f 1 € H(KSB(U)), by LemmaD.1.2(b1).By
1°, we have || ||, || f~L|| < Mg on K¢ for eache > 0.

3° Singularitiesof f~1: Lets e KC. For eachd > d(s,K) thereisa € As.t.
|s— @(a)| < d andhence

fa(s) :

s—s| _ y-9

f-1(s)| = > , (3.51)
B0 = a7 3
therefore|| f=%(s)|sw) > Ygiagsl. Thus, |[f(s)]| = « asd(sK) — 0.
Consequentl,ylﬁ) := f hastherequiredproperties. O

By using the above techniqueswe can constructa “completely unstable”
D € TIC, whenererU andY areinfinite-dimensionalnotethatdimY > dimU
iff thereis aleft-invertibleD € TIC,(U,Y), by Lemma2.2.1(c3))

Example 3.3.10 (Du & L2 for all nonzero ue L?) Let dimY > dimU = . If
w > 0, thenthereis aleft-invertibleD € TIC,(U,Y) s.t. Du ¢ L? for all nonzero



ueL?(Ry;U). <

In fact, giveny > 0, we canchoosean ULR D € TIC.(U,Y) s.t. D satisfies
the above conditionsfor ary w >y, andD € H((y+i/(N+ 1)) B(U,Y)), and
D € H®(Qu o B(U,Y)) wheneer of < y < w, whereQyy , := {s€ C| Res¢
[0, 0|} (take s, :=y+i/(n+2) in the proof below).

Therefore, in that case,we have D € H*(Cy;B(U,Y)) for eacha <y,
hencethis (left) part of D is the transferfunction (Fourier transform)of some
D € Na<«yTla(U,Y), which is strictly anti-causal,i.e., D = 0 # 1D,
(apply Theorem3.1.6(b)to D andLemma2.1.11(i7)&(i) to ADS).

Proof: W.l.0.g.,weassumehatdimY = dimU (replacethenD € TIC,(U)
by TD € TIC(U,Y) for ary left-invertibleT € B(U,Y)). By LemmaA.3.1(a2)
andLemmaB.2.2,we mayassumehatU = ¢2(A) andY = ¢?(A x N) for some
infinite setA.

ChooseKp := {sn}p- 1 CY+IiR sit. sy = s, asn — o, andy :=
d(s_1,K) > 0, whereK := {sh}} .

Set fj(s) == (s—sj)/(s—s-1) (se€ C\ {s_1}, j € N), so that
11i(9),|j(9) 7Y < 1+y/e =: M, for all € > 0 andall s € K¢, whereKg :=
{se C|d(s Ko) < €} (asin 1° of theproof of Lemma3.3.9).

DefineD(s) € B(U,Y) by (]ﬁ)(S)U)a,j =27 fj_lu,g1 (ueU). Then

ID(s)ulff = > 1277 ()uall? < Z\ZIIf_l(S)IIszUaIIz, (3.52)
acAjeN ac

hence[D(s)| 3w vy < 2M for s€ K¢.

DefineE(s) € B(Y,U) by (E(5)y)a:= fo(S)yao (y € U). Then|E(s)|| < Me
for se KE. Obviously, E(s)D(s) =1 forse K§. It followsfromLemmaD.1.1(a)
that D andE are holomorphicon C, henceD,E € H*(Cg; B(U)), hence
D,E € TIC,(U).

As in the proof of Lemma3.3.9, we canverify thatD hasthe properties
claimedabove. We prooftheclaim“Du € L2 = u=0":

Letue L?(Ry;U)\ {0}. Choosea € As.t.u; 0. By LemmaD.1.2(e),
thereis j € N s.t.Ua(sj) # 0. It follows that|| f;Us|| — « ass— s; (see3° of
theproofof Lemma3.3.9).

But (D0)a,j =2 1 f; s, and(y — ya j) € B(Y,C), henceDd ¢ H(C™;Y),
in particular Du ¢ L2. O

Ontheotherhand,if [%%] € WPLSU, H,Y) is optimizable(seeDefinition
6.7.3) and dimU < o, thenthereis & > 0 s.t. every A € d(A)NC 5 = K
is an isolatedeigervalue of finite multiplicity, by [JZ99]. In particulay then
D e H(C_5\K;B(U,Y))

Notes

Mostof (a), (b), (c2) and(d4) (and(e)) of Theorem3.3.1is well known (see,
e.g.,[RR] for theseparablease) A comprehensie studyontheseparableaseof
(cl)is givenin [Thomas].Also Lemmas3.3.2and3.3.8areprobablywell known.



Themonograph§Duren]and[Hoffman]areclassicaleferences$or HP spaces
andtheir boundaryfunctions. The monograpHRR] by Marvin Rosenblumand
JameRovnyakis aclassicareferenceon caseon separablédilbert spacesit also
containsfurtherresultsandextensiongo the Nevanlinnaclass.






