Helsinki University of Technology, Institute of Mathematics, Research Reports
Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja

Espoo 2004 A479

CONSERVATIVITY OF TIME-FLOW INVERTIBLE
AND BOUNDARY CONTROL SYSTEMS

Jarmo Malinen

\ﬁ TEKNILLINEN KORKEAKOULU

TEKNISKA HOGSKOLAN

HELSINKI UNIVERSITY OF TECHNOLOGY
TECHNISCHE UNIVERSITAT HELSINKI
UNIVERSITE DE TECHNOLOGIE D'HELSINKI






Helsinki University of Technology, Institute of Mathematics, Research Reports
Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja

Espoo 2004 A479

CONSERVATIVITY OF TIME-FLOW INVERTIBLE
AND BOUNDARY CONTROL SYSTEMS

Jarmo Malinen

Helsinki University of Technology
Department of Engineering Physics and Mathematics
Institute of Mathematics



Jarmo Malinen: Conservativity of Time-Flow Invertible and Boundary Control
Systems; Helsinki University of Technology, Institute of Mathematics, Research
Reports A479 (2004).

Abstract: We give sufficient and necessary conditions for a boundary con-
trol system (in the sense of Salamon) to define a Livsic — Brodskii operator
node; that is, a linear (scattering) conservative system. This appears to be
a special case of a more general result involving time-flow invertible linear
systems. We show the following result of “entropy type” the dual system
of a conservative boundary control system is always a boundary control sys-
tem. Fiwe PDE examples are given to illuminate how these operator theory
techniques apply to (rather simple) concrete problems. In particular, a fairly
complete example on the n-dimensional wave equation is given.

AMS subject classifications: 47A48, 47TN70, 93B28, 93C25

Keywords: Conservative system, boundary control, time-flow invertibility, oper-
ator node, Cayley transform

Correspondence

Jarmo.Malinen@hut.fi

ISBN 951-22-7452-3
ISSN 0748-3143
Espoo, 2004

Helsinki University of Technology

Department of Engineering Physics and Mathematics
Institute of Mathematics

P.O. Box 1100, 02015 HUT, Finland

email:math@hut.fi ~ http://www.math.hut.fi/



1 Introduction

In this paper, we give sufficient and necessary conditions in Theorems 7 and
8 for the conservativity of linear boundary control systems. Such systems are
described by differential equations of form

2(t) = Lz(t),
Gz(t) = u(t), (1.1)
y(t) = Kz(t) forallt > 0.

All of the conditions in Theorems 7 and 8 are stated in terms of data given;
namely the operators L, K, and (G, together with the Hilbert spaces they are
defined on. We shall give five PDE examples to indicate that these results are
practically applicable in concrete problems. However, our abstract setting
does not require any of the operators in (1.1) to be a partial differential
operator.

What is a (scattering) conservative linear system? By general linear sys-
tems we mean system/operator nodes; see [13, 19] and the references therein,
including the classical works [1, 6, 7, 8, 17, 18, 20]. We assume henceforth
that the reader is familiar with such nodes; reading [13, Section 2] gives a suf-
ficient background. A boundary control system of form (1.1) always defines
an operator node, see Definition 1 and Section 2 for details.

Now, let S = [A¢B] be a system node. The (separable) Hilbert spaces
U, Y, X, X; :=D(A) and X ;| := D(A*)? are defined as usual for system
nodes. By A: X1 - X, B€ L(U; X 1), and C € L(X;;Y) denote the main
operator, input operator, and the output operator of S, respectively. Assume
that the functions u(-) € C*(R,;U), 2(-) € CH(R; X), y() € CH(R,;Y)
satisfy the differential equation associated to S:

2(t) = A_12(t) + Bu(t),

y(t) = C&D [28] for all ¢ > 0;

(1.2)

see [13, Proposition 2.5] for details. We say that S is energy preserving if
for any (sufficiently smooth) input u(-) and any (compatible) initial state
2(0) = 2y, the unique solution of (1.2) satisfies the energy balance equation
Lllz(@)|% = lu@)|Z—ly()]|%, see [13, Definition 3.1]. That S is conservative
means that both S and S? are energy preserving. Here S? denotes the dual
system node of S as described in [13, Proposition 2.3].

This notion of conservativity is the “right one” in the sense that is a direct
extension of the well-known finite dimensional case. Hence the definition of
conservativity refers directly to S?. Unfortunately, it is less than obvious to
relate S¢ to the operators appearing in (1.1) — the data of a typical boundary
control problem. Solving these complications is the purpose of this paper.

Following [13], a conservative system node S is said to be tory (or a Julia
colligation) if Ker B = {0} and (Ran C)* = {0}. A powerful characterisation
of tory nodes is given in [13, Theorem 4.4]. The main results of this paper —



Theorems 3, 7 and 8 — are based on this theorem. These results are applied
to a number of PDE examples. In particular, a fairly complete treatment
(apart from the exponential stability) of the boundary controlled (scattering)
conservative wave equation is given.

2 Background

We develop the required background results for boundary control nodes and
show their equivalence to usual operator nodes (of boundary control type).
We review the related Cauchy problem, too.

Definition 1. Assume that U, X and Y are separable Hilbert spaces.

(i) Assume that Z is a Hilbert space, such that Z C X with a bounded
dense inclusion. Let L € L(Z;X), G € L(Z;X) and K € L(Z;Y) be
operators such that the following conditions hold for some o € C, :

(a) U = Ran G,

(b) Ker G is dense in X,

(c) (« — L)Ker G = X, and
(d) Ker (a« — L) N Ker G = {0}.

Then the triple ' = (L,G, K) is called a boundary control node. The
space Z is the solution space of I

(ii) If both T = (L,G,K) and T* := (—L,K,G) are boundary control
nodes, then I' is called a doubly boundary control node.

(iii) Let S = [ALEB] be an operator node on spaces U, X and Y as in [13,
Definition 2.2]. Then S is called an operator node of boundary control
type (in the sense of Salamon), if p(A) N C, # 0, Ker B = {0} and
BU N X = {0}.

The spaces U, X, and Y are called input, state, and output spaces of both
I and S, respectively.

Each boundary control node defines a Cauchy problem through equations
(1.1). The assumptions on operators L, G, and K are such that this Cauchy
problem is “correctly posed” in a sense related to “correct posedness” for
operator nodes' and their Cauchy problems (1.2). However, the assumptions
of Definition 1 alone do not imply the existence of a (weak, strong) solution
z(+) of either (1.1) or (1.2) — something more involving the generation of a
Cy-semigroup in X is required.

!In PDE applications, checking this “correct posedness ” requires certain a priori esti-
mates involving the partial differential operators and Sobolev spaces. The abstract func-
tional analysis framework does not and cannot take part in this. See how the elliptic
regularity theory is used in Subsection 7.4.



Suppose that T' = (L,G,K) and S = [A¢B] satisfy the conditions of
Definition 1. It is described in Subsections 2.1 and 2.2 that such I" and S
are in one-to-one correspondence. Moreover, the two Cauchy problems (1.1)
and (1.2) will then have the same solutions. This translation is essentially
the same as given in [15, 16] in a different notation (but, unfortunately, with
a small mistake?). For an earlier and somewhat different approach dealing
mainly with controllability questions, see [4].

2.1 Towards operator nodes

We shall now show that any boundary control node I' defines an operator
node S in the sense of [13, Definition 2.2]. Let us first make sense about the
main operator A and its domain Xj;.

Proposition 1. Let T' = (L,G, K) be a boundary control node on Hilbert
spaces U, Z, X and Y. Define the space X; and the linear mapping A by
setting

X;:=Ker G and A:=L|X;:X; > X.
Let o € C, satisfy conditions (c) and (d) of Definition 1. Then

(i) Xy is a closed subspace of Z, and it inherits a Hilbert space norm
I| - “Xi from Z,

(i) A € L(Xy;X) when X is given the norm ||-||x;. Moreover, A: D(A) C
X — X is an unbounded, closed, densely defined linear operator with
D(A) = X, and o € p(A), and

(iii) Xy is a Hilbert space under the norm ||x||x, := ||[(a — A)x||x, and this
norm || - ||x, is equivalent to norm || - ||x;.

Proof. Claim (i) follows because G € £(Z;U), and we attack claim (ii). For
clarity, let Xj denote the Hilbert space Ker G equipped with || - [|x;. Firstly,
D(A) is dense in X by condition (b) of Definition 1. To show that a € p(A),
take any x € X|. We have A € £(X]; X) since

[Az|[x = [[Lzllx < [[Llleczix) - 2]l z = 1Ll ez - 1]l x;-

Because Z C X with a bounded inclusion, we have ||z[|x < C||z|z = Cl|x|/x:
for any x € X|. Hence, X{ C X with a bounded inclusion, and it follows that
a— A € L(X]; X), too. By condition (c) of Definition 1, « — A : X| — X
is surjective. By condition (d), it is injective, too. Hence, there exists a
bounded inverse (o — A)~' : X — X/. Because X| C X with a bounded
inclusion, in fact (o« — A)™' € L(X) and a ¢ o(A). In particular, A is a
densely defined operator on X, with domain D(A) = Ran (o — A)™' = Xj.

2This mistake was independently discovered by G. Weiss and the author.



Now the last claim (iii). Because (a — A)~' : X — X] is a bounded
bijection with a bounded inverse, it follows that

]l x;

(e = A) Ml eexsxn

< (e = Azllx < fla = Allegx) - lollx-

Hence, the norm || - ||x, is equivalent to the inherited norm || - [|x:. O
From now on, we always use the norm ||z||x, := ||(« — A)z||x on X;. By
X_; denote the completion of X in norm ||z||x_, := ||(« — A)"'z||. Regard

X as a subspace of X _; with the natural inclusion operator coming from the
completion process. As is well known in the context of rigged Hilbert spaces,
A : Xy — X has a linear extension to an operator A | : X — X ; satisfying
Ay e L(X, X ).

Next we extract the input operator B € L(U; X_;) from I'. We also show
that the norm of 7 is equivalent to another norm that can easily be expressed
with the aid of A_; and B.

Proposition 2. Let ' = (L,G, K) be a boundary control node on Hilbert
spacesU, Z, X andY . Let X| and A be as in Proposition 1, and let o« € p(A)
be arbitrary. Then

(i) there exists a unique operator B € L(U; X 1) satisfying the equation

Lz=(A_1|Z)2+ BGz forall z € Z, (2.1)

(i) we have (a« — A_)"'B € L(U;Z), Gla— A 1)"'B =1 and Ker B =
{0},

(iii) XiN(a— A1) 'BU = {0}, Z = X;+(a— A_)"'BU, and the norm

of Z s equivalent to the Hilbert space norm

2%, +(a-a_n-18o = l2ll%, + ulll  where z =2+ (a - A—l)‘l(BU-)
2.2

Proof. Because G € L(Z;U) is surjective, there exists a right inverse H €
L(U; Z) such that GH = I on all of Z. Define B := (L — A_,|Z)H. Because
L e L(Z;X) and X C X_; with a bounded inclusion, it follows that L €
L(Z;X_1). Because Z C X with a bounded inclusion, A_1|Z € L(Z; X_4)
and hence B € L(U; X ). Tt is clear from construction that BGz = (L —
A_|Z)Gz for z = Hu, u € U. Since Z = Ker G+Ran H, equation (2.1)
follows.

If there were two operators By, By € L(U;X_;) satisfying (2.1) with
B = By, By, then their difference would satisfy (B; — By)u = 0 for all u €
Ran (G) = U. Thus B is uniquely defined and does not depend on the
particular choice of the right inverse H.



In order to prove (ii), let @ € p(A) and u € U be arbitrary. We start with
the identity (« — A_1|Z) Hu — (a« — L) Hu = Bu € X_;. Now we have (at
least formally)

Gla—A_) "(a—A4|Z)Hu—G(a— A_y) " (a— L) Hu
=G (a—A_,)"" Bu.

The first term in the left is well-defined for all v € U. By cancelling the
resolvents and recalling GHu = u, we get (still formally)

uw—G(a—A_) " (a—L)Hu=G(a— A_,)”" Bu. (2.3)

This time Hu € Z and hence (o — A) ™" (o — L) Hu € X4, no matter what
value v € p(A) attains. So the second term on the left of (2.3) is well-defined,
too, and this computation verifies that G (o — A,l)*1 Bu is a well-defined
element of U.

But X; = Ker G by definition, and hence the identity I = G (« — A_;)”' B
follows from (2.3). The above computations show that (o« — A_,)~' BU C Z.
As (a —A_) "B € L(U;X) and Z C X with a dense inclusion, it follows
(by the compatibility of Banach spaces Z and X) that (o — A,l)le €
LU; 7).

It remains to establish claim (iii). Suppose z € X; N (a — A_1)"'BU,
T #0. As X; = Ker G, then Gz = 0. As z = (o — A_;) 'Bu for some
u # 0, we have by claim (ii) that Gz = u # 0, a contradiction.

For any z € Z, define u := Gz € U. Then 7, := 2 — (o« — A_) ' Bu
satisfies Go; = G2 — G(a— A_|)7'Bu = Gz — u = 0. Hence z; € Ker G =
X1, and trivially 2 = z; + (o — A_)"'Bu. This proves that Z C X| +
(a — A_1)"'BU. The converse inclusion follows as we have already proved
(« — A_y) 'BU C Z for claim (ii).

It is clear that (2.2) defines another Hilbert space norm for Z. By a short
estimation, we learn that for all z € 7 C X

I2]lx < max (L, [[(a — A1) "Bllewix)) - (loillx, + [ullo) (2.4)

where 2 = z;+(a—A ;)7 Bu is the unique decomposition of 2 € Z according
to Z = X;+(a— A_;)"'BU.

It follows from (2.4) that the inclusion Z C X is bounded, when Z is given
the norm in (2.2). It is an explicit assumption that the inclusion Z C X in
bounded, with the original norm of Z. Hence, these two differently normed
versions of Z are compatible Banach spaces, and their norms are accordingly
equivalent. O

Note that the spaces X; and (aw — A_;)"'BU are orthogonal in Z, when
Z is given the norm (2.2).

Proposition 3. Let T' = (L,G, K) be a boundary control node on Hilbert
spaces U, Z, X and Y . Let the spaces X1, X_1 and operators A, A_;, B be
as in Propositions 1 and 2. Define the vector space

Ve={[t]€[f]: A1+ Bue X} (2.5)



and equip it with the Hilbert space norm
2112
L]y = =% + llullf + A2 + Bullk. (2.6)
Then
(i) V' C [£] with a bounded inclusion,

(ii) the operator C&D :V — Y defined by

T
u

cen 7] = K (27)

satisfies C&D € L(V;Y), and
(iii) the identity V = [ L] Z holds.

Proof. To prove (i), we show the following functional analytic fact: if Hy,
H,, and Hj3 are Banach spaces, if H, C H3 with a bounded inclusion, and
if T € L(Hy; Hy) with Ran T' C Hs,, then T € L(Hy; Hy). By the closed
graph theorem, it is enough to show that 7" is closed as a mapping from H;
to Hy. Suppose g; — ¢ in Hy and T'g; — h in H,. Since Hy C Hj with a
bounded inclusion, Tg; — h in Hj, too. Because T' € L(H;; Hs), it follows
that h = Tg. Hence T is closed as required.

Recalling that Z C X with a bounded inclusion, claim (i) follows by
setting Hy =V, Hy =[], H; =[], and letting T be the natural inclusion

from V' to [#]. To prove (ii), estimate for [ ] € V'

|C&D L], = I1[K o] [ally <[l [K 0] ||5([g];y) 18] ||[g]

< Kl ez - CHTET v,
where C' is the norm of the inclusion V' C [Z].
To prove claim (iii), note that V := {[7] € [£] | Ajz + Bu € X} by

claim (i) and let o € p(A). Now, as (a — A)7™' : X; — X is a bounded
bijection, we have for any [I] € [#]

A x4+ BueX
& (a—A) Az + (- A_)'Bu € X,
& —r+ala—A) v+ (a—A) 'Bue X,
& —z+(a—A ) 'Bue X,

where the last equivalence holds since a(a — A_y) 'z € X asz € Z C X.
Using X := Ker G and G(a — A_1)™'Bu = u completes the proof. O

Now we have all the ingredients to put up an operator node of boundary
control type in the sense of Definition 1:



Theorem 1. Let ' = (L, G, K) be a boundary control node on Hilbert spaces
U, Z, X and Y. Let the spaces Xi, X_1, V and operators A, A_;, B,
C&D be as in Propositions 1, 2 and 3. Define A&B :=[A_1 B]|V. Then
S = [AEB] is an operator node with D(S) =V = [L]Z. Moreover, S is of the
boundary control type in the sense that Ker B = {0} and Ran BN X = {0}.

Proof. All this follows from the properties of an operator node in [13, Section
2], and Propositions 1, 2 and 3. O

2.2 Towards boundary control nodes

Now we shall go to the converse direction: we show that any operator node
S = [A%B] of boundary control type defines an unique boundary control node
I'=(L,G, K), see Definition 1. In this subsection, the spaces X; = D(A),
X 1 and the operators A € L(X1;X), A, € L(X;X 1), Be L(U; X ;) are
defined as usual for the operator node S. Moreover, we define

Z = X1 + (Oz - A,l)ilBU (28)

for some o € p(A). The Hilbert space V = D(S) is given by (2.5) and (2.6);
see [13, Section 2] for details.

Proposition 4. Assume S = [4¢B] is an operator node on Hilbert spaces
U, X andY, such that BUNX = {0} and Ker B = {0}. Then the following
holds:

(i) There exists a unique linear map G € L(Z;U) such that V = [}]Z.
Moreover, [ L] € L(Z;V), Ran G = U, and Ker G = Xj.

(ii) There exists a unique linear mapping K € L(Z;Y) satisfying K =
C&D[l], Kz = C&DI[;] for all [3] € V, and C&D = [K 0] |V.
We have Ran K =Y if and only if Ran C&D =Y.

(iii) The operator L : Z — X, defined by
Lz:= (A_1|Z)z+ BGz forall z € Z,

satisfies L € L(Z;X), (¢ — L)Ker G = X, and Ker (¢ — L)NKer G =
{0} for all o € p(A).

Proof. Let us start with claim (i). Because BUNX = {0} and Ker B = {0},
for each z € Z C X there exists this time a unique u € U such that A_;z +
Bu € X. Namely, if there were two, say u; # us, then B(u; —us) € BUNX.
Hence B(u; — ug) = 0 and thus u; = wug. Let us call this (well-defined)
mapping Z 3 z+— u € U by G.

Such G is clearly linear, and so is [L] : Z — [{]. It follows from the
definition of G that [L]Z C V. Conversely, if [{] € V, then A_jx+ Bu € X
and hence x € Z. Then [L]z € V and u = Gz by a similar uniqueness
argument as given above. It now follows that []Z =V and that [}]: Z —
V' is a bijection, since the operator is trivially injective.



We proceed to show that [L] € L(Z;V) and G € L(Z;U). As Z is
complete, it is enough to show that [[] is closable. Let z; — 0 in the
norm of Z and [L]z; — [#] € V in the norm of V. As Z C X with
bounded inclusion, it follows that z; — 0 in the norm of X. As V C [{§]
with a bounded inclusion (see (2.5) and (2.6)), it follows that z; — z; in
the norm of X. Hence zy = 0. Recalling that [ ] € V, we must have
Buy € BUN X = {0}. Hence, [:3] = [9] and the closability of [ £] follows.
Note that G = [0 ]|V - [L]. Because [0 I]|V € L(V;U) by a simple
estimate, it follows G' € L(Z;U).

We show next that Ran G = U. Because S is an operator node, there
exists a x, € Z such that [%#] € V for every u € U. Indeed, take x, =
(¢ —A_y)"'Bu € Z and note that A_z,+Bu=ala—A_;)"'Bue Z C X.
By what we have already proved above, such z, is unique and it satisfies
u = Gux,.

If € Ker G, then [§] € V, A 1z € X, and thus x € D(A). Conversely,
let € D(A). Then [§] € V, and it follows that Gz = 0 because V = [[] Z.
Now claim (i) is proved.

That K € L(Z;Y) follows from C&D € L(V;Y) and claim (i). Moreover,
Ran K = Ran C&D and Kz = C&D ;] forall [{] € V follow as [L]: Z —
V' is a bijection.

[t remains to prove (iii). Let z € Z be arbitrary. Then [4,] € V,
Lz=A_12+BGz € X and thus L : Z — X. Since Z C X with a bounded
inclusion, we conclude that A_,|Z € £(Z; X_;) and hence L € L(Z;X_4),
too. Because Ran L C X and X C X_; with a bounded inclusion, we
conclude that L € L£(Z; X) using the technique presented in the beginning
of the proof of Proposition 3.

Let a € p(A) and x € Ker (o — L) N Ker G. Clearly (& — L)Ker G = X
is equivalent to the fact that (« — A)X; = X. Furthermore, + € X; and
0= (a—L)x = (a—A)x = 0, which implies z = 0. The proof is complete. [

We have now proved the following theorem:

Theorem 2. Assume S = [A¥B] is an operator node of boundary control
type on Hilbert spaces U, X and Y with D(S) = V. Define the space Z by
(2.8), and let the operators L € L(Z;X), G € L(Z;U) and K € L(Z;Y) be
as in Proposition /.

ThenT = (L, G, K) is a boundary control node (in the sense of Definition
1) on Hilbert spaces U, X and Y, with the solution space Z.

By inspecting the translation procedures of Subsections 2.1 and 2.2, we
see that the boundary control nodes T' = (L, G, K) and the operator nodes
S = [ALB] of boundary control type are in one-to-one correspondence. In
particular, the solution space Z for I' is same as the space given by (2.8) for
for the operator node S corresponding to I'. For general operator nodes, we
have yet another characterisation for the same space

7 = X1 + (Ot - A—l)ilBU (29)
={z € X :Ju € U such that [{] € D(5)}.

10



It is a characterising property for operator nodes of boundary control type that
we can write the direct sum decomposition Z = X;+(a — A_;) ! instead of
(2.8). Analogously, it is true only for S of boundary control type that the
space V' = D(S) (given by (2.5)) can be written as in form V' = [L] Z for
some operator G € L(Z;U).

2.3 The Cauchy problem

We now solve the Cauchy problem for the formal system (1.1). This is re-
duced to the corresponding Cauchy problem (1.2) system nodes, as presented
in [13, Proposition 2.5].

Lemma 1. Assume that T' = (L,G,K) is a boundary control node, such
that A = L|Ker G : D(A) C X — X is a generator of a Cy-semigroup.
Let uw € C?*([0,00);U) and zy € Z be such that the compatibility condition
Gzo = u(0) is satisfied.

Then the Cauchy problem (1.1) has a unique classical solution z(-) €
C([0,00); Z) N C'([0,0); X), such that z(0) = 2z and y(-) € C([0,0);Y).
Proof. By S = [A¢B] denote the operator node that is related to T' as in
Theorems 1 and 2. By V and Z denote the two common Hilbert spaces for
I' and S that have been described in Subsections 2.1 and 2.2. Since A is
the generator of a Cj-semigroup it follows from [13, Proposition 2.5] that
there exists a unique z(+) € C*([0,00); X) N C?([0,00); X_1) such that (1.2)

holds and [28] € C([0,00); V). Since V' C [#] with a bounded inclusion
by Proposition 3, it follows that z(-) € C([0,00); Z) and u(t) = Gz(t) for all
t > 0. Since L = A_4|Z + BG, (1.2) implies that for all ¢ > 0

2(t) = A_12(t) + Bu(t) = (A_1|Z + BG) z(t) = Lz(t).

Since C&D and K are connected by (2.7), we conclude that z(-) solves (1.1).
The uniqueness is checked by going a similar reasoning in reverse order. [

Theorem 1 gives a working interpretation to differential equation (1.1).
Note that the trajectory z(-) is continuous in Z C X, but 2(-) is computed
(as a limit of a differential quotient) in the norm of X.

3 Conservativity and time-flow inverses

For some system nodes S = [4¢5 ], equations (1.2) can be solved backwards
in time for smooth signals, if the input and output are interchanged by each
other, too. For bounded B, C, D, and D~!, the inverse dynamics can be
obtained easily:

i(t) = (~A+BD™'C)_, 2(t) — BD™'y(t),
u(t) = =D 'Cz(t) + D y(t).

The general case is covered by a formal definition which unfortunately does
not give much help for the verification time-flow invertibility:

11



Definition 2. Let S = [A¢B] be an operator node with V- = D(S). We say
[A&B}‘—]
[C&D]*

with domain D(S*) =V C [{] and the main operator A, such that

(i) both p(A)NCy # 0 and p(AT)NCy # 0,

that S is time-flow invertible, if there exists an operator node S = [

(ii) [Cl’&;g] : V= V< is a bounded bijection, and

(iii) we have on all of V*

[ —

When these conditions hold for S and S, we say that S is the time-flow
inverse of S.

A boundary control node T' = (L,G,K) is time-flow invertible, if the
operator node S obtained in Theorem 1 is time-flow invertible.

For a deeper treatment of time-flow invertibility, see [19, 21]. Whenever
S =[4¢8] has a time-flow inverse, we have [}J&B]_l = [[Cl&D?e ]. It follows

from this that (S“)© = S. To understand the underlying symmetry in
[A&B]d]

things, consider the following two propositions. From now on, S¢ = |:[C&D}d

denotes the dual node of S, see [13, Proposition 2.3] for details.

Proposition 5. Let S be a system node. Then S is conservative if and only
if it is time-flow invertible and S% = S* .

Proof. Assume S% = S*. Then by Definition 2 we have V¢ =V =L, 9]V
and (3.1) implies

Héig]]z} {é&g] = [_él _IB] on V. (3.2)

Now [13, Lemma 3.2] implies that S is energy preserving. Furthermore,
Sl =5 & (894 = (S)? and with some good faith® (S<)¢ = (S9)<, too.
Thus (S%)¢ = (S%)* and by dualizing the above argument, also S is energy
preserving. The conservativity of S follows.

Conversely, let S be conservative. Then (3.2) and its dual version give

{[C[&Do]d] {c{&zo)] = [é ([)] on V and
[é&g] [[c{&po]d] - [é (;] on  V*

Hence [L, 3] : V — V% is a bounded bijection from V onto V¢ Identity
(3.2) implies directly S¢ = S*, where the operator S* is defined by (3.1)

3...or by a rather long computation...
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on V4. But now S* is a system node with D(S<) = V¢, since S? is a
system node. In particular, the main operator of S satisfies A~ = A*, and
certainly p(A*)NC, = p(A)NC, # 0, where p(A) denotes the conjugate set
of p(A). We conclude that S is time-flow invertible by Definition 2, and its
time flow inverse satisfies S = S O

Let us give another easy piece:

Proposition 6. An energy preserving system node S is conservative if and
only if it is time-flow invertible.

Proof. Conservativity implies time-flow invertibility, by Proposition 5. For
the converse direction, assume that S is both energy preserving and time-
flow invertible with the operator node S* given by (3.1). The time-flow
invertibility implies that [Le 5]V = V. Now identity (3.1) gives

<1 0] [-A, -B
S [C&D]_{ 0 It on all of V.

By [13, Lemma 3.2], the energy-preserving property implies [L, 5]V C V¢

and
S {é&g] = {_13_1 _IB} on all of V.

We conclude that V< C V74 S = SV and AT = A% X{". Tt remains to
show that V¢ =V*.

Since both A% and A generate a Cy-semigroup on X, it follows that
X¢ = X7, A = A% and X4, = X%. Moreover, S© = SV implies
[A&B]~ = [A*, C*]]V<, and hence [A*, C*]:[¢] — X¢, is a bounded
extension of [A&B]*. Since V* is dense in [{] (see [13, equation (2.2)]),
this is the only possible bounded extension on these spaces. We conclude
that [AS, C]=[A*, C*]lonallof [{], and V = V* follows. O

We give in Theorem 3 yet another characterisation for tory systems. The
motivation for this result is the following: for boundary control nodes I' =
(L,G, K) associated to dynamics (1.1), the time-flow inverse is very easy to
guess. Indeed, as will be seen in Theorem 6, it is I'*" = (—L, K, G) whenever
such ' satisfies the axioms (a) — (d) of Definition 1. On the other hand,
computing the dual system I'? is quite difficult *. The following proposition
contains the trick involved.

Proposition 7. Assume S = [A¥B] is a time-flow invertible system node.

Let A© : X7 — X be the main operator and C*~ the output operator of the
time-flow inverse S . Assume that the dual cross-term equation holds

1
B*

4Conversely, the adjoint node S¢ is almost trivial to obtain for an operator node S, but
the time-flow inverse S* is given by the rather difficult formula (3.1) in Definition 2.

C’&D{ ]:0 on X,
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and A* = AY (with equal domains). Then
A4 +A*+BB*=00on X! and CT =B on X!

Proof. Because A* = A<, we have X;~ = X Hence [§{] € V< for all
z € X{. Because &g 3]V — V* is a bounded bijection (by the existence
of the time-flow inverse), there exists for any z € X a unique vector [51] € V

such that
zf |1 0] |x

By using the assumed dual cross-term equation, we see that in fact z; = x
and u; = B*z. Hence, for any z € X¢

o]=s[)-[0" 7]lewn] [
- A=

But Az = A*z by assumption, and the claim follows. O

We can now characterise tory systems without referring to the dual system
at all:

Theorem 3. Assume that S = [A¢EB] is a time-flow invertible operator node.
By A© : X{7 — X denote the main operator of the time-flow inverse S* .
Then S is tory® if and only if

(i) Ker B = {0},
(i) A+ A*, =—-C*C on Xy,

I

(iii) C&D {B*] =0 on X{, and

(iv) We have A© = A* with equal domains, i.e. X = X{.

Proof. Conditions (i) — (iii) are necessary for toryness, again by [13, Theorem
4.4]. By Proposition 5, tory systems satisfy S = S, and (iv) follows, too.

Assume that conditions (i) — (iv) hold. Then the dual Liapunov equation
is given by Proposition 7, and S is tory by [13, Theorem 4.4] provided we
can show that Ker C* = {0}. Following [13, Proposition 2.4], decompose
the space Y orthogonally ¥V = [%] where Y} = Ran C and Y, = Y;*. The
induced decomposition of S is then given by

_ A% X - _ [1A&B) ]
s= [ v 5] we s [R])

here S, is the reduced operator node with output space Y;, the domains
satisfy V' = D(S) = D(S,), and Dy, € L(U;Yy) is nonzero if and only if Y} is

°Le. a conservative system node with Ker B = {0} and Ker C* = {0}.
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nontrivial. Since B = B,, C' = [%], and C* = [C} 0], we conclude (using
Proposition 7) that A + A*, = —C}C, on X, together with A_; + A* =
—B,B; and [C&D], [5:] =0 on X{.

It follows from [13, Theorem 4.4] that S, is a tory node, and it is thus time-

flow invertible with S~ = S = Héigﬁ]; see Proposition 5. In particular,

[[CI&DOL‘] .V — V4 = D(S?) is a bijection with the inverse [[CI&D(}d], and

I 0
[LeD] = [[OC&DDO}; ] Because also S is time-flow invertible, we get
ve = Jewn, v = il Vd:{ Lo d} Ve (3.3)
0 Do [0 D01] [[CI&D%T] " D01 [C&D]r T

and )

I 0| _ I 0 O e

C&D [C&D]? 0 '
But now we obtain S* = [[[éﬁjg%g g] on all of V¥ by (3.1). Because both
S% and S are operator nodes, it follows that V¢ = [‘;::] which contradicts

(3.3) unless Dy; = 0. This completes the proof.

4 Construction of the time-flow inverse

In this section, we show that the time-flow invertibility of an operator node
S = [AE8] (in the sense of Definition 2) almost follows if it is known that
S is of boundary control type (see Definition 1). Indeed, only one extra
assumption is needed on the “time-flow-inverted” main operator A .

In this section, we make it a standing assumption that S is an operator
node of boundary control type. We further assume that S and I' = (L, G, K)
are related to each other as in Theorems 1 and 2. In particular, the operators
L, G and K are given by Proposition 4. The spaces Z and V = D(S) are
described (unambiguously) by (2.5), (2.9), and claim (iii) of Proposition 3.
Our approach leads — step by step — to the construction of the time-flow
inverse S in Theorem 4.

Let us first define a Banach space V< which is finally going to be the
domain of S in spe. Motivated by Definition 2, we set plainly

Ve = [c[*&g] VC m . (4.1)

A Banach space norm for V' is defined by

[Ty llve == [ITalllv - where  [y] =[fepl [0l (4.2)

With this choice of norm, the operator [L, 8] : V' — V' becomes an isometry
with an isometric inverse.
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Not surprisingly, in the boundary control context we have the relations

1 I
V= [G] Z and VT = [K] 7Z (4.3)
Hence G and K are expected to play dual roles with respect to the time-flow
inversion, and (4.1) can be replaced by V< := [L]Z. Indeed, the latter
equality in (4.3) follows from the former by using the identity
I 0|1 1
[C&D] {G] = {K} on all of Z. (4.4)

It is also instructive to note that (under the assumptions of Proposition 4)

{é} Ker K = Ker C&D  and {é} X, = {fgﬂ :

Note that in the boundary control case BUNX = {0}, the upper component
of [3] € V =[}]Z determines the lower. Conversely, the lower component
determines the upper only modulo the space X; = Ker G.

The symmetry in equalities (4.3) becomes even more pronounced once we
discover that the solution space Z remains unchanged under the time-flow
inversion; see (2.9) for the motivation of (4.5):

Proposition 8. Make the same assumptions and use the same notations as
in Proposition 4. Define V< by (4.1). Then Z* = Z where

Z7 ={re X :3yeY such that [y] € V}. (4.5)

Proof. By the definition of V| we have Z< C Z. Conversely, if x € Z, then
(&l € Vand [, ] =L 0] &:] € VS by (4.4). Hence z € Z*¢. O

Also the space V¢ is seen to have some of its expected properties:

Proposition 9. Assume that S = [A¢B] is an operator node of boundary
control type with Ran C&D =Y. Define Z by (2.9) and V< by (4.1). Then
the following holds:

(i) For ally €Y there exists x € Z(= Z*) such that [y] € V<.
(ii) The inclusion V< C [{] is bounded.
(ili) Ker K ={x € X : [§] € V<.
Proof. Denote V = D(S) and fix y € Y. Then for any = € Z the equality

W= lewn| [] o 2] e

r=z; and y=C&D [w] for [x} eV.
u u

is equivalent to
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Because Ran C&D =Y, then there exists such a [§] € V with x € Z. To
prove claim (ii), we first estimate the norm of [;] = [L S][4]:

1z < (l=llx + llylly) < (lzllx + 1C&D e [E]Iv)

< max (1, |C&D| cevy)) - ([2llx + lzllx + [lully + [|A-12 + Bul|x)
< 2max (1, |C&Dl|cvivy) - (xllx + [lully + | A1z + Bul|x)
< 6max (1, [C&Dl|evvy) - 1 [E] [lv-

Now, the boundedness of the inclusion V< C [{] follows from (4.2). By
definition, we have V< C [Z]. Asin the beginning of the proof of Proposition
3, we see that also the inclusion V< C [#] is bounded and (ii) follows.

To verify the last claim (iii), recall that V< = [ S]V and V = [L] Z.
We have x € X with [§] € V< ifand only if [§] = [ bS][ 4. ] for some z € Z
if and only if for some z € 7

I
G

if and only if z € Ker K. O

z =2 and OzC&D[ ]z:Kz

To get ahead, we must assume that Ker K is dense® in X.

Proposition 10. Assume that S = [A¢B] is an operator node of boundary

control type with Ran C&D =Y. Define V< by (4.1), and assume that
Ker K is dense in X. Then V* is dense in [{].

Proof. Let [] € [3¥] be arbitrary. As Ran C&D =Y, there exists [}] €
V = D(S) such that y = C&D[;]. Because Ker K is dense in X, there is
a sequence {z,};>9 C Ker K such that x; - x — 2z € X in the norm of X.
Now,

Z+x;
v+ G

- I 0 2tz | |zt x
ve L) [ - [ - f

in the norm of [{] since z + z; — 2 in the norm of X. O

cen | to | —own |l +oen|]

G] rj=y+ Kzx; =y.

Using this gives

Under the assumptions of Proposition 10, the linear mapping

[ e

is densely defined. We next establish that S is an operator node, so as
to verify that S is time-flow invertible in the sense of Definition 2. For this
purpose, we need to define some new objects:

61f S was already known to be time-flow invertible, this would be a necessary condition
for S to be of boundary control type; see (4.3) together with Proposition 8. So, we do
not regret making this assumption at all.
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Definition 3. Assume that S = [A¢B] is an operator node of boundary
control type with Ran C&D =Y, and let the boundary control node I' =
(L,G, K) be given by Theorem 2. Assume that Ker K is dense in X.

(i) The mapping A< : Ker K — X is defined by A := —L|Ker K.

(ii) The mapping C*< : Ker K =Y is defined by C* := G|Ker K.
Definition 4. Make the same assumptions and use the same notations as
in Definition 3. Assume, in addition, that p(A<) N C, # 0 with D(AT) =
Ker K.

(i) Denote by X, the completion” of X in norm ||z||xa = [[(a—A%)" 2|l
for a € p(AT)NC,.

(ii) Define B : Y — X%, by setting for all x € Z
B Kz :=—Lr — ATz, (4.7)
where A, € L(X; X5)) is the Yosida extension of A€ .

The linear mapping B¢ in part (ii) of Definition 4 is well-defined. Note
that Lz € X C X in (4.7) because L € L£(Z; X) by Proposition 4. Hence
the right hand side of (4.7) defines a unique element of X ;. The B mapping
is also uniquely defined: if y = K2y = Kx5, then 21 — x5 € Ker K; but both
—L and AY, are extensions of A defined on Ker K. The operator B is
defined on all of Y, since Ran K = Ran C&D =Y by Proposition 4.

Proposition 11. Assume that S = [A¢B] is an operator node of boundary
control type with Ran C&D =Y. Define V= by (4.1) and the operators A<,
B* by Definition 3. Assume that Ker K is dense in X and p(A*)NCy # 0.
Then the following holds:
(i) BE € L(Y;X5]) and Ker B = {0}.
(ii) The space V< satisfies
Ve ={[Jle§¥]: A2+ B ye X} (4.8)

and the norm (4.2) for V< is equivalent to

I = ll=ll% + Y] + 1452 + Byl (4.9)

(iii) The operator [A&B]* := [AS, BT] |V is closed from [{] to X,
with domain D([A&B]T) =V*.

"See the discussion following Proposition 1.
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Proof. We show that B~y; — 0 in X for all sequences y; — 0 in Y. As
K € L(Z;Y) and Ran K =Y by claim (ii) Proposition 4, there exists a
sequence {z,};>0 C Z © Ker K (orthogonality taken in the sense of (2.2))
and y; = Kz;. Because K|(Z © Ker K) has a bounded inverse Y — Z ©
Ker K, it follows that ; — 0 in Z and in the weaker norm of X, too. As
A € L(X;X5), it follows that A% z; — 0in X5, As L € L(Z;X),
it follows that Lz; — 0 in X and hence in X, too. By equation (4.7),
B“Kz; =B y; = 0in X1

We prove next that Ker B< = {0}. Assume that By = 0 for some
y= Kz, z € Z. Then AYjx = —Lz € X by (4.7). It follows that z €
D(A“) =Ker K and y = Kz = 0. Thus claim (i) holds.

Claim (ii) is treated next. Let [y] € V¢ be arbitrary, and note that z € Z
and y = Kz by (4.3). Rewriting (4.7) we get ASjx + BSy = —Lz € X,
since L € L(Z;X). To prove the converse inclusion in (4.8), assume that
[y] € [+] satisfies AZjx + By € X. As Ran K =Y by Proposition 4, we
have y = Kz for some 2z € Z. Now

X2A%2+ B y=(A54+BK)z+ A% (z — 2) (4.10)
=—Lz+ A5 (z — 2),

where we have used (4.7) again. Because —Lz € X, equation (4.10) implies
A (x — 2) € X, and thus x — 2 € D(A*) = Ker K. We conclude that
y=Kz=Kzxandso [y]=[g]€[L]Z =V follows.

It is clear that V¢ with norm (4.9) is a Banach space, and V< C [{¥]
with a bounded (even dense) inclusion. Recall that V' with norm (4.2) is a
Banach space, and also then the inclusion V< C [{] is bounded, by claim
(ii) of Proposition 9. Hence, these two differently normed versions of V¢
are compatible Banach spaces (in the sense of interpolation theory) and their
norms are accordingly equivalent.

To prove claim (iii), note that [AT, B<] € L([{];X5) by claim (i)
and the fact that AT, € L(X;X%]). Now, [A&B]¢ is closed, as it is the
restriction of bounded [Afl B“] to its natural domain V| when the range
is restricted to a subset of X. O

Now comes the main result of this section;

Theorem 4. Assume that S = [ A¥B] is an operator node of boundary control
type with Ran C&D =Y, and let the boundary control node I' = (L, G, K)
be given by Theorem 2. Define V< :=[L]Z and S* by (4.6). Assume that
—L|Ker K is a densely defined operator on X, with p(—L|Ker K)NC, # 0.

Define the operators A, B, and C* by Definition 3. Then the follow-
ing holds:

(i) S :D(SY) C[§¥] = [#] is an operator node with D(S<) = V*.

The main operator of S is A< with domain D(A*) = Ker K. The op-
erator B is the input operator of S, and the combined feedthrough/output

19



operator [C&D|* of S satisfies

[C&D]* m =Gz for all m eve. (4.11)

(ii) The operator node S is time-flow invertible, and its time-flow inverse
equals S* .

Proof. The operator B¢ lies in L(Y; X%]) by claim (i) of Proposition 11.

The operator [A&B]* := [A%; B*]|V* is closed and densely defined with

D([A&B]“) = V* by Propositions 10 and 11. Define [C&D|* : V< — U by

(4.11), and note that it is well defined by Proposition 9. Let us now estimate
HC&DI™ [yl < IGlleczanll vl z) < G llezo - CllLv]v,

since the inclusion V< C [£] is bounded by constant C', see Proposition 9.

We conclude that S" := Hgiig%:] is an operator node with D(S') = V<.

We proceed to show that S = S'. Forall [Z,] € [L]Z =V* (in other
words, for all z € Z) we have

e [e)- [ - [

[ el Tlleasl )

where the second equality follows from (4.7). By Definition 2, S = [ [CuD)- ] :
and the proof is complete. O

Corollary 1. Make the same assumptions as in Theorem 4. Then the
time-flow inverse S s an operator node of boundary control type satisfying

Ran [C&D])C =U.

Proof. Recall that Ker B< = {0} by claim (i) of Proposition 11. It follows
directly from (4.11) that Ran [C&D]* = U, as Ran G = U by claim (i) of
Proposition 4.

If 2€ BEYNX, 2 #0, then Z = B¢ for some § # 0. Suppose [y ] € V.
Then we have both A%z + By € X and A% 2z + B (y+7) € X, implying
that both [y] € V< and [,3;] € V. It now follows that the space V¢
cannot be of graph form [1]Z for any linear mapping K : Z — U. This
contradiction proves that B<Y N X = {0}. O
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5 Duals of conservative boundary control
systems

In contrast to the previous section, the operators A, aB*, and C“ are
no longer defined a priori by Definition 3. Instead, now they denote the

main, input, and output operators of the time-flow inverse S = Héﬁjg]}i]

of S; existence of S is assumed a priori. The next proposition is a partial
converse result to Theorem 4, and it will be needed in the proof of Theorem
5 and Lemma 2.

Proposition 12. Assume that S = [A¢B] is a time-flow invertible operator

node of boundary control type, with Ran C&D = Y. Let the associated

boundary control node ' = (L, G, K) be given by Theorem 2. Denote by A<

the main operator and by C* the output operator of time-flow inverse S* .
Then D(A*) = Ker K, A~ = —L|Ker K, and C* = G|Ker K.

Proof. By the standard theory of operator nodes, we have D(S<) = V¢
and D(AY) = {r € X :[§] € V= } where V¢ is defined by (4.8). By the
time-flow invertibility of S, we have [Lg 51V =V, and the operator [L, 0]
is a bounded bijection from V := D(S) onto V. Recalling the reasoning
leading to (4.3), we have V. =[L]Z and V¥ =[L]Z. Now [§] € V¢ if and
only if z € Z and Kz = 0 if and only if z € Ker K. Hence D(A*) = Ker K.
To complete the proof, we compute by using (3.1)

ARt i | £ Y
-1 7lad -]

for any x € D(AT), where we have once again used the fact that [§] =
z . . —1 T T
[#.] €V implying [ 5] " [#e] =[] € V- O

Dual systems of tory boundary control systems are boundary control sys-
tems themselves:

Theorem 5. Assume that S = [A¢B] is a tory operator node of boundary
control type, with Ran C&D =Y . Let the associated boundary control node
I = (L,G,K) be given by Theorem 2. By S¢ denote the dual node of S,
with main operator A* € L(X{; X). Then the dual system S is of boundary
control type, and its solution space satisfies Z¢ = Z.

Proof. By Proposition 5, S is time-flow invertible, S< = S% A< = A* and
D(AT) = X{; here A* is a generator of a Cy-semigroup of contractions on
X. By Proposition 12, we have D(A) = Ker K and —L|Ker K = A“.
Because now —L|Ker K = A*, we conclude that Ker K = X is dense in X
and p(—L|Ker K)NC, # (). Now the claim follows from Corollary 1 because
all of the assumptions of Theorem 4 are satisfied. O
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6 Time-flow invertibility and conservativity
of boundary control nodes

We are now ready to apply all the previous results to conservative boundary
control systems. First comes an adaptation of Theorem 3 to the boundary
control context.

Lemma 2. Assume S = [A¥B] is an operator node of boundary control
type with Ran C&D =Y, and let the associated boundary control node I' =
(L,G, K) be given by Theorem 2. Then S is tory if and only if

(i) the primal Liapunov equation A + A* | = —C*C holds on X,
(ii) we have Gx = B*zx for all x € X{ := D(A*), and
(iii) the identity —L|Ker K = A* holds (with equal domains).

Proof. We start from the more interesting “sufficiency” part. It is clear that
condition (i) of Theorem 3 always holds for boundary control systems. Con-
ditions (ii) and (iv) of Theorem 3 are same as condition (i) and (iii) of this
lemma. By condition (iii), we have X{¢ = Ker K C Z. By condition (ii) we
have [ . ]x =[L]z C[L]Z =V forall x € X{, and hence C&D[ . ]z €Y
is well defined; see claim (iii) of Proposition 3. Now, by the definition of op-
erator K (see claim (ii) of Proposition 4), we obtain C&D [ L]z = Kz =0
for all z € X{. This is condition (iii) of Theorem 3, namely the dual cross-
term equation. Time-flow invertibility of S follows from condition (iii) and
Theorem 4 since —L|Ker K = A* and p(A) N C, # 0.

To prove the “necessity” part, assume that S is tory. Such S is time-flow
invertible by Proposition 5, S = S? and all the conditions of Theorem 3
hold; including conditions (i) and (iii) of this lemma hold, too.

By [13, Theorem 4.4], the dual Liapunov equation holds in the form

[A_, B] lBI*}x:—A*xGX forall € X{=Ker K,

and hence [ L. ]Ker K C V = D(S). But because S satisfies the conditions
Proposition 4, we have V = [L]Z. Now the inclusion [ L. |Ker K C [L]Z
implies condition (ii) of this lemma. O

We have actually proved above that condition (ii) of Lemma 2 can be
replaced by the inclusion [ L. ]Ker K C V.

It is now time to turn attention to boundary control nodes I' = (L, G, K).
We show first that doubly boundary control nodes can, indeed, be time-flow
inverted as expectedly.

Theorem 6. Let I’ = (L,G,K) be a doubly boundary control node, and
assume that S = [ A¢B] is the associated operator node given by Theorem 1.
Then S is time-flow invertible, Ran C&D =Y, and the time-flow inverse
S is of boundary control type. Moreover, S is the operator node associated

to ' := (=L, K,G) in the sense of Theorem 2
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In other words, it is right to call I'“" the time-flow inverse of T'.

Proof. Because I'™ = (=L, K, @) is a boundary control node, Ker K is dense
in X and Y = Ran K. Since I" is a boundary control node, it follows now
that Ran C'&D =Y, see Proposition 4. Applying Proposition 1 to I'*" shows
that p(—L|Ker K)NC, # ). Thus S is time-flow invertible by Theorem 4.

By Corollary 1, S is of boundary control type, and so it corresponds
to some boundary control node I'" := (L', G’, K'). Clearly I'" has a common
solution space Z with S and S*, see Proposition 8. Moreover, V< = D(S%)
satisfies (4.3), and hence G’ = K. By using the symmetry (S<)7 = S, also
G = K' follows.

Denoting by A<, AS, the main operator of S and its Yosida extension,

we have A |Z + BE¥ K = —L on all of Z; see Theorem 4 and equation
(4.7). Applying claim (iii) of Proposition 4 to S, we conclude that L' =
A% |Z + B K. Hence L' = —L, and the proof is complete. O

Now come the main results of this paper.

Theorem 7. Let T’ = (L,G,K) be a doubly boundary control node, and
assume that S = [ A¥B ] is the associated operator node given in Theorem 1.

Then S is conservative (hence, tory) if and only if
(i) 2Re (z,Lz)y = —||Kz||} for all x € Ker G,
(ii) (2, Lx)y + (Lz,2)x = (Gz,Gx)y; for all z € Z and x € Ker K.

Proof. Since I' is is a doubly boundary control node, the time-flow inverse
S exists by Theorem 6, and it is of boundary control type. For the usual
spaces and operators involving S and S, we have the identities X; = Ker G,
A= L|Ker G, C = K|Ker G, X{ = Ker K, A = —L|Ker K, and C* =
G|Ker K. Then (i) is same as 2Re (z, Az) , = —||Cz||3 for all z € X;, which
is (by polarisation) equivalent to condition (i) of Lemma 2. Condition (ii) of
Lemma 2 holds if and only if

— (2, A"x)y + (Lz,x)y = (Gz,Gx)y; forall z € Z and x € D(A"), (6.1)

since Ran G = U and BGz = —A_,z + Lz. This together with condition
(iii) of Lemma 2 imply condition (ii).

Because X is dense in X, condition (iii) of Lemma 2 holds if and only if
X =D(A") and (2, A ), = (2, A"x)y forall z € Xy, € D(A") if and
only if

(2,Lx) + (Lz,x)y = 0 for all z € Ker G and = € Ker K. (6.2)
Clearly (ii) implies (6.2), and hence it implies condition (iii) of Lemma 2,

too. Finally note that (ii) together with condition (iii) of Lemma 2 imply
(6.1) and thus condition (ii) of Lemma 2. O
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Note that condition (ii) of Theorem 7 implies 2Re (z, —Lz) , = —||Gz]|?%
for all z € Ker G, which is equivalent to the (primal) Liapunov equation of
the time-flow inverse S .

There is another variant of Theorem 7 whose formulation is more sym-
metric but slightly weaker.

Theorem 8. Let I’ = (L,G,K) be a doubly boundary control node, and
assume that S = [A¢B] is the associated operator node given in Theorem
1. Then S is conservative (hence, tory) if and only if the Green-Lagrange
identity

2Re (20, Lz0) x = |G2ollty — 1K 23 (6.3)

holds for all zy € Z.

Proof. By polarisation identity, (6.3) implies for all 21,25 € Z the identity
(21, Lzo) v + (Lz1, 22) x = (G21,Ga)y — (K21, K29)y;. 1t is trivial that both
the conditions (i) and (ii) of Theorem 7 follow from this.

Conversely, assume that S is conservative. Let z5 € Z be arbitrary and
u € C*([0,00); U) such that Gz, = u(0). By Lemma 1, there exists a solution
z(-) € C([0,00); Z) N C'([0,00); X) of (1.1) that satisfies 2(0) = 2, and
Lz®)1% = llu®)||? — lly(t)||3. Differentiating and using (1.1) gives

(2(8), Lz(t)) x + (L2(1), 2(1)) x = (G=(t), G2(1)), — (Kz(t), K2(1))y

for all t > 0. Since all the operators L, G and K are bounded from space Z
and z(+) € C([0,00); Z), we may take the limit as ¢ — 0+. Now (6.3) follows
because zy € Z was arbitrary. O

7 Five examples

We review the five easiest, well-known PDE examples of conservative bound-
ary control systems, and check how our techniques work for them.

7.1 Delay line

We consider the delay line system S on state space X = L?(0,1). The Lax-
Phillips group of the system is the unitary right (forward) shift on L?*(R), and
hence S is a conservative system with a nilpotent semigroup. The system S
is given in PDE form as follows:

2(t,€) = —z(t,&) for all t > 0 and £ € (0,1),
2(t,0) = u(t) and z(t,1) = y(t) for all ¢t > 0,
u(0,&) = uo(&) for all £ € (0,1);
The system theory of such equations has been treated e.g. in [2], [11] in a

more general setting. The input (output) end of the delay line is at £ = 0

(€ = 1, respectively). Hence L = —d%, Gz = 2(0) and Kz = 2(1), and the
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solution space is Z = H'(0,1). It is easy to check that I := (L,G,K) is a
doubly boundary control node.

Let us check that I" satisfies the conditions of Theorem 7. Verifying (i)
amounts to computing the integral

1 1

2Re / (@) (—'(€)) de = / d%|:v(5)|2d5 — (1)

0 0
since 2(0) = 0 in Ker G. To prove (ii), integrate partially
1 1

/ 200 (—a'(6)) dé + / 7@ (—(6) de

0 0

= —2(1)z(1) + 2(0)z(0) = 2(0)x(0)

since now (1) = 0 in Ker K.

7.2 Vibrating string

Consider the system S described by the wave equation on interval [0, 1] with
endpoint control and observation:

;

2u(t,€) = zge(t,€)  for £ € (0,1) and ¢ > 0,

—2(t,1) — 2¢(t,1) = V2u(t) fort >0,

V2y(t) = —z(t, 1) + 2¢(¢, 1) fort >0, (7.1)
2(t,0) =0 fort >0, and

| 20,0 = (0), 20,6 =wyle) for £ € (0,1)

Equations (7.1) can be cast into form of (1.1) by using the rule

B Lodfzl [0 1]z
S T —;—;2 0| |w|”
0 -1
Henceforth let L := [_ﬁ 0 ] : Z — X, together with
dg?

7= (Bl 0.1) 10, 0)  Hlp0.1), X o= Hly (0.1) % £7(0,1)
where H{IO}(O, 1):={z€ H{l[)}(Oa 1): 2(0) =0} .

It follows directly that Z = {z € X : Lz € X} and X = LZ. The Hilbert
spaces X and Z are equipped with their direct sum inner products for now
but another norm for X will be given in Proposition 7.2. Then Z C X with
a bounded inclusion and L € £(Z; X).

The (restriction of the distribution) derivative of z € H'(0, 1) is denoted
by 2’ € L*(0,1)%. The operators G : Z — C and K : Z — C are defined by

Gla) = % (wo(1) — (1)) and K [] = %

8But the time derivative is always denoted by subindex t.

(wo(1) + 2(1)) -
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Clearly Ker G = {[i2] € Z : wo(1) = 24(1)}. Since point evaluations (also
on the boundary point 1) are continuous in H'(0, 1), it follows that G, K €
L(Z;C). By approximating the components of zy € X by C?-functions, it
follows that Ker GG is dense in X.

It is easy to see that Ker L = {[%]:c € C} where ¢(¢) = £ for £ €
(0,1). We show next that the conditions (c¢) and (d) of Definition 1 hold
for @ = 0. Trivially Ker L N Ker G = {0}. Also LKer G = X, as for any
z € X there exists [43] € Z so that L [#¢] = z for all ¢ € C. Choosing
¢ =wp(1) — 2((1), we see that [*<] € Ker G. We have now:

Proposition 13. Let the operators L, G, K and spaces 7, X be defined as
earlier in this subsection.

(i) The triple T' = (L,G, K) is a boundary control node in the sense of
Definition 1. The domain space V- =[L]Z for the associated operator
node is given by

20
V= { [%(wﬂ;_%(l))] t 20 € Higy(0,1) N H?(0,1) and wy € Hyy (0, 1)} :

(ii) For any u € C2([0,00)) and [z wo u(0)]" € V, there exists a unique
classical solution

2(-) € O([0, 00); H*(0,1))NC ([0, 00); H gy (0, 1)) NC*([0, 00); L*(0, 00))
of (7.1) satisfying the initial conditions z(0) = zy and z(0) = wy.

The requirement [ zo wo u(O)]T € V is known as a compatibility condition
in PDE literature.

Proof. Only (ii) has not been proved yet. If we show that L|Ker G is a
dissipative operator (which will be omitted now, as it follows from Proposition
13 anyway), then there exists a unique solution

)] e c0,00):2) N €' (0, 00): X)

2e(

for (1.1) by Lemma 1. Then z(-) solves (7.1) (in the sense of distributions),
and it has the other required properties, too. O

Let us treat the energy balance questions next. From equations (7.1) we
see that z/(t,1) = % (u(t) +y(t)) and z¢(t,1) = \% (u(t) — y(t)). By partial
integration, we get (at least formally) for solutions of (7.1)

1 1
d S d
G [t OF &6 = RezE Dz 1) - 5 [l OP de
0 0
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Thus 4 E(z;t) = |u(t)|* — |y(t)]* where the energy functional is defined by

1
/ |2 (t, 7 + 2, €)1%) d€ = 112" ()20, + [12e() |72 0,1)-
0

This energy functional is associated to a norm on the state space X, which
makes S an energy preserving system:

Proposition 14. The expression
TS5 = 1261172001 + llwoll720,1) (7.2)

defines a Hilbert space norm for X such that E(z;t) = || [;t((?)] 1% for all all
solutions z(-) of (7.1) satisfying the conditions of Proposition 185.

Proof. Equation (7.2) defines clearly a norm on X, and we have
ST < NzollZegoy + NTab 1 = L& Tz, 020,

The elementary form of the Poincaré inequality ||zo||z2(0,1) < [|20]|22(0,1) 18
easy to show for z, € H{lo}(O, 1), and it implies the converse inequality

I [n ] || (0, xL2(0,1) < 2|13 ] |%- The rest is clear from Proposition 13. O

Pr0p051t10n 15. Let the operators L, G, K and spaces 7, X be defined
as earlier in this subsection. Use the energy norm (7.2) for X. Then T’ =
(L,G, K) describes a conservative system, associated to wave equation (7.1).

Proof. 1t is a matter of changing a few signs in the earlier computations of
this subsection to verify that ' = (=L, K, G) is a boundary control node.
For an arbitrary [ 9] € Ker G, integrate partially to obtain

= 2Re ([i], LIS D« = 2Re ([ ], [3 1)

= (2, w0>L2(0 )T (20, w6>L2(0,1) + (wo, Z[,)I>L2(0,1) + (wy, Z[,)>L2(0,1)

= 2Re (Z(Dwo(1) = 0)wo(0)) = 2fun()* = |K [5]
where the second to last equality follows from wy(0) = 0 (since [44] € Z),
and wo(1) = z5(1) (since [ ] € Ker G). Hence condition (i) of Theorem 7
follows.

To establish condition (ii), let [} ] € Z and [;3] € Ker K. Then w;(0) =

wy(0) = 0, 25(1) = —wy(1), and G [22] = V2w,(1). By partial integration
and using the boundary conditions, we get

= — (21, w;>L2(0,1) — (&1, w2>L2(0,1) — (w}, Zé>L2(O,1) — (wy, Z2>L2(0,1)

= 2 Mwn(1) + w (M4(1) = (1) - wi (D) we(1) =GR ]G [].

This completes the proof. O
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7.3 Telegraph equation

A slight generalisation of the vibrating string is given by the telegraph equa-
tion for parameter k£ € R:

;

2u(t, &) = k22(t,€) — z¢e(t,€)  for £ € (0,1) and t > 0,

—2(t,1) — z¢(t,1) = V2u(t) fort >0,

V2y(t) = —z(t, 1) + 2(¢t,1)  fort >0, (7.3)
2(t,0) =0 fort >0, and

| 0.0 = (), #(0.6) =) foree (0,1).

The analysis of this example is analogous to that in Subsection 7.2, and

only some differences are indicated. The operator L is this time given by
0o -1

L := [szd% 0 ] The spaces Z and X, together with the operators G' and
dé

K are same as for the vibrating string. With these definitions, the triple

I' = (L,G, K) appears to be a doubly boundary control node. If the energy
norm is defined by

T 1% = 20 /1Z2(0,0) + K2 ll20llZ(0,1) + [1woll 20,105

node I' is seen to describe a conservative system, by almost same computa-
tions as in the proof of Proposition 15.

7.4 Reflecting mirror

This example is very much like the vibrating string, and for that reason we
discuss in detail only the new aspects that emerge. We shall review the more
complicated structure of Sobolev spaces and the elliptic regularity theory. A
more general version has been treated in terms of “thin air” systems in [24,
Section 7]; a construction that bears some resemblance to feedback techniques
appearing in [23]. Our approach resembles the techniques of [9].

Suppose €2 C R*, n > 2, is an open bounded set with C?-boundary 0.
We assume that 9 is the union of two sets Iy and 'y with To Ny = 0 °.
System S'is described by the exterior problem

;

zu(t, &) = Az(t,&)  for £ € Q and t > 0,

—2(t,6) — Z(t,€) =V2u(t,§) for£ €Tl andt >0,

V2y(t,€) = —z(t,&) + 22(t,6)  for £ €Ty and t > 0, (7.4)
2(t,) =0 for£ €Tyand t >0, and

| 20,6 = 20(8), #(0,6) = wyl€) for € € Q.

We obtain equations of form (1.1) by using the rule

wms = gl = )

9The sets 'y and Iy are allowed to have zero distance in [24]. This is possible because
stronger background results from [14] are used there.
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In analogy with the vibrating string, let L := [ A0 } Z — X with

Z = Zy x H}, (Q) and X := H}, (Q) x L*(Q)
where  Zy:= {z € H (Q) N HY*(Q): Az € L*(Q)}.

The norm for Zj is given by
120l % == llzoll 70y + N0/l 520y + 122011720
For space X, we use the energy norm
I 11 = 11V 201720y + lwol|72(0)- (7.5)

As is well known, it follows from Poincaré inequality ||2o]/r2(0) < K[|V 20||| 220
for zo € H{ () that this norm is equivalent to the d1rect sum norm of X,
see e.g. [9, p. 168]. Thus Z C X with a bounded inclusion and L € L(Z; X).

Let us review the properties of Sobolev spaces and the trace mappings.
The spaces H*(Q)) := WZ(Q) for s = 1,3/2,2, and the boundary spaces
H'Y2(0Q), HY?(Ty), and HY?(T;) are defined as usual, see [5, Definition
1.3.2.1]. Note that (by extending functions by zero on the other component)
L}(09) = L*Ty) @ L*(Ty). Because Iy N Ty = (), we have (by locality)
H'?(0Q) = H'?(Ty)@H'/?(T'}), too. By [5, Theorem 1.5.1.3] the (Dirichlet)
trace operator v maps

HYQ) > g ¢|oQ € HY?(9Q)  L*(99),

and thus v € L(H'(Q); L?(09)). Now, let m be the orthogonal projection
of L*(02) onto L*(T'y); the latter regarded as a subspace of L?(0Q) in a

natural way. With a slight misuse of notation, we write 7g = ¢|I'; and
(I —7m)g = g|Ty. Since now (I — )y € LIHY(Q); L*(09)), the space

H; (Q) :==Ker (I —m)y={ge€ H'(Q) : g|T =0}

is a closed subspace of H'(Q). So 7o := my|H} (Q) € L(H} (Q); L*(T'1)) and
we abbreviate vog = ¢|T';.

In the same manner, Z; is a closed subspace of H*?2(Q) since Z, C
H'(Q) c H??(Q) with continuous inclusions. By [5, Theorem 1.5.1.2],
the (Neumann) trace operator v2 € L(H??(Q);L*(09)) for Q has a C*
boundary. Now vy := 1y, |Zy € L£(Zy; L*(I'1)), and we write v;g = 22|T.

Defining U =Y := L*(T'}), we get G € L(Z;U) and K € L(Z;Y) where

1

0 1 [0
G[i}%]:ﬁ< ZO|F1+U}0|F> and K[i,%]:ﬁ< ZO|F1+w0|F>

We shall require some facts from the elliptic regularity theory. Following
[23, p. 444], we denote the Neumann mapping N by

Ah =0 in €,
h=Ng< < hlly=0inT,, (7.6)
9y =g in Ty,
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where h € H}, (Q) is the unique variational solution. By the elliptic regularity
theory, N € L(L*(Ty); H¥?(Q)) n L(H?*(T,); H*(Q)). Moreover, if z, €
H{ () is the unique variational solution of

92

Ah = L*(Q hll'g=0
fE ()7 |0 ) 61/

|F1 - 07

then h € H*(Q), see [9, Section 4]. Hence, the unique variational solution of

oh
Ah=feL*Q), h|lo=0, %|F1 =g

belongs to H3/2(Q) (H?(Q)) if g € L*(Ty) (H'/?(T,), respectively).
It is worth mentioning that the space Z; is given in another equivalent
form [24, Section 7]:

Proposition 16. Under the standing assumptions on I'y and Iy, the space
Zy satisfies

Zy = {ZU € H%\O(Q) : AZU € L2(Q) and %|F1 € LZ(Fl)}

Proof. If zy € H¥?(Q), then 22|I'y € L*(T'y) by [5, Theorem 1.5.1.2]. Con-
versely, if zg € H'(2) is the variational solution of

92

Azy = L3(Q) Ty =
n=1Ff¢€ (), Zo|0 0, EY

|F1 =gc LQ(Fl)a

then z, € H*?(Q) by what has been said above about elliptic regularity. [

There is another consequence of elliptic regularity that depends on the
assumption that Ty N T = 0:

Proposition 17. Under the standing assumptions on I'y and 'y, we have

. 0%

Ker G = { [&] € (11,2 N H(90) x 11, () : G2 I0s = walT .

Proof. If [ 2] € Ker G, then wy € H'(Q2) and hence wo|T; € H'/?(I'}). But
then 2z, is the variational solution of

92

Azy = L(Q I'hy=0
20 =f € L), 2]l -

Ty, = wo|Ty € HY2(T)),

and so 2y € H?(Q2) by elliptic regularity. O

Note that Z, C H?*(Q) never holds because this would contradict the fact
that v,Z, = L?(I'1), as given in the proof of the following:

Proposition 18. Let the operators L, G, K and spaces Z, X be defined as
above. Then T' = (L,G, K) is a doubly boundary control node.
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Proof. Since N € L(IL*(Ty); H*?(Q)), we have NL?(T';) C Z,. Furthermore,
for any g € L2(T'y) we have vyNg = g. Thus v, Z, = L*(T';), and condition
(a) of Definition 1 is satisfied. It is not difficult to see, using Proposition
17, that Ker G is dense in X = Hp (Q) x L*(Q): let € > 0, [4n] € X
and choose [Z] € (HE (Q)NC>(Q)) x HL (Q) with |[[&2] = [Z]]lx < e
It is possible to construct o € H{ () satisfying [|i]|r20) < € and |l =
|l — Z|Ty; indeed, such @ could be made to vanish in almost all of Q
except for points very close to ['; by using a suitable smooth “mollifier”. Now
(0] = [2]— [2) € Ker G and || (] — [2] Ix < 2

Now, let [z:] € X be arbitrary. By Proposition 17, [4i] = L[] =
[ A2 ] for [] € Ker G if and only if wg = —2; and the variational solution
z € H{ () of the problem

92

o |F1 = —Z1|F1,

AZU = —wy, Zo|F0 = 0,

satisfies zp € H?(Q). Since w; € L*(Q) and z |I'y € H'/2(I';), this follows
from the same elliptic regularity result as Proposition 17.

Finally, [ ] € Ker L N Ker G if and only if wy = 0 together with zy €
H?(Q), Azg =0, 2|Tg = 0 and 22|y = w,|T'; = 0 if and only if wy = 0 and
% = N0 = 01in (7.6). Conditions of Definition 1 are satisfied with o = 0, and
thus I' = (L, G, K) is a boundary control node. That also I'*" = (=L, K, G)
is such a node, is proved by a similar argument. O

Lemma 3. Let the operators L, G, K and spaces 7, X be defined as earlier
in this subsection. Use the energy norm (7.5) for X.

(i) The boundary control node I' = (L, G, K) associated to wave equation
(7.4) describes a (tory) conservative system S = [ A¢B] through Theo-
rem 1.

(ii) The transfer function G(-) of S is inner from both sides and ana-
Iytic in an open set containing C,. The semigroups of S and the
dual system S are strongly stable in the reducing subspace Xn, =
(Ker (C*)* N Ker C)L, where C (C%) denotes the observability map of S
(5%, respectively).

(iii) Assume, in addition, that ) is connected. Then S is exactly controllable
and observable in infinite time, and the semigroups of S and S¢ are
strongly (asymptotically) stable.

Proof. For an arbitrary [ .. | € Ker G, the Green’s formula [5, Lemma 1.5.3.8]
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implies
—2Re ([&],L[&]) ¢ = 2Re ([2],[4%])

= 2Re <AZO,’LUO L2(Q /VZO V’U)O ds2

07y
= 2Re —Owg dw = 2||w0|F1||%2(F1)

ov

oUl'y

because Z2|['y = wy|['y. Clearly K [ 2] = v/2wp|[y for all [ ] € Ker G, and
condition (i) of Theorem 7 holds. Similarly,

zo . zo o 0z, ox
(] L]+ (D131, 2]y = — —Oyodw—/wo—odw (7.7)
for any [+ ] € Z and [33] € Ker K. On the other hand,
IR I (7.8)
1 6z0 > 1
- r,G T (wo|T, GIZ) e s -
G ) Gl Dy

Since G [§2] = V2yo|T1 = =292 for any [§5] € Ker K, condition (ii) of
Theorem 7 follows from (7.7) and (7.8).

Let us prove claim (ii) by using the theory of conservative systems and
the classical Sz.-Nagy — Foiag model for contractions. By X, C X denote
the largest reducing subspace of the semigroup S(t) of S (generated by A =
L|Ker G), such that S(t)|X, is a unitary group. By a continuous time ana-

logue of [12, Proposition A.2], we have X;- = (Ker (C%)* N Ker C)L = Xenu-
By reducing the unobservable and uncontrollable subspace X, away from the
state space X of S, we obtain another simple conservative system S’ whose
transfer transfer function is same G(-) as that of S. The c.n.u. semigroup of
S"is S(t)| Xenu with generator A, = L| (Ker G N Xepy)-

Because the inclusion Ker G C X is compact, the resolvent of the gen-
erator A is compact with o(A) = 0,(A). Because the same holds for A,
the intersection o(Agp,) N iR can have only +ico as limit points. It follows
then that G(a)*G(a) = I for almost all @ € iR by [13, Lemma 3.2(v)] or
21, Corollary 7.3]. Since all this holds also for the dual system S¢ = S* by
symmetry, we conclude that the H*>-function G(-) is inner from both sides.

Since S’ is a tory system, the Sz.-Nagy — Foiag characteristic function of
Any satisfies 0(-) = V1G(-)V, where Vi and V5 identify unitarily the input
and output spaces U and Y with the defect spaces of Agy,. Then 0(+) is inner
from both sides, and the Sz.-Nagy — Foiag operator model [22, formula (a)
on p. 279] for S(t)| X n, reduces to the more simple Hankel range form [22,
formula (a’) on p. 279]. From this it follows easily that S(t)| X, is strongly
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stable'® on X,,,, 0(Aum) NiR = 0 by the compact resolvent, and thus G(-)
is analytic outside o(Ae,) C C_.

It remains to prove claim (iii). Suppose we had shown that dim X, = 0.
Then the semigroups of S and S¢ are strongly stable, and that S itself is
a simple conservative system. As G(-) is inner from both sides, its Hankel
operator has closed range, and the canonical (simple conservative) Hankel
range realization of G(-) is exactly controllable in infinite time. The same
holds for S by the well-known state space isomorphism theorem for simple
conservative systems, see e.g. [19, Chapter 11]. By considering the dual
system S, the exact observability of S in infinite time follows.

We proceed to show that o,(A) NiR = () which clearly implies dim X, =
0. We already know that 0 ¢ o(A) from the proof of Proposition 18. If
(ir — L) [&3] = 0 for 7 € R\ {0}, then wy = —irzy € H*(Q), (r* + A)z = 0,

20|To = 0, 22|T'y = —irz|Ty. But then Green’s formula implies
0%y
= aollixe) = (A2, 20) 2y = N Vallozoy + [ 520w
ToUly

= —[IVaolllz2) + irllzollzor, -
We conclude that z; solves the Helmholtz equation

0z

(r* +A)zg=00nQ, 2|02 =0, 5

compare this with [23, proof of Lemma 2.1(iii)]. Conversely, any solution
20 € H?*(Q) of (7.9) satisfies (ir — L) [_j.,] = 0. Note that any solution of
Azy = =122, 20|00 = 0 in H'(Q) satisfies 2y € NysoH*(2) C C°(9) as can
be seen by using the elliptic regularity result iteratively, see e.g. [10].

To complete the proof, we shall show that (7.9) implies'! 2z = 0. Extend
the set Q to a larger open set €' by “glueing” an additional set Q" (with a
nonempty interior) to the I'y-part of 9. This extension can be carried out
so that €' is connected, it has a C?-boundary, 9 = Ty N T}, ToN T = 0,
and T} € T'; UJQ". Suppose that 2y € Hy(Q) N H?(Q) satisfies (7.9), and
define the extended functions

2 foréeq, e g—g(g) for £ € Q,
ule) _{0 for £ € '\ Q, ;(8) {o for £ € '\ Q,

Azy(&) for £ € Q,

and - g(&) = {0 for £ € '\ Q

0By the Sz.-Nagy — Foiag operator model [22, formula (a) on p. 279], S(#)| X¢ny is seen
to be weakly stable. This together with the compact resolvent property implies the strong
stability; the argument appearing in [23].

1 Note that this implication does not hold, if  has a component )y such that 9Q,NT; =
(). Indeed, the spectrum of the “Dirichlet Laplacian” on a bounded connected set € is
always nonempty, see e.g. [3].
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where & = (£1,&s,...,&,). Then for any test function ¢ € D(£') we have

02 26 06
u-dQ:/ —dQ) = — — 25 dS) = —ud)
Q/ =) o / 5" J o

where the middle equality holds by [5, Theorem 1.5.3.1] because z0|8§2 = 0.
It follows that each partial (distributional) derivative of u satisfies 2 o = Uj-

Since u,u; € L*(Q'), we conclude that v € H'(Q'). Because I’} C I'; U 99",
we get u[09' =0 and 24T} = 0, too.
Since z, € H*(Q), we have g € L?(2). Again, for any ¢ € D(Q') we get

pgdQ) = | ¢AzydS2 = qb% dw— [ V¢ -VzdQ
[ o= [oroin= [ ogpa |

T'oul'y

Q
/—zodw—i-/Ad)-zOdQ:/Aqﬁ-udQ
QI

where both boundary terms vanish since ¢|Tg = 0, 222|T'; = 0, and 29|02 = 0.
We conclude that Au =g € L*(Q') in the sense of d1str1but10ns

Since u € H' (') and Au € L*(Q'), the (generalised) Green’s formula [5,
Theorem 1.5.3.11] can be used as follows: for any ¢ € D(£')

/¢>Aud9— / ¢>—dw—/v¢ VudQ = — /w) V2o dS

To UF’

/ ¢%dw+/¢Az0dQ——r /d)zOdQ——r /d)udQ

T'oUl'y

Indeed, the second equality follows from the facts that ¢|Ty = 0, 2 el =
and that Vu(§) = 0 vanishes in the interior of €'\ Q; the second to the last
equality holds since ¢|T'y = 0 and z, solves (7.9). We have now proved that
u € H} () is a (distributional) solution for the extended domain Helmholtz
problem

0
(r*+A)u=0, uloY =0, 8—Z|F’1 =0.

As noted earlier after (7.9), it follows that u € C§°(€2'). By using e.g. [3,
Theorem 3.5] locally, we see that u is real analytic in Q'. By construction, u
vanishes in the nonempty interior of the set Q" C . Since €' is connected,
u vanishes in all of Q. Hence (7.9) has only the trivial solution in H () for
all » € R, and the proof is complete. O

The exponential stability of the system S in Lemma 3 has been proved
in [9, 23] under an additional geometric condition on €.
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7.5 Kirchhoff beam

We next consider the system S associated to the Kirchhoff beam on interval
[0,1]. The beam is clamped at the end & = 0, and we apply endpoint control
and observation at the other end & = 1. The system is described by the
following PDE:

[ 2u(t,€) = —2geee(t,€)  for €€ (0,1) and t > 0,

[tht,l)*Z&g(t,l) - \/5 |:’u,;(t) for ¢ 2 0,

V2 [yl(t)] — | zee(t)—2ge (1) for ¢ > 0, (7.10)

ya(t) 2t (1) +zege (1,1)
z(t,0) = z(t,0) =0 fort >0, and
[ 2(0,8) = 20(8),  2(0,§) =wo(§) for & € (0,1).

Again, we obtain equations of form (1.1) by using the rule

e = 2[5 D]

1
Consequently, we define L := [ at 0] 7 — X together with

A\

Z = (H{(0,1) N H*(0,1)) x H{(0,1) and X := H{U} 0,1) x L*(0,1),

(
where Hj(0,1) = {z € Hy,(0,1) N H?(0,1) 0} The input and
output operators are clearly given by
— L Twpm+zg) — L Twpm-=50)
Gluy] = 7 [w§<1)_z§f<1>] and K [} ] = NG [w§(1)+z§’(1)] '

We leave it for an interested reader to carry out the similar arguments as in
Subsection 7.2 for the wave equation, to verify that ' :== (L, G, K), indeed,
is a doubly boundary control node. For space X, we shall from now use the
following norm

I I = 126 1720,1) + 1woll7a,0)- (7.11)
Analogously to Proposition 14, this norm is equivalent to the natural carte-
sian product norm of X.

Proposition 19. Let the operators L, G, K and spaces Z, X be defined as
as earlier in this subsection. Use the Hilbert space norm (7.11) for X. Then
I' = (L,G,K) is a conservative system, associated to the beam equation
(7.10).

Proof. As we said, showing that I' is a doubly boundary control node will be

left as an exercise to an interesting reader. Let [:2] € Ker G; i.e. wy(0) =
wy(0) =0, wi(1) = —z{(1) and wy(1) = 2§’ (1). Then

—2Re ([wp |, L[un]) x = 2Re <[“’°]’ [;§£9]>X

= (2 w0>L2(0 1)~ <Zoaw0>L2(0,1) + (wo, 23”>L2(0,1) — (wy, 23>L2(0,1)

= 2Re (1) — ZDwh(1)) =2 (ju(D + |4(1))
=K &P
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where the last equality follows since [42] € Ker G. So condition (i) of
Theorem 7 is satisfied.
Now, let [4] € Z and [42] € Ker K. Then z(0) = 2{(0 ) wl(O)
wi(0) = 0, 22(0) = 25(0) = w2(0) = wy(0) = 0, wy(1) = ( ), and wy(1)
—z8"(1). Using these gives by partial integration
(lor ] Llws Dx + (L ey ] [ae D x

= = (A" W) 2o,y + (21 wWa) a0,y — (W15 22" ) 20,1 F (W, 22) 120

= 2 (Dun(1) + A Dw(1) — e (D' (1) + wi(D4(1)
() + 2 M) wh(1) + (wi () = 7D) ) ws(1)

since G [ 2] = V2 [% ] for [ 2] € Ker K. Hence condition (ii) of Theorem

wa(1)

7 follows, and the proof is complete. O
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